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THE ASYMPTOTIC BEHAVIOUR OF INTEGRAL 
FUNCTIONS 
By J. CLUNIE (Keele, North Staffs.) 
[Received 18 March 1954] 


1. A GREAT deal of work has been done on the asymptotic values and 
paths of integral functions, but no one seems to have considered the 
following question explicitly. Jf an integral function f(z) possesses an 
, asymptotic path L and a corresponding asymptotic value a, how quickly 
does f(z) >aasz-—>calong L? In this paper I shail answer this question 
to the extent of giving a lower bound for the rate at which f(z) > a. 
Let f(z) be an integral function having x asymptotic paths Z,,..., L 
and » corresponding asymptotic values 4a,,..., a 


»» not necessarily all 
different. Any two L,; and L, will divide the plane into two regions, and 
it is assumed that each of the regions contains a sequence of points 

- oo such that f(z,)—- oo. As a measure of how quickly f(z) > a; 
} along L,; I introduce the function e¢(r) defined by 


(7) = max {max|f(z)—a . 


zi>r 
l<i<n = 2eL; 


From the definition of (7) it follows immediately that «(r) > 0 as r > o. 

Although, as pointed out above, no explicit investigation of the 
question of how quickly f(z) > a along L has been made, there are two 
results, one due to Hayman (1) and the other due to Valiron and 
Collingwood (5) which can be adapted to give a lower bound for e(7).7 
If ae 

i m(r) = min! f(z) 

a4 r 
and 0 is an asymptotic value, then ¢(r) > m(r). Thus it follows from 
Theorem 5 of (1) that 
e(r) > [M(r)}-+e 

for some large r. Hence by Lemma 7 of (1) it follows that, for all 
large r, 
"2 e(7’) > [.M(A,1r)]-*°. 


Here A,, A, are absolute constants. The result I give is stronger than 


+ I am indebted to the referee for pointing out to me how Hayman’s result 
is related to my own. 


Quart. J. Math. Oxford (2), 6 (1955), 1-3. 
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' 
the latter of these two results, but does not include the former. Shey 7 








result of Valiron and Collingwood is equivalent to | 
{ V(r)? | 
as Sf ) 
e(r) > ——{1-+-0(1)}, i 
M(kr) * ’ 
where & is an absolute constant, and for the value of k they give this{ W 
result is certainly included in mine. 
r 7 . ' le 
THEorREM. If f(z) possesses one or more asymptotic values, then 
J 
ey r 14 
er) > AO +01}. |r 
(M(re*)} Lb 
When f(z) possesses at least two distinct asymptotic values, a and b, then, 9 
e(r) also satisfies | ir 
a—bj 
er) > ——— {1-+o(1)}. : 
16M(r)M(re7)* ¢ Os 
By making assumptions about the growth of f(z) we could express the | i 
. 4° . . ; 
above inequalities in terms of the order, or of a proximate order. 
j al 
2. To prove the theorem two lemmas are required. The proofs of 
these will be found in the references given. I is 


Lemma | [(3)]. A function ¢(z) which is regular in the square A Bop} 
of centre z, and for which |\4(z)| < m,, mg, m3, my on AB, BC, CD, DA| 
respectively satisfies ' 

\b(Zy)! < (my mymzm,)!. 

Lemma 2 [(2)]. The annulus (r, R) in the z-plane crossed by n non-| 
intersecting, piece-wise analytic curves can be mapped conformally onto the | 
annulus (r, R’) in the w-plane with R’ > R so that the images of the curves } ar 
are radii. In general the mapping function w = x(z) will consist of n is 
separate analytic functions. } 

Consider at first only one asymptotic path. By Lemma 2 the annulus} 
(r,re®”) in the z-plane can be mapped onto the annulus (r, R’) in the 
w-plane with R’ > re?” so that the part of the considered path in (r, re**) | - 
becomes a radius of (r, R’). Take € = logw and consider the strip | 
logr <re{ < log R’, 0 <im¢ < 2z in the ¢-plane, where the sides of } 
the strip on im £ = 0 and im = 2z correspond to the above radius of| !: 


} 
(r, R’) in the w-plane. Each point of the strip on the line re £ = log(re”) 2 
is the centre of a square lying in the strip and with one side on either | 4 
im¢ = 0 orim{ = 27. Hence, by Lemma 1, for such points, } ‘ 
LF(E)| < {M(re*)}e(r)}4{14+-0(1)}, ° 
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where F(Z) is the function in the strip corresponding to f(z) in the z-plane. 


Now at one such point | F(z)| > M(r), and so 
— {M(r)\4 
er) >> Mire) ;{1+-0(1)}, 








his| which is the first part of the theorem. 
| Suppose now that f(z) has two distinct asymptotic values a and b, and 
let the annulus (7, re”) be mapped by w = y(z) onto the annulus (r, 2’) 
(R’ > re”) so that the sections of the two corresponding paths within 
| (r,re”) become radii in (r, R’). Taking ¢ = logw and proceeding as 
| before, we find that there is a point in the strip logr < re < log R’, 
ven 0 <iml <7 such that, by Lemma 1, for the corresponding point z, 
| in the z-plane we have 
\f(Z)—a| < [e(r)|\a—b| M(r)M (re) |'{1+-0(1)}, 
f(%)—8| < [e(r) \a—b| M(r) M(re7) }'{1+-0 (1)}. 
the | ‘i 
\ Hence a—b| < 2Ae(r)\a—b| M(r)M(re7) |'{1+-0(1)}, 
and the second part of the theorem follows. 
; of We show as follows that the result given by Valiron and Collingwood 
' is included in the above theorem. We have, since e(r) is non-increasing, 
op} {e(r)}8 > e(r)e(re?™)e(re*”) 
DA , ra oy} 
) {M (re) $8 
{M(r)}§ 
> apr atinn 11-4-0138 
on- | { M (re®* )y3* -+- ( 3 
the ‘M(r)\2 
and x  {1-+o0(1)} 
rves | M (re®*) ' (1); 
f as is a better lower bound for e(r) than 
SU r 2 
t (r)} {1+-0(1)} 
alus } M (kr) 
the | 1] \36 
on i e67 < k = {—........ » 
trip 
s of } REFERENCES 
s of | 1. W. K. Hayman, Proc. London Math. Soc. (3) 2 (1952), 469-512. 
z } 2. H. Grotzsch, Leipziger Berichte, 80 (1928), 367-9. 
re") 3. J. E. Littlewood, Theory of Functions (Oxford, 1944), 111. 
ther} 4. G. Valiron, Lectures on the General Theory of Integral Functions (Toulouse, 
j 1923), 64. 
5. G. Valiron and E. F. Collingwood, Proc. London Math. Soc. (2) 26 (1926), 
. 169-84. 
| 
} 











NOTE ON THE STEADY FLOW OF A FLUID 
PAST A THIN AEROFOIL 








By D. 8. JONES (Manchester) 
[Received 20 March 1954] 


Introduction 
THE methods used in the linearized theory of flow past thin aerofoils are | 
well known; they involve the use of conformal transformations and | 
Fourier series | see, for example, Durand (1) |. The following note describes 
a method which is applicable when the aerofoil boundary is given by 
means of a polynomial and which should also be applicable to problems 
where the method of conformal transformation fails. 

The technique used has been described elsewhere (2) but takes a less | 
simple form here because the boundary conditions are more complicated. 


Mathematical formulation of the problem | 


We consider the two-dimensional steady flow of an incompressible 
fluid past a thin aerofoil at a small angle of incidence to the main stream.} | 
We make the usual approximation of replacing the boundary condition 
on the aerofoil boundary by one on a straight line occupying a mean 
position; this line we shall call the chord of the aerofoil. ) 

Let X,Y be Cartesian coordinates. Let the chord be of length / andj | 
occupy the interval 0 < X </, Y = 0. Let the velocity of the main 
stream be inclined at a small angle a to the X-axis and let l, be its | 
magnitude. Then, if U,cosa+-u, Uysina+v are the component parts of} 
the velocity of the fluid, w and v are obtained from the velocity potential ¢ , 
by means of u = @¢/éx, v = 0d/ey, where x = X/l, y = Y/l. The excess 


pressure over hydrostatic p is given by the linearized equation ) 
P = Po— pu, 0d/éx, | 
where p is the density of the fluid and py, the excess pressure at x a 
The equation satisfied by ¢ is , 
V24 = 0, (1) 


where V? = é?/éx?+-é7/éy" and ¢ must be such that the velocity perms 


to the aerofoil boundary is zero. I shall state this condition as 


(i) dp/oy = A, az" (n>lhonO<cz<cl,y=0. 


’ 
4 


By taking a linear combination of such terms we can represent any; 


Quart. J. Math. Oxford (2), 6 (1955), 4-8. 
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velocity distribution on the given aerofoil as a polynomial. In the 
particular case when the aerofoil is a flat plate, we take n = 1 and 
A, Uysin a. 

The velocity potential must be continuous except, possibly, across 
y= 0, x > 0. Since ¢¢/cy is clearly even in y, it follows that ¢ and 
é¢/ex are odd. Hence ¢ = 0 and é¢/éx = 0 on y = 0, x < 0. We now 
have the following conditions on ¢: 


(ii) the normal velocity é¢/éy is continuous across y = 0; 


(iii) the pressure is continuous across y = 0, 2 > 1, ie. @d/éx is 
continuous across y = 0,x > 1; 
(iv) 6 = O(1),  |\gradd| = O(1/r?) as r+>oo, where x = rcos@ 


y =rsin#g: 
(v) the Kutta—Joukowski condition at the trailing edge, i.e. 
eblex = O(1), ed /ey = O(1) 
as the point of observation tends to the trailing edge; 
(vi) the uniqueness condition that 6 = O(1) as r+ 0. 
In view of (ii), and of the fact that 6 = 0 on y = 0, x < 0 and that 4 
satisfies (1), it follows that 6 = O(r'), \gradd O(r-*) as r > 0. 


The solution 


Let ®(s, @) ( d(r, 0)rs-! dr, where s is the complex variable a+ ir. 
0 
On account of conditions (iv) and (vi), ®(s,@) exists and is analytic in 
the strip —} <o < 0. 
Multiply (1) by 7**! and integrate with respect to r from 0 to 2. We 
obtain 22 
7s @(s, 6) +-s*M(s, 8) 0. 


The solution of this equation such that (ii) is satisfied is 


(s, 0) = f(s)sin s(@—z), (2) 
where f(s) is a function of s only. 

Designate the half-planes 0 > —4,o < 0 as the positive and negative 
half-planes respectively and denote quantities which are analytic in the 
positive and negative half-planes by the suffixes P and N respectively. 
Then 1 . 

(s, 0) | prs} dr +- drs! dr 
0 i 
(8, 0)+,(s, 8). (3) 




















D. 8. JONES 
Now, condition (iii) gives It 
ar , ft 
rs 80") — or, 27)\dr = 0, le 
1 
i.e. s{M (8s, 0) —,(s, 27)} = (1, 27)—¢(1, 0) 4 
= SR, (4) | 
where « is independent of s. The constant « can be identified with the B 
circulation divided by J. | hs 
The combination of (2), (3), and (4) gives F 
— 2f(s)sin sr = O(s, 0)— W(s, 27) 
= Vp—x/s, (5) | it 
where ‘Vp = ®,(s, 0)—@®,(s, 27). 
Also 5 @(s,0) = sf(s)cos sz, al 
3 
and so condition (i) gives 
YY +A,,/(s+n) = sf(s)cos sz, (6) | 
a 'Ww 
where ty), = = ®,(s,0). Eliminating f(s) from (5) and (6), we obtain } 
C 
Fy tA,/(s+n) = —}K(s){¥p—k/s}, (7) | T 
where K(s) = scotsz. ) 
Now K(s) = K,(s)/Ky(s), 
; s! : (—i—=a)! 
where K,(s) Bore: K.Aa\ = +2 (8) 
aie iad 
Kp, Ky are analytic in the positive and negative half-planes respectively. | 
As |s| > 0 in the positive half-plane, K,(s) ~ s' and, as |s| — 00 in the | 
negative half-plane, Ky(s) ~ s~}. ! 
Rewrite (7) as | K 
; at 
Ky(8)¥x(8)+A,,{Ky(8)—Ky(—n)}/(8-4+-n) —4xKp(0)/s 
—}$K,(s)¥)(s)+43«{Kp(s)— Kp(0)}/s—A,, Ky(—n)/(s+-n). ' 


The left-hand side is analytic in the negative half-plane; the right-hand } 
side is analytic in the positive half-plane. Both sides have a strip in | gj 
common and hence must equal an integral function. Now, as |s| > « 
in the negative half-plane, ‘Vy, = 0(1) and hence the left-hand side is 

fr 


o(s-*). As |s| - 0 in the positive half-plane, the right-hand side is 0 (s'). 


+ 


! 
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It follows from the extension of Liouville’s theorem that the integral 
function must be a constant. This constant must be zero on account of 
| the behaviour in the negative half-plane. Hence 


K,(s)¥'y(s) A, { Ky(s)—K)(—n)}/(s-+-n)+4«K,(0)/s. 
| As |s oo in the negative half-plane, 
(4) | Wy ~ {A, Ky(—n)+4eK,(0)}s-3. 


he = ; , : . 
But condition (v) implies that Vy = O(1/s) as |s| > 00 in the negative 


| half-plane. Hence 


Kk = —2K,(—n)A,/Kp(0) = —27'!A,(n—$)!/n!. (9) 
(5) It now follows from (2) and (6) that 
M(s, 0) _nA nk v(— - )sin 6(9—m) 
s*(s-+-n)K,(s)cos sx 
| and hence that 
) c+ix 
d(r, 0) nA, K v —n) - r *sins(0—m) _ (10) 
| 271 J 8(s+n)Ky(s)cos sz 
(6) c ‘=x 


where —} <c < 0. 
in } The solution is now complete. 


7) | The lift 


) Equation (10) gives 


c db(r, 0) ; nA, Ky(—n) | _? 8-1 dg 
or**” 2a (s+-n)K,(s) 
8) c—i« 
1 
aoe n—l w 
; . — ase -fer—pdt (0<r<) 
1e i 1.2 s 
} r 


by use of the Faltung theorem for Mellin transforms. The pressure 
distribution of the aerofoil may now be found from 
Uy gr 
\ p Po— PU = Hr, 9). 
or 

id} The lift per unit span can be found by integration of the pressure 
distribution or, more easily, by observing that it is 
} plU fd(1, 0)—A(1, 27)} —2plU,7'A,,(n —})!/n! 


). \ from (4) and (9). 
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The formula for the lift can be written as 





1 1 
—2plU,A,, | r*-4(1—r)-! dr = —2plUy | v, r(1—r)* dr, (11) 

0 0 
where v,, = A, r”~!. Clearly, in the general case where @¢/éy = V on the 


chord, V being a polynomial, (11) gives the lift correctly when v,, is| 
replaced by V. Since any integrable ¢¢/éy can be approximated in mean| 
by a polynomial, it follows that (11) with é¢/éy for v 
any @¢/ey on the chord. 

The moment may be dealt with similarly. 


gives the lift for 


“ 


REFERENCES 
1. W. F. Durand, Aerodynamic Theory, 2 (1943), chap. 2. 
2. D.S. Jones, Quart. J. of Math. (Oxford) (2), 3 (1952), 189-96. 
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A DESCRIPTIVE ANALYSIS OF CONTINUOUS 
FUNCTIONS OF TWO REAL VARIABLES 


J. R. RAVETZ (Durham) 


[Received 30 March 1954] 


1. Introduction 

THE ‘Denjoy theorem’ for arbitrary functions of a single real variable 
shows that certain configurations of the Dini derivate numbers of such 
functions can occur only ona set of Lebesgue measure zero (2). Analogues 
to these results have been obtained by Haslam-Jones (3) for measurable 
functions of two real variables, and by Roger (5) for closed sets in 
Euclidean n-space. 

The configurations of the Dini derivate numbers of continuous func- 
tions of a single real variable are subject to additional restrictions. 
Using the elementary fact that, for any real A, the set {x; D*f(x) > K} 
is a Gs set, it is easy to prove that the set G, = {x; D*f(x) = D-f(x)} is 
a set of the first category: that is, the union of an enumerable family of 
nowhere-dense sets of points. This result was first proved by W. H. 
Young, using other methods. [See Theorem 4 of (6).] 

In extending this ‘descriptive analysis’ to continuous functions of two 
real variables, we obtain analogues of the above result, and in addition 
we exhibit regularities in the tangential behaviour of such functions 
which have no analogues either in the one-variable case or in the ‘metric’ 
analysis of Haslam-Jones. 

There are two ways of extending the notion of Dini derivate number 
to functions of two real variables. The straightforward extension is the 


linear derivate defined as follows (for convenience I use z = x-+-?y). 
Let : . 
dH(p, 29) sup r— | f(zp+re'#")—f (2) | 
0<r<p 
and let cH f(z») = lim d"(p, zy). 


p>0 
I call G#f(z)) the upper linear derivate of f(z) at z, in the direction pj. 
Haslam-Jones obtained his analogue to the Denjoy theorem with the 
directed derivate, defined as follows. 


Quart. J. Math. Oxford (2). 6 (1955), 9-26 
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Let S,(p, 7) denote the open region consisting of points z = re” for 


which 0<r<p, p—n <6 < p+. 


We define 
Bf (zo) = Br(p, 7, 29) sup |h|[f (zp +-h)—f(2)]- 
he Sy(p.y) 
Since Bef(z)) is a non-decreasing function of p and », the following 


limits exist: AH(n, 2») = lim BH(p, 7, 20); 


p-0 


D¥f (zo) = lim AF (n, 29), 


7-0 
and we call Def(z,) the upper directed derivate of f(z) at the point 2p, 
in the direction uy. 

The lower linear and directed derivates ¢, f(z») and D, f(z,) are defined 
in the naturally analogous fashion. For any point z) and direction p, 
it is clear that cMf(z9) < D#f(z)) and ¢, f(z) > Df (zo). Let 
g(t) = f(z +te); 
g(t) is then a continuous function of a single real variable. With 
z’ = 29+1’e'#, we have 


c#f (2’) . D*g(t'), —OusaS (2’) = D-git’) 


We say that f(z) has a tangential singularity at a point z, if there 


exists a direction « such that at least one of the following conditions 
hold: 
(i) D°f(z,) or Dp f(z) is discontinuous at 6 = p; 

(ii) D4f(zo) > cHf (zo) or D, f(z) < &, (9); 

(iii) Def (z,) +o or D, f(z) = —o. 

In § 3 we first study the behaviour of f(z) in the neighbourhood of 
points at which it has tangential singularities, and then, using certain 
properties of Borel sets, we extend these local properties to give an 
overall description of the tangential behaviour of f(z). The main result 
(Theorem 1) gives a decomposition of the domain of definition of f(z) 
into two open sets U’ and V whose union is everywhere dense on that 
domain. At every point of V, f(z) is free of tangential singularities, while 
for each point z, of a set residual on LU’, there exists an are of directions 


0 


()(- 


zy), Which includes a closed semicircle, such that, for 6 € Q(z,) 


D"f (z) Dy sf (2) +00. 


In § 4, L obtain analogues to the result concerning the set G,, defined 


, 


above. Finally, in§ 5, I give counter-examples to two conjectures arising 


from the results of Theorem 1. 








—-- 


— 
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for | 2. Notation 

We define the upper circular derivate of f(z) as 
D* f(z) lim sup w) | f(zg+w)—f(z»)}. 
pO |wi<p 

This is the same as the function L,(z) defined by Rademacher and 
Stepanoff (4) in their work on the differentiability of functions f(z). 


"8 | The lower circular derivate, J f(z), is defined in the naturally analogous 
fashion. 
LEMMA |. For a continuous function f(z) and a point 2p, 
(i) D°f(z9) is an upper semi-continuous function of 6: 
Ze» (ii) D* f(z) sup D*f(z,), 
0<6<27 
nad and analogous properties hold for the lower derivates at z,. 
LB, The proof of (i) is given by Haslam-Jones (3); the proof of (ii) is 
elementary. 
In the following discussion we shall need to deal with sets of pairs 


i (z,@), where z = x-+iy is a complex number and @ is a direction. We 
ith obtain a geometrical model for such sets in the following way. We can 


assume without loss of generality that x > 1; and we can represent the 

pair (z,@) by the point (x cos @, y, x sin @) in Euclidean three-space (which 

ere | we denote by £,), and give the pair (z,@) the topology induced by the 
ys | Mapping. 

We adopt the typographical convention that plane sets will be denoted 

by upper-case Roman letters in ordinary type, sets of directions by 

upper-case Greek letters, and sets of pairs (z,@) by sans-serif upper-case 


Roman letters, as E, F. 

By A(z,) I shall mean the circle of points (z,@) (0 < @ < 27). By 
A.A(z,) I shall mean the are in F, of points (z),@) with @e A. If for 
some 2», a subset of A(z,), say B. A(z), consists of a single are (open or 
closed), then by |B. A(z,)) we shall mean the angle subtended by the are 
of directions A where A.A(z)) = B. A(z»). The z-projection of a set B, 
written (B)., is defined to be the set of points z, such that B. A(z) is not 


_ 


ult } 


x 


empty. 

Since the set of directions is not an ordered set, | adopt the following 
notation. Given an are of directions #, which we denote by ©, then we 
denote by “© the ‘lower’ end-point, that end-point from which © is 


generated by a counter-clockwise rotation, and by @© the other, ‘upper’ 


ed | end-point. Given three directions A, px, v, denote by @* the open are such 
that O* — A, WO* — pw. Then by ‘A > v > p’ we shall mean that v 


a 


o 
ng 


is included in ©*, 
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I now give an account of those aspects of the descriptive theory of 
sets of points which come into the subsequent arguments. All the 
properties discussed hold in spaces more general than those under | ¢ 
consideration in the present work. I shall state all definitions of ‘relative’ | s 
concepts (such as density, first category, etc.) with open sets as the ‘base’ 
sets; this will be sufficient for our purposes. 





Given an open set B and another set C, I say that C is everywhere 
dense on B if the closure of B.C includes B. A set C is said to be nowhere 


dense on B if there is an open set H such that H.C is empty and # is} ‘ 
everywhere dense on B. A set C is said to be of the first category on B if 


C = UC,, where each of the sets C; is nowhere dense on B. If C is not 
i=1 


of the first category on B, I say that C is of the second category on B. 

There exist sets which are of the first category on themselves; the set 
of rational points on the unit interval is an example of this. It is a 
well-known result that open sets are of the second category on them- | 
selves |Carathéodory (1), § 79, Satz 7]. A set C is said to be residual i 
on B if B—C is a set of the first category on B. Clearly, a residual set j 
is also a set of the second category. A subset C of B is said to be closed 
with respect to B if it contains all those of its points of accumulation 
which belong to B. Equivalent to this is that C = B.F, where F isa 
closed set. 

A Gs; set is the intersection of a denumerable family of open sets; an 
F,, set is the union of a denumerable family of closed sets. The comple- 
ment of a G; set is an F, set, and vice versa. Open sets and closed sets } 
are simultaneously G; and F,. By taking denumerable unions of G; sets 
and denumerable intersections of F, sets, we obtain sets denoted by G;, 


(G;.Gs,),, or simply G@s,. The key properties of G; and F, sets are, roughly } 


and F_; respectively. Thus, a set of the form (G5. F,), is also of the form 
speaking, that an everywhere-dense G; set is a residual set, and that an 
F,, set of the second category includes an open set. (See Lemmas 2 (d), 2 (e) 
below.) i 
Lemma 2. Let B be an open set. } 
(a) If a set C is not nowhere-dense on B, then there exists an open set H 
such that B.H is not empty and C is everywhere dense on B.H. 


rf ! 
(b) If C = UG, ts of the second category on B, then so is one of the 
im1 
sets C;. 


(c) If C: n C;, and each of the sets C; is residual on B, then so is C. 
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(d) Suppose that C = (UJ C,, that each of the sets C; is closed with respect 
i=] 


to B, and that C is of the second category on B. Then there exists an open 
set H such that H.B is not empty, and, for some i, C;> H.B. 
(e) Suppose that C is a Gs set. Then C is residual on B if it is every- 


where de SE ON B. 


m 
(f) Suppose that C U C',, where each of the sets C; is nowhere dense 
1=] 


on B. Then C is nowhere dense on B. 
(g) Suppose that C is residual on B, and Cc Dc B. Then D is also 
residual on B. 


Proofs. (a) This is proved by Carathéodory (1) [ef. the last part of 


j 


Satz 6, § 79]. 


x 
(b) We assume the result to be false and let C; U ©;;. where each 
f=% 


of the sets C, is nowhere dense on B. We then have 

’ U Us af 
Enumerating the sets C;; in the standard diagonal fashion gives us the 
result that C is of the first category. _ 

(c) This is equivalent to (b); we prove it by taking complements and 
applying (b). 

(4) We apply (b) and get a set C; of the second category on B. This 
set C, cannot be nowhere dense on B; applying (a) and using the assump- 
tion that (’; is closed with respect to B gives the desired result. 

(e) We let 

C= ni! ‘9 
where (, is open, for all i. Each of the sets C; is everywhere dense on 5; 
and it follows from the definitions that B—C; is nowhere dense on B, 
for all 7. Then s 
B—C = J (B—-C)) 
is a set of the first category. 


(f) Since C is a finite union of sets C;, we have 


N 
( U¢ i. 
Each of the sets C’, is nowhere dense on B. If C were not nowhere-dense 
on B, then by (a) we should have C > H.B. We should then have 
oe 
H.B Us ‘ 


in contradiction to B being open. 
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(g) The set B—D is included in the set- B—C, which is of the first i 
category on B. Using the trivial fact that a subset of a set of the first} 





category is also of the first category, we prove the result. I 
. . - 0 
3. Tangential singularities 
I say that f(z) has an are of tangential unboundedness at z, if there f 
exists an open are of directions ’(z)) such that, for every direction » 
in ‘Y’(z,), for every positive A, and for every neighbourhood N of z,, the 
a : . ¢ 
inequalities a , ” , 
: Def(z') > K, Disaf(2’) << —K 
are satisfied by points z’, 2” lying in N (one or both of the points z’, 2”), 
may be identical with z,). If ‘Y(z))| > 7, then we refer to a major are 
of tangential unboundedness. 
Lemna 3. If acontinuous function f(z) has a tangential singularity at zp, 
then f(z) has a major arc of tangential unboundedness at Zp. : 


We may suppose without loss of generality that the tangential 
singularity is in the behaviour of the upper derivates. Also, we let } 


zy = 0, f(0) = 0. Let A be an arbitrary large positive number, and 
p and ¢ arbitrary small positive numbers. We shall construct an arc of 


directions ® such that |® = w—2e, and such that, for any direction ¢ 

in ®, the inequalities } 
D¢f(z')>K, Dy wf(2")< —K (1) 

are satisfied by points z’ = z’(¢), 2” = z’(¢) lying in the region |z| < p. ) 


The existence of a major are of tangential unboundedness follows readily 
from this. 

The methods of proof for the three types of tangential singularity are 
essentially the same; I now adopt a uniform notation encompassing 
the three cases. I show that, whatever the type of tangential singu- 
larity, there exist two directions A and rv, distinct but arbitrarily close, ) 
such that D*f(0) > AF(0). (2) j 
If D°f(0) has a discontinuity, we let v be the direction at which the | 
discontinuity occurs; by the upper semicontinuity of D®f(0) [Lemma 1(i)] j 
there exist directions A arbitrarily close to v at which D4f(0) < D»f(0), 
and (2) holds a fortiori. If, at some particular direction, the two upper ? 
derivates of f(0) are unequal, and D®f(0) is continuous at this direction, j 
then we denote the direction by A; we then have @f(0) < D4f(0), and 
the existence of directions v arbitrarily close to A satisfying (2) follows 
from the continuity of D°f(0) at 6 = A. If the derivates are unequal at } 
some direction and D®f(0) is discontinuous there, then we ignore the 
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ON CONTINUOUS FUNCTIONS 15 


inequality of the derivates and obtain (2) from the discontinuity as 


above. Finally, we consider the case 7*f(0) too. It is possible that 
D°f(0) +-c0 forall @inanare Osuchthat © > 7. Then the existence 


of a major are of tangential unboundedness follows trivially: the points 
2’, 2” are all located at O. If this is not the case, we observe that the set 
(0; D°f(0) x} is closed [Lemma I(i)], and let v be a lower end-point 
of a closed are of this set, or any direction of a nowhere-dense portion 





of the set. Then there are directions A arbitrarily close to vy with 
D*f(0) < +00, 
and (2) is satisfied a fortiori. 
Without loss of generality, we may strengthen inequality (2) to 
af(0) <0 <2 < D*f(0) (3) 
and we may specify the location and relative orientation of the directions 


Aand v by 


0<v—2yn <v n<A<v<v+yn < fr, (4) 
where 7 is a positive number satisfying 
K sin 2y < sine. (5) 


For convenience, we restrict K and « by 


A > 2, e < }a. (6) 





We now construct an isosceles triangle 7’, as in the figure, with the 
following properties: 
(i) 7 lies in the region x > 0, y > 0, |z! < p; 
(ii) the base of 7' lies on the ray argz = A, and 7’ has base angle e«; 
) 


(ili) f(z*) > |2z*|, where z* is the vertex of 7’; (7 
(iv) {(2) < 0, where 2 is any point on the base of 7’. (8) 
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By condition (3), there exists a positive p’ such that, for 0 <r < p’,} 

ie te i 

f (re in) < 0. (9) tl 

Let o = }min(p, p’), and let % = }(v—A). There exists a point <* in 
S\(o,) (in the notation of § 1) such that f(z*) > |2*|; this follows from 
the definition of D’f(0) and (3). With this point z* as vertex, we construct } 4% 





our triangle 7’ by property (iii). Inequality (4), implying that 


| is 
€ > 2n > v—A-+¢ > argz*—d, (10) 
ensures that 7’ lies in the first quadrant. Hence, if we denote the end- 
points of the base of 7’ by z, and z, (with |z,| > |z,/), it is clear that | 
z,| << 2.z*| < 4min(p,p’), and property (i) is proved. Property (iv)' * 
follows from (9) and the last inequality. Property (iii) was fulfilled at I 
the outset. | 
For any point Zz on the base of 7’, the inequality 
1 
f(z*)—f(2) > K\z*—Z (11); 
is satisfied. To prove this, we observe the chain of inequalities ) 
ee “— , 1 1 
S(z*)—f (2) f(z*) _ |z*|  |2* j 
Ses, lets] > ea = be’ | 
ae ue ine ney 
which hold by (8), (7), and the construction of 7’, respectively. Hence, , 
it is sufficient to show that |z*| > K\z*—z,'. This follows from elemen- 
tary trigonometry applied to the triangle with vertices O, z,, <*, 


together with (5) and (10): we apply the law of sines to the sides (O, z*) ) 
and (2*,2,). | 
We now establish the existence of points z’ and 2” as described in the } 
first paragraph of this proof. We denote by @thearcAt+e <0 <A +7—€, 
and observe that |'® = 7—2e. For any direction ¢ of 0. there is a point 2 
on the base of 7' such that d = arg(z*—2Z). For such a direction 4, we 
let |z*—Z /, and consider g(t) = f(2+-te’?) (0 <#t <1), a continuous i 
function of a single real variable. We have g(0) = f(2), g(l) = f(=*), and, 


} 
by (11), g()—g(0) Al. This implies the existence of points ¢’, ¢” on 
the open interval (0,/) such that 

D-git') > K, D-git’) > K. 

Setting 2'(h) = 2+1#'e'¢, 2"() = Z++1#’e'?, } 
we readily obtain inequalities (1). Since z’ and 2” lie in 7’ and hence in } 
z| < p, the proof is complete. 
Note. If the tangential singularity of f(z) at z) is of the form } 


D¥f (29) > EMF (2) 





ey 

(9) 
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or D°f(zy) is discontinuous at 6 = p, then it is clear from the construc- 
tions that one end-point of the major are of tangential unboundedness 


is » itself. 


LemMa 4. For a continuous function f(z) and any number K, the set 


of points CK {z, 8; D® f(z) a Kk} 
is a Gs set. 
Let 
Hy ul% 9) = H (2, 8,028) = Mm Lf(2+-7m exp [8 —8n))—f(2)], 


where {r,,} are the rational points on (0,1) and 6, = 2zr,. Clearly, 


_’ ime 


H,,,(z,8) is continuous with respect to (z,@) and for any real A and 


m,it 


nteger / the set > 0:H, (2,0) > K—I-} 


myn 
is open. Defining B’f(z) as in § 1, we have 


B°f(z) = B(p, n,z) = sup H,, ,,(z, 9). 


m,n 


where the supremum is taken over all m and » such that 0 < r,, < p, 
0,—0| <<». Then B®f(z) is a lower semicontinuous function of (2, @) 


and the set {z,@; B°f(z) > K—I-} is also open. Using the definition 
of D°f(z), we have that the set {z, 0; D%f(z) > K} equals 


NN N &.0; Bk, j7,2 > K-I-4, 
j=1l=1k=1 
and so is a Gs set. 


Note. By analogous arguments, we obtain the additional result that 
the set {z,0@;0°f(z) > K} is also a Gs set. The intersection of C* with 
the plane 6 = p is a Gs set; its projection on the z-plane is clearly a 
plane Gs set; this latter set is {z; Def(z) > K}. Similarly, the set 
{z;é4f(z) > K} is a Gs set. The fact that the set {v; D*g(x) > K} isa 
linear Gs set, for continuous g(x), may be deduced from these results, 
or may be proved in a manner analogous to that of the lemma. From 
this it readily follows, using Lemmas 2(b) and 2(d), that the set G, is 
a linear set of the first category. 

An argument even simpler than the one of the lemma gives the result 


that the plane set of points P* = {z;@*f(z) > K} is a Gs set. By 
Lemma 1(ii), P* — (C*).; thus we find a Gs set projecting onto a (ss set, 


instead of onto a general analytic set. This special situation is of impor- 
tance in the main theorem. 
Finally, we observe that by obvious modifications of the proof of the 


3695 .2.6 Cc 
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lemma, we can obtain the result that the set {z,6; D,f(z) < K} is a 
Gs set. Analogous results with lower derivates may be obtained for all 
the sets mentioned in this note. 


Lemma 5. Let G be a Gs set residual on an open set K in Ey. Let L 
denote the set of points z, such that G. A(z»).K is not everywhere dense on 
A(z ).K. Then the set L is of the first category. 


For each point z, of Z there is an open set of directions ©(z)) such 


that O(zp). A(zp) C K. A(z), G.O(z9). A(z) is empty. 


Let K—G = U F;, where each of the sets F, is closed with respect to K. 
i=1 
For each z, and i, the set F;. A(z) is closed with respect to K.A(z,). 
By the definition of ©(z,), for each z, ¢ L, we have 
2) 
O(z). A(z) cU F,. A(Z). 
Since ©(z)). A(z) is open on A(z,), it is a set of the second category on 
itself; hence not all the sets F;.O(z)). A(z») can be nowhere-dense on 
A(z)). One of these sets is therefore everywhere dense on a sub-are of 
©(z)). A(z,); being closed with respect to A(z), it includes that sub-are. 
Hence, for each point z, of L, there is an integer i and an are 0'(z,) such 


that ; 
” @' (25). A(Zp) C F;. A(Zo)- 


Denote by {@;} the set of rational directions, by {k} the positive integers, 
and by Tj, the are |@—6,;| < 2zk-!. For each point z, of L, one of the 
ares I’; c O'(z9). Hence, denoting by L;,;, the set 
{z;z € L, Ty. A(z) c F;. A(z)}, 
x 
we have L = U Lin: 
i,j,k=1 
If L is a set of the second category, then so must be one of the sets 
Lj; (Lemma 2 (b)|. Denote such a set L;;, by L*, and let T and F denote 
the are [, and closed set F; corresponding to it. The set L* cannot be 
nowhere-dense on (K). (an open set); hence there is an open set D c (K), 
such that L* is everywhere dense on D (Lemma 2(a)). Let T denote 
the three-dimensional region of points {z,0;z¢ D,@¢T}. From the 
construction, we have F.T everywhere dense on T. Since F is closed 
on K, Tc Fc K—G. Thus, K—G includes an open set and so is not a 
set of the first category on K. This is the desired contradiction; hence 
L is a set of the first category. 








——S Oo 


— 








_- 
}—— 


— SS hs 





ON CONTINUOUS FUNCTIONS 19 
sa Lemna 6. Let (i) J be a set of arcs of the form A(z). A(z), for all points z 
all} of a set E everywhere dense on a plane region R, and where |A(z)| > « > 0, 
all z € E; (ii) K be the interior of the closure of J; (iii) F be the plane set 
iL of points z, such that K. A(z) includes an open are subtending an angle 
at least x. Then F is residual on R. 

If, in addition, the set E is residual on the region R, there exists a subset 
G of E also residual on R such that at all points z of G, A(z). A(2o) ts 
ich | included in the closure of K. A(z»). 


on 





} Let ©,,, denote the are 


K 2rp/q <6 < 2n(pt+l)/q (O<p<q;1 <q). 


,). | Let E,,, denote the subset of E such that “ A(z) € ©,,, (see § 2 for nota- 
lak 


q-1 
: Var avery > ave P . 4 > Maal 2 
tion). For every q > 1, we have E U Fra: Let E%, denote the 
yp 


q-1 

interior of the closure of E,,,, and let E7 = U Ea For each q > 1, the 
p 

onf open set E* is everywhere dense on R. If this were not the case, then 

on} for some integer Q there would exist an open set R’ such that R’. E% 


of | is empty, and hence R’. E¥g (0 < p < Q) is empty. Then, for each p, 


re, E,. would be nowhere dense on R’, and E.h’, being the finite union of 
ch nowhere-dense sets, would also be nowhere dense on R’ [Lemma 2(f)]. 
This contradicts the assumption that E is everywhere dense on R. 
) Let gq, be an integer greater than 47/x; we assume now that q > q. 
rs Denote by ®,,, the are 
he } - 
4 e < < oe —+ 4 
| UO ng <9 < LO,,+4; 
we have |®,,, x—27/q. For each point z, of E,,,, ®,,, cC A(z»). Denote 
, r * > cate 
by E,,, and E®,, the sets 
oT ETS iS Kees 2: ae “ ’ 
(2,0;zEe£,,,9E€90,,}, {z,0; ze Hy,0€®,,}. 
ts — . . 

From the definitions, we have E,,,c J. Also, from the simple structure 
we ae A pq: Hence 
E, is included in the interior of the closure of J; that is, Ef, c K. 

: Let z) be a point of some set E},. Then K. A(z) > ER, . A(zo); this latter 


x 
set is a single arc subtending an angle a—27/q. Let E* = f) Ef; since 
I= 
the sets H¥ are open sets everywhere dense on R, their complements 
are nowhere dense on F#, and so the set #* is residual on R. For any 
point z, of H*, K. A(z,) includes ares EF. 
an open are subtending an angle at least a. Thus £* is a subset of the 


A(z,) for all g; hence it includes 


” of E*, it is clear that E*, equals the interior of the closure of E 
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set F; since £* is residual on R, then F is also [Lemma 2(q)]; this is 
the desired result. 

We now prove the second part of the lemma. For each point 2) of R 
denote by =(z) the open set of directions such that X(z9). A(z) is the 
complement (with respect to A(z,)) of the closure of K.A(z)). Suppose 
the second part of the lemma to be false; we then assume £ residual 
on FR, and there exists a set 7 with the following properties: 7' is of the 
second category on R, and, at all points z, of 7’, A(z»). X(z9) is not empty. 

Let T, denote the are |@—6@; < 27k, where {6;} are the rational 
directions, and {k} are the positive integers. Let 7; denote the subset 


of T at whose points A(z9).=(z)) 2 j,. We have 7’ U 7;,; one of 
j,k=1 


the sets 7;, must be of the second category on Rk [Lemma 2(5)]. Denote 
it by 7”, and let I’ be the are I). corresponding to it. There is a region R’ 
on which 7” is everywhere dense [Lemma 2(a)]; denote by T the set 
fz,.6:2€ T’,6¢T} and by T* the set {z, 0:2 e R’, ET}. Since Ic A(z), 
for z, ¢ 7’, it is clear that T is a subset of the original set J; it is also 
clear that T is everywhere dense on T*. Hence T* c K, and so, for all 


points z, of 7”, T*.X(z9). A(z») is empty. Since, for z) ¢ 7”, 


T*. A(z,) lr. A(z) c A(z). &(2—). A(zp), 


we have the desired contradiction, and so the second part of the lemma 
is proved. 


THEOREM |. Let f(z) be acontinuous function defined ona plane region R. 
Then there are two open sets U’ and V whose union is everywhere dense on R, 
with the following properties: for each point z, of V, and for all directions 6, 
Df (z,) and Dy f(z) are continuous, bounded, and equal to €°f(zy) and @9f (2) 
respectively: for each point z, of a set residual on U, there is a closed are 


(2(z,), including a semicircle, such that, for 0 in Q(z,), 
Df (z,) Dy. ,f (2) 1+-o0. 


We let B be the set of points where f(z) has a tangential singularity 
of any kind. Then we define V = R—Bb, U = R—V. It is clear that 
(U+-V) is everywhere dense on # and that B is everywhere dense on U. 
The stated properties for the set V follow directly from its definition: 
the boundedness of D’f(z,) and 1 f(z,) results from their finiteness and 
continuity on the full circle of directions. We now prove the stated 
properties of the set U’. 


Let Y'(z,) be the major are of tangential unboundedness defined by 
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Lemma 3 at points z, of B. Let C* = {z,6; D%f(z) > K}, and let 
hy NM CF. Let (2(z,) be the closure of 7 tz), for points 20 of B. We 
K=1 
shall show that there exists a set W residual on U at all of whose points z, 
C*. A(z,) > Q(z,). A(z). 
This is the desired result for upper derivates 
We first show that B is residual on U. From the definitions, B is 
everywhere dense on Ll’. Then, by Lemma 3, the sets 
PK — {z; O*f(z) > K} 
are also everywhere dense on LU’. These sets are G; sets (see the note 
to Lemma 4); hence they are residual on U [Lemma 2(e)]. Let 
P* = ff) = &; 92) +a0}. 
K=1 
By Lemma 2(c), P* is also residual on U; but by the definition of B, 
P* c B, and so B is residual on U [Lemma 2(g)}. 
Let E = LU ¥(z). A(z), and denote by H the interior of the closure of E. 
ceB 


Since |’(z)| > 7, for each z € B, then by Lemma 6 we know that H is 


not vacuous. We now show that C* is residual on H. Since C* = ff} C*, 
K=1 
then by Lemma 2(c) it is sufficient to prove that, for each A, C* is 
residual on H. Since, for each K, C* is a Gs set, then by Lemma 2 (¢) it 
is sufficient to show that each of the sets C* is everywhere dense on H. 
The set E is trivially everywhere dense on H. Let (29,4) be a point of 
E.H. Since H is open, there is a neighbourhood N of (29, 69) of the form 


(z, 0; |ze—z9| < p, |@A—@| < 9} 


s''s [ey 
whichisin H. By the definition of the major are of tangential unbounded- 
ness ‘I’(z,), there is a point (z,,4)) of C* in the neighbourhood N. Hence 
CX is also everywhere dense on H, as desired. 

Since C* is a Gs set residual on the open set H, we may apply Lemma 5 
to obtain a set S residual on LU’, for all of whose points z), C*. A(z) is 
everywhere dense on H.A(z,)). Because of the upper semicontinuity of 
D"f(z,) (for fixed z,), the set C*. A(z,) is closed. Hence for all points z, 
of S, C*. A(z,) includes the closure of H. A(z,). 

Since B is residual on (’, then by the second part of Lemma 6 we 
obtain a set S’ also residual on Ll’, for all of whose points z, the closure of 
H.A(z,) includes Q(z,). A(z,). Thus at all points z, of S.S’ W, which 
is also residual on Ll’, 


()(z,). A(z2) c C*. A(z2) = {0; D°f(z2) +00}. A(2,). 
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This is the desired result for upper derivates. an 
By analogous arguments, using the inequalities (1) of Lemma 3 and. ex 

the sets {z,0; D,, f(z) < —K}, we obtain another residual set W’, at all 

of whose points z,) the set {0; Dy,.f(z)) = —0o0} includes Q(z,). The set 

W* — W.W’ is also residual on U, and at all of its points z, Fi 


D°f(z,) = —Dpinf(2,) = +00, 


for all directions @ in Q(z,). th 


4. Applications 


We now obtain results which are analogues to the one concerning the 4é: 
set G, defined in § 1. set 


; , ' ‘ the 
THEOREM 2. Let f(z) be acontinuous function defined ona plane region R, 


and let pw be a fixed direction. Then there are two open sets H and J whose 
union is everywhere dense on R with the following properties: for each ca 
point z, of H, 


Dt f(z) = Hf (29), D2 (%) a Ou sad (2); R, 
for each point z, of a set residual on J, 
Di f(z) = De+*f(%) = +20, D, f(a) = Disafla) = —. is 
We denote by & the union of the two sets of points {z; Def(z) > e# f(z)} 
and {2; D,.af(2) < Gyiaf(2)}- Let B be the closure of B, let H = R—B, ot 
and let J = R—H. Both H and J are open, their union is everywhere an 
dense on #, and B is everywhere dense on J. nu 


It is clear that H has the properties stated for it; we now prove the yw} 
stated properties for J. I shall use the terminology of Theorem | unless 
specially noted. For each point z, of B, Y(z,) includes one of the ares Si: 
<6 <p+n or p—7 <0 <u. (See the note to Lemma 3.) Denote of 
by B’ the subset of B for which ‘4’(z)) includes the former arc, and by | le: 
B’ the set B—B’. Denote by B* the set J—B’, and by B, the set | R 
J— B*, Both the sets B* and B, are open. Their union is everywhere — wi 
dense on J, and B’ and B” are everywhere dense on 6* and B, respec- on 
tively. It will be sufficient to prove the stated properties of the derivates 
for points z, of B*. 

Denote by E the three-dimensional set (J ‘V(z)).A(z 9), where the | ar 
union extends over all points z, of B’. B*. In this case the set H (the 
interior of the closure of E) has an especially simple structure: for each 
z) of B*,H. A(z) = {fu <0 <p+7}.A(z). Using arguments like those 
of Theorem 1, we may show first that the sets C* = {z, 0; D9f(z) = +o} 


rn 
nm 





und 
all 


set 


he 


ISE 


ch 
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and C, = {z,0; Dy,.f(z) —ool are residual on H, and then that there 
exists a set W residual on B* such that, for z, € W, 


D®f(z,) Dy.4.J(%,) = +00, forp <0 < pa. 
From this we have that, for z, € W, 
Def(z,) = De*f(z,) = +00, Da fle:) = Dusafles) = —2, 
the desired result. 

LemMa 7. Let A be a plane Gs set residual on a region R. Let | yo| 
denote a line y = yy. Let B, denote the set of values y, such that the linear 
set A. R.{y,| is not everywhere dense on R.[yo|. Then B, is a linear set of 
the first category. 

This lemma is essentially the same as Lemma 5, both being special 
cases of a general result concerning G; sets in Cartesian product-spaces. 

THEOREM 3. Let f(z) be a continuous function defined on a plane region 
R, and let u be a fixed direction. Then the set of points zy such that 


OM (Zo) F —On+nd (2) 
is a plane set of the first category on R. 


It will be sufficient to consider the case é¥f(z) > —é,42f(%); the 
other case is a natural analogue. Let A be the set {z; f(z) > —é,.,,f(2)}. 
and suppose that A is of the second category. Let {r;} be the rational 
numbers in the interval —o <a <-+0oo. The set A equals UJ 4;,, 


Tir-Tj 


where Nee re . 
Aj; = {25 O4f(z) > > 15 > —QiaS(2)}- 


Since A;; is of the form G3. F, (see the note to Lemma 4), then A is a set 
of the form (G;.F,),, or Gs;,. If A is of the second category, then at 
least one of its constituent Gs sets (call it A*) is residual on a sub-region 
R* of R [Lemmas 2 (6), 2 (a), 2 (e)]. Then by Lemma 7 there exists a lined 
with direction » such that the linear G; set A*.d.R is everywhere dense 
ond. R*, and so residual on d. R*. Letting d have the equation 


z= 29+1te#, 
and letting g(t) = f(z,)+-te), we then get the result that the set 
{t; D+g(t) > D-g(t)} > A*.d 


is a linear set of the second category. This is in contradiction to the 
result stated in § 1, concerning the set G,. This completes the proof. 
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THEOREM 4. Let f(z) be a continuous function defined on a plane region are. 


R, and let u be a fixed direction. Then the set of points z such that jon ( 
Def(zo) # — Dra (20) o. 

is a plane set of the first category. 
We decompose £ into three sets: Let 
R = H+J+[R-(H+J)], - 
2% = 


in the notation of Theorem 2. The third set is a closed set nowhere 
dense on R, and so we may neglect it. From Theorem 2 we have that 
the set {z; Def(z) = —D,,,,f(z) = +} is residual on J. From Theorems | and 
2 and 3, and the definition of H, we have that the set 


{z;2 € H, Def(z) 4 —D,.2f(2)} 


| Thu 
is of the first category on H. Hence the set {z; Def(z) # —D,,,,f(2)} is ' . 
of the first category on J+H, and thus on R. 7 
sque 
5. Examples 
There are two natural conjectures concerning further tangential 
properties of continuous functions f(z). The first concerns the behaviour | 
of f(z) on the set V of Theorem 1, where f(z) is free of tangential singu-| [| 
larities. It is that, at all points z, of a residual subset of V, f(z) possesses | 
a tangent plane. By this we mean that : 

DF (29) = Dyf (zo) = cos 0. Df(z))+sin 0. D7 f(z), | For 
for all directions 6. The other concerns the arcs Q(z,) defined at all | 
points z, of a residual subset of the set U of Theorem 1. The conjecture 
is that at all points of this residual set (except perhaps at those of a 
‘negligible’ subset), the are (2(z,) is either a closed semicircle or a full 
circle. I show that both of these conjectures are false. Dei 

EXAMPLE 1. There exists a continuous function f(z) defined on the unit key 
square, with uniformly bounded derivates, such that at all points z, of a all 
residual set, D°f(z,) = 1, Dy f(z,) = 0. pe 

Let £,, be a measurable linear set on the interval (0, 1) such that both 
E£,, and its complement are of positive measure on every sub-interval 
of (0,1). Let %,(x) be the characteristic function of Z,, and let Th 

“i 
h(x) = | y,(t) dt. ) tin 
0 anc 


Since the derivative to h(x) exists and is equal to #,(x) almost every- | Let 
where, then both the sets of points {x; D+h(a) > 1} and {x; D, h(a) < 0} | let 





ON CONTINUOUS FUNCTIONS 25 
are everywhere dense on (0,1). These are both Gs sets, hence residual 


on 
on (0,1), and so their intersection is also residual on (0, 1); denote this 


last set by Q,. 

nat fi) =f(et+iy) = A(x) (O<2e<190<y<l). 
Let Q be the set of vertical lines projecting on Q,. It is clear that Q is 
residual on the unit square. It is also easy to see that for any point 
iy, of the unit square 


29 = X71 


sre 
D°f(z,) = Dth(xp), Dy f (Zo) = Di h(xo), 
ms | and that D*f(z,) < 1, Ff (zy) > —1. But, at any point z, of Q, 


D(z) =1, — Dafle) = 0. 


Thus f(z) has the stated properties. 
There exists a continuous function f(z) defined on the unit 


is 
EXAMPLE 2. 
square S such that, at all points z, of a set W* residual on S, 
| D® f(z.) +00, —iln <0 <7, 
ial . 
ur D* f(z.) < 9, a7 <0 < 3a. 
u- Let g(z) = g(re®’) be defined as follows. Let 
es . : 
g(0) = 0, — g(re’®) = gle) (r > 1). 
For 0 < r < 1, let 
J] (r cos 6)3 (—i7 <0 < }n), 
re | g(z) (rsin 6)! (jr <0 <7), 
a 
9 (7 <0 < }n) 


Denote by @, and ©, the ares a7 and 7 < 6 < 37, respec- 

7 tively. We observe that, for @ ¢ 0,, D®g(0) co and D®q(z) > 0 for 
F ' { ¢ 

0; and for @€ @,, D®g(0) = 0, and D®%%(z) < 0 for all z + 0. 


all z 
1, for all z. 


lr <O< 


a 
Also, we have 0 < q(2z) : 
: Let Z = {z;} denote the rational points on 8S, Let 
l 
gj(z) = 2~%g(2'[z=—2,]). 


xc 
The sum f(z) = >} g,(z) is uniformly convergent, and so f(z) is con- 
1 


tinuous. For any direction « € ©, and any z;, we have D#f(z;) = +00; 
©, for any point ze S, we have D*f(z) < 0. 


and for any direction » « 
Let {0,.} be an enumerable set of directions everywhere dense on ©,, and 
} | let W* be the set {z; D%f(z) +-oo}. Since W* includes the set Z, it is 































26 





ON CONTINUOUS FUNCTIONS 
everywhere dense on S, and, being a Gs set, residual on S. Hence 
W*? = n W* is also residual on S. By the upper semicontinuity oj 
D®f(z5), a have that, for z,¢ W*, D®f(z.) = +00 for 0€ O,. Since 
D®f (zs) < 0 for 6 € ©,, the construction is complete. 
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THE LATTICE DETERMINANTS OF 
a ASYMMETRICAL CONVEX REGIONS (IID) 
D. B. SAWYER (Otago) 
[Received 9 April 1954] 


1. Let A be a convex region in n-dimensional Euclidean space (n > 2) 

* such that A contains the origin O as an interior point. We define the 

‘coefficient of asymmetry of K as the upper bound J of the ratio PO/OP’, 

‘ble where PP’ is an arbitrary chord of K passing through O, and we denote 

i by V(A) and A(K) the (n-dimensional) volume and lattice determinant 
le’ of K. 

In an earlier note} I have obtained an upper bound for the expression 
ts’, V(K)/A(K), where K ranges over all convex regions with coefficient of 
Jon Symmetry A. In the present note I consider the same problem when 

K is restricted to the class of convex regions symmetrical in a point and 
‘with coefficient of asymmetry A. When the centre of symmetry is O, 
the problem reduces to Minkowski’s classical theorem, so that it will be 
assumed throughout the paper that A is symmetrical in a point other 
than O. 

The main theorem of the paper is 


THEOREM 1. Jf K is symmetrical in a point and has coefficient of 
j asymmetry A, then there is a subset L of K U —K, convex and symmetrical 
in O, such that 


» 
= (1 <A <d), 
a A+1 
V(L)/V(K) >qA)={ . (1) 
2-1 +-n(A—1)} 
(A - Xo), 
(A j 1)" 
where A, is the (only) root between n/(n—1) and 2 of the equation 


A(A 1)" 1 Qn ] t nA 1)). 


For each X there is some K and a corresponding L for which the equality 


sgn is needed in (1). 
This theorem will be proved in § 5, 


t Ps Lov lon Vath. Soc, 29 (1954), 251 4, 


Quart. J. Math. Oxford (2), 6 (1955), 27-33. 
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| 


2. By means of a straightforward application of Minkowski’s theorem “ 
we deduce from Theorem 1 the theorem: ) 
THEOREM 2,. Jf K is symmetrical in a point and has coefficient %1 

“In 

asymmetry A, then 


gn-(\-1] in 
[ a (l<A<A)), We 

V(A)/A(K) < (+1) 
pay A>. i 


An indication of the accuracy of the upper bound is given by 


THEOREM 2,. Jf 1 <A < Ap, there ts a K for which 





vii ‘ 2"-1(\+-1 
V(K)/A(K) = ar”). | 
If X > Xo, there is a K for which 
rye oa (A+ )* 
Vina) > ———. 
ee W 


Proof of Theorem 2,. The first statement is substantiated by remarking 

that the integral lattice is admissible for the parallelepiped A, defined by, wi 

—l/jA <2, <1, zi <i & = 3...., 2%), Ne 

and using the first part of Theorem 2). is 

The second statement is substantiated by considering the region K; ot 
defined by 

—l<z2, <A, lz;| < 4(A+1)—|a,—3(A—1)|  (t = 2,,..., 0). 


? wl 
} it: 
x, = (A—})uy val 

in 


This has volume (A+-1)"/n and coefficient of asymmetry A; and the 
lattice 
2, = fu,+u, (¢ = 2,..., 2) 
. . . . . . . . in 
(in which the w’s take integral values) is admissible and of determinant 
A—43 
From Theorem 2 we deduce as a corollary ) 
THEOREM 3. When n = 2, 


— {2A+1/A (l <A <2), : 


A(K) < : i 
(A+12/(2A—1) (A> 2). ’ 
I 
For each value of X there is some K for which the equality sign is necessary. 


V(K) 


/ 


3. To avoid interruptions at a later stage, we obtain two straight-| 8 
forward lemmas concerning the function th 


F(n) = f(n)/9(n), . 
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oren where f(n) (1+an)"—(1—7)", 
) 


nt oO , ‘ — in . 
‘In these expressions « is a positive constant. Since we shall be interested 


in the function over the interval 0 < » < 1, and since f(0) = g(0) = 0, 
we define 


g(n) 1—(1—7)"+2nan. 


» 2 Xx 


1+2a 


F(0) = f'(0)/g'(0) 
/ 


This makes F(») continuous and differentiable on the closed interval. 
Lemma 1. Jf 0 < y <1, then 
F(y) < max{F(0), F(1)}. 
Proof. We examine first the function 


G(m) f'(y) g'(m). 


: si g” ' 
We have G'() An) —G(n)} 
rking 
»d by, Where H(n) = f"(y)/9"(»). 
Now g"/g’ < 0 (with equality only when 7 1 and n > 2), so that G 


is an increasing function when it is greater than H and decreasing 

‘otherwise. But pomar ' 

n K, x?(1-4 sey * 

H(n) ] —_—— =~ a 
(1 —)" r 4 


bog , ‘ P 7 , = 
which is steadily decreasing from 1—a? to —oo. Since G remains finite, 


L thé it is easy to see that either it is always greater than H, and so increasing, 


or else it is initially less than H but beyond some point is greater than H; 
in the latter case G is decreasing in the first part of the interval and 
increasing in the second part. 

nant To examine the gradient of F(y) we now remark that (for 7 > 0) 


F’(n) = L{G(n)—F(n)}, 
q 


and, since g’/g > 0 for 0 < » < 1, this shows that F is increasing when 
it is less than G and decreasing otherwise. Recalling that F(0) = G(0) 
and noting that for 7 + 0 we have F(n) = G(n) only when F’(y) = 0, 
7 we see that, when G is steadily increasing in 0 < » <1, sois F. If G 
ight- is first decreasing and later increasing, then either F is decreasing over 
the whole interval or else is first decreasing and later increasing. In any 
of these cases the assertion of the lemma holds. 
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Lemma 2. We have 
/ FO) (O<a< Xo) j 
| FU) (a > a), 
an 
the number a, being the (only) root between 1/2(n—1) and 3 of the equatior wy 


max{F(0), F(1)} : 


(1+2 x)(1+- x)"-1— 2na—I1 = Q, ple 
the 
Proof. We have Ur 
F(0) = ae F(\) = it the 
l+ 2a 1+2na 


The former is a decreasing function of « for all positive « and the latter 
is increasing without bound for a > 1/2(n—1). When «a < 1/2(n—1) 


we observe that Th 
; (Ita)"_ (I4+a)j"-2 
F l = \ > ——————————_——_— = al l a 
aaa = 2 (1) ' 
un 


Hence, by the argument of Lemma 1, F(») is decreasing in 0 < » < 
and so F(1) < F(0). It therefore follows that there is exactly one value 


of « satisfying . 
F(1) = F(0), a > 1/2(n—1), ind 

lin 

and this solution is not greater than } since, when a = 3}, we have joi 
3” by 

F(0)=3< nh) = F(1). un 

the 


4. To prove Theorem 1 we may suppose without loss of generality  ;,; 
that K is strictly convex. We further suppose that the centre of SYM in 
metry X of K lies on the 2,-axis at the point (a, 0,...,0), where a > 0. V 
Let the x,-axis meet the boundary of K in the points A (—6,0,...,0), | 


B (2a+-b,0,...,0), where b > 0. We write a/b = a, and prove tha 


K* 

LEMMA 3. A = 1422. 

Proof. Let w be an arbitrary 2-dimensional plane through the line AB) 
and let POP’ be a chord of K in w. Let 6 denote the angle POB and 
write (@) = PO/OP’. By the strict convexity of K and by the sym- 
metry of K in X, the tac-lines at P and P’ to K which lie in w intersect 
on the side of PP’ remote from X. Hence yp is decreasing, and so for 


0<0<7, 


wh 


u(0) < BOJOA = 142a. the 
. 7 . . ' Let 
Corollary. Since (7) < 1, there is a unique chord of K in w which) yw, 
is bisected at O. 
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5. Let J denote the sphere 
&, = @, g+...ta2 = 1, 


and let Y be any point of J. There is a unique 2-dimensional half-plane 
ution »,, containing Y and bounded by the 2,-axis, and conversely any half- 
plane bounded by the x,-axis meets J in a single point. We may express 
the volume of K as a surface integral over J in the following way. Let 
U(r) denote the length of the segment in which the line in wy parallel to 
the x,-axis and a distance r from it meets K, and write 
x 


tte $(¥) = [ -*U(r) dr. (2) 
l 0 


Then V(K) = | o(¥) ds. (3) 
J 


We now construct the required convex region L. Let CC’ be the 
1 5 
unique chord bisected at O in the plane of which wy is half, and let C 
bein wy. As Y varies on J, C traces on the boundary of K a continuous 
} : 
(n—2)~limensional surface [ which is symmetrical in O. We denote by 
| K* the part of K lying in the semi-infinite cylinder bounded by generating 


-alue 


lines drawn from points of [ in the positive x,-direction and by lines 
joining O to points of [. Then A* and — A* are non-overlapping. Also, 
by the symmetry of [ in O, the convex closure L of K* U —K* is the 
union of the convex closures of K* and —K*. By the convexity of K, 


these latter are respectively contained in K and —K, so that L is con- 
ality) tained in K U —K. Since L contains K* U — K*, it is clearly sufficient, 
‘Y™\ in order to establish Theorem 1, to prove the inequality (1) with 


0 1(K* U — K*) replacing V(L). 


+") Let s[= s(Y)] be the distance of C from the 2,-axis. Then, remarking 
that the line in wy at a distance r (r <s) from the 2,-axis meets 
K* U — K* in a segment of length I(r)+-2a, we have 

AB) V(K* U —K*) = | #(¥) ds, (4) 

J 

and 

ym") where b(Y) | r”-2f1(r)+-2a} dr. (5) 

‘sect 0 

» for 


Let CD be the chord of K which passes through C and is parallel to 
)the x-axis. Then D is the image in X of C’, and CD is of length 2a. 
__ | let tac-lines at C, D meet at a point in wy at distance s’ from the x,-axis. 
hich We write , 


s’ = 8(1+a8). 
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D. 








By the convexity of K we now have the following inequalities, 





0<é<l " 
pl 
U(r) < 2(a+b) 
9) iy 
I(r) < 2a+—(s -r) (0<r < a(1+<a8)) (6) 
Ur) > 2a+- = 0 <6" <8) 
8 
We write 
9 
m(r, €) = min! 2(a + act Rp - r)\, (7) 


xi(é) = [ r—2m/(r, €) dr, 


xf) = | r-2m(r,€) dr. 


Observing that m(r,€) is a decreasing function of € for 0 <r <s and| 
that, by (6), (7), B 
x1) < | r—2l(r) dr < x,(€), 


0 


| 


we have, for some 7 satisfying € < » <1, 


8 


| r”-*l(r) dr x1(%)- 


0 
Since m(r,€) is an increasing function of € for r > s, we have, seal 
using (6), (7), = 
| r-*U(r) dr < x2(E) < x2(n)- 
rs 
Hence by (2), (5), and by performing the integration, we obtain 
d(Y oe eee ’ 
af xi(9) + x2(%) F(n). 


b(Y) x1(7) LBagn-l (n —1) 


Using Lemmas 1, 2, 3, we therefore have 


ae 
WY )/$(Y) > g(r), | 


and so, by (3), (4), 


V(K*U —K*)/V(K) > q(A). 
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To exhibit regions K and L for which equality holds in (1) we use the 
regions K,, K, of Theorem 2,. For A, the corresponding L is the parallele- 
| piped ai <i @ = 1,4... n). 


For AK, the corresponding L is the region 


(6 =| = A, Xr; min{l,A—|z,|} (¢ = 2,..., 2). 


i J 


This completes the proof of Theorem 1. 


and) 


rain 











ON THE COHOMOLOGY GROUPS OF A 


FINITE GROUP 
By ANNE P. COBBE (Ozford) | 


[Received 12 May 1954] : 
e iS ¢ 
1. Introduction 


Let Q be a multiplicative group and G@ an additive abelian group 
(th 


by 








admitting @ as a group of left operators. The n-dimensional cohomology 
groups H"(Q, G) (n > 0) are defined by S. Eilenberg and 8S. Maclane in 


> 


(1). In this paper Q will be a finite group. 

Let F be any field, A the group algebra of Q over Ff, and M any two- 
sided A-module; since A has a finite basis, the cohomology groups 
H"(A, M) are also defined for n > 0 (3). In case of ambiguity the group 
algebra over F will be written A{F}. 

I shall first consider under what conditions G can be isomorphically 


on 
of 
def 


| line 
Th 


embedded in a two-sided A{ F}-module for a suitable choice of F and what 
is the relation between the groups H"(Q, @) and H"(A{F}, M). For this 
purpose QY may be supposed to operate on G identically from the right. 


Theorem 1 gives necessary and sufficient conditions on G that it may be} 1 
taken as MV; if G has only elements of infinite order but does not satisfy} 1 
the condition of Theorem 1, F can be taken as the field R of rational | 4_, 
numbers and WV as the tensor product R o G of the additive group of RB} gn, 
and G (7). In this case the group of n-cocycles Z"(A, M) is isomorphic} _, 
to the tensor product of R and the group Z"(Q, G@) of cocycles on @ to G. 

The second problem considered is the structure of H"(Q, @) for various F 





types of coefficient group G. The results of the first theorem and lemma 
can be combined with a result due to G. P. Hochschild (3) on the co- 
homology groups of a separable algebra, that H"(A, M) = 0 (n > 1) 


= 
for every two-sided A-module M, to deduce the vanishing of H"(Q, G) . 
(n > 1) when G satisfies certain conditions (Theorem 2). [ea 
Whenalltheelements of G have finite order, further results are obtained | * 
by using direct methods. In § 4 all the elements of G have order p*, | 
where p is a prime, and Theorem 4 shows that H"(Q,G) = 0 (n > 1)} 
if p is prime to the order of Q. In § 5 the orders of the elements of @ 
are finite and H"(Q, @) is found to be the direct sum of groups H"(Q, @,) | 
when G; is the subgroup of elements of order p* for any integer k and 
a prime divisor p, of the order of Q@. When & is bounded for each i,} , 
Theorem 6 gives a maximum to the order of H"(Q, G); three examples |i 


Quart. J. Math. Oxford (2), 6 (1955), 34 47. 
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are given to show that in some, but not all, cases the order is less than 
this maximum. 

2. A-Modules 
LeMMA |. Jf, for some field F,G is a two-sided A-module M, then 


H"(Q,G) = H"(A, M). 





is an isomor ph ism. 


Since the elements of Q are the basis elements of A, given f ¢ C"(A, M) 
(the group of n-cochains on A with values in M) we can define Afe C"(Q, @) 
by taking Af = f restricted to the basis elements of A. 

Since we can assume that the identity of A acts as the identity operator 
on M (4), the same is true of G. The elements of Q, considered as elements 
of A, operate on G and, if the coboundary operator 6 on C"(Q, @) is 
| defined by means of these induced operators, then AS = 8A. Hence Q is 


up 


ip 


up | Msg ne ; 
a cochain-isomorphism into C"(Q, @). 
Conversely, any f ¢ C"(Q, @) can be extended to A-1f ¢ C"(A, M) by 
linearity, since the condition on G implies that A can operate on G. 
at |, ' ‘ 
hi [herefore A is an isomorphism onto and induces 
1S 
ht. H"(A,M) = H"(Q,G). 


be! Ishall consider when the above condition can be satisfied. 
sly) THEOREM 1. A necessary and sufficient condition that G can be atwo-sided 
nal | 4-module for some field F is that either (i) G has no elements of finite order 
e 6 ee . - - ° 
{ Rand is completely divisible,+ or (ii) every element of G has order a prime p. 
hic . , , . ‘ : ar 
-| Any field F contains as prime subfield either the field R of rationals 
or the field J, of integers modulo p. If G is an A-module, then G admits 


OUS + : . . . . 
F, and with it either R or J,, as a ring of operators. 
ma ; np coe We , : : . 
Condition (i) is necessary and sufficient that G admit A as a ring of 
) operators [(7) Theorem 15]. If J,, operates on G, then, for any ge G, 
- Ke . 
| pg = Og = 0. The conditions are therefore necessary. 
‘'\ Suppose now that (i) is satisfied; then R operates on G in the natural 
way. Take F' to be Rand let A be the group algebra of Q over R. Define 
ne 
ry (> ri9i)-9 = LrlG-9), 
1 t 
he 9-(> 7:9) = Lrlg-a), 
f G t t 
G;) (sq). (7g) sr(q.g) (rq). (8g), 
and (rg). (sq) = rs(g.q) = (sg).(rq), (2.1) 
WHE 
‘ + Le., given any integer d and any g € G, there is an element g’ € G such that 
pies tda q. 
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where s, 7; € R, g ¢ G and the summation extends over all g; € Q. Here, 
q.q = g according to the convention of § 1, but the right operation by q 
is exhibited in order that right operators ¥ rq ¢ A should satisfy the 
linearity condition (2.2)(c). 

This makes G an A-module: for 


a.(g+g') =a.g+a.q’, (g+g’).a = g.a+gq'.a (2.2)(a) 


is clearly satisfied for every a € A since it is satisfied for ac Q. Also 





(> 769: > 8;9))-9 = (> 18;91%)-9 
ts) 


t 


> i8(1 4-9) 
ts) 
: | 
(> 4) > 8;(4;-9)| 


' | : | 
(> vidi) -| (2 8545) -9}> 
. . : J 
and similarly 
a.(g.a’) = (a.g).a’, g.(aa’) = (g.a).a’ (2.2)(b) | 
(a+a’).g = a.g+a’.g, g.(a+a’) = g.a+q.a’,  (2.2)(e) 
where a,a’e€ A (ge G@). 

If condition (ii) is satisfied in place of (i), J,, can operate on G in the | 
natural way for some prime p. In this case take F to be J, and define | 
operators from A on Q as in (2.1) with r;, se J,. As before this makes 
G an A-module. 

LEMMA 2. Let G; (i = 1, 2,...) be abelian groups such that the order of | 
every element of G, divides n;, and the integers n; are mutually prime; also 





let G = ¥ G;, a direct sum. Then Q operates on each G;, and 
i 
H"(Q,@) = > H"(Q.G,). 
7 
If the number of summands G;; is infinite, an element of G will be a| 
sum > g,; with only a finite number of the g; non-zero. | 
i 

Let g € Q and g; € G;; then q.g; can be expressed as a finite sum 
q-9i = Ij, TIT + TI}, 

with g; eG, for r = 1,..., k. The condition on the orders n; implies | 


from Q induced by the operators on G. 


that g; = 0 unless j, = 7; each summand G; therefore admits sii 
Given any f ¢ C"(Q, G), define f; ¢ C"(Q, G;) by 


F(Qas-+21 In) = Fi Dares In) Fo +S ig Qtr In) 
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Since Q is finite, there are, for each f, only a finite number of suffixes /, 
for which f/f; (q,,...,¢,) is not zero for all choices of q...., q, © @. Hence 


k 
f = p I; 
r=1 


is a finite sum. Also, since operators from Q on G induce operators on 
each G;, (df); = 5f; and the lemma follows. 

THEOREM 2. Let either 

(i) G@ be completely divisible, without elements of finite order, or 

(ii) G = > G;, a direct sum, where every element of G; has for order a 


prime p; which does not divide the order of Q, and p; + p,; if i + j. 
Then H"(Q,G) 0 (n > 1). 


If the characteristic of F does not divide the order of Q, the group 
algebra A is separable and H"(A,M) = 0 (n > 1) for any two-sided 
A-module M (3). It follows from Lemma | that, if @ is an A-module, 
then H"(Q,G) = 0 (n >1). Theorem 1 states that condition (i) is 
sufficient for this. When condition (ii) is satisfied, it follows from 
Theorem | (ii) that each G; can be made into an A{/J,,}-module. Since 
each p, is prime to the order of Q, each of the algebras A{.J,, } is separable 
and therefore H"(Q,G;) = 0 (n > 1) for each i. By Lemma 2 this 
implies that H"(Q,G) = 0. 


3. Coefficient groups without elements of finite order 


In this section I shall assume that G has no elements of finite order 
but is not necessarily completely divisible. As in Theorem 1 (i), 4 will 
be the group algebra of Q over the field R of rational numbers, but it 
will not in general be possible to take M equal to G (Theorem 1). 

[ shall consider instead the tensor product (7) Ro G of the field of 
rationals (considered as an additive group) and G. Elements of Ro G 
will be written r og with re R, g € G, and satisfy the two distributive 
laws 

ro(g+g’)=rog+rog’, (r+r}og=rog+r og. (3.1) 

Since G has no elements of finite order, it can be embedded iso- 
morphically in R o G by identifying 1 og with g. Any element of Ro G 
can be written uniquely in normal form, i.e. 


a l ] 


,°I = 7° =f" 


for a, be J (the rational integers) and g, g’ € G. 
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R operates on R o G by writing 

r’ .(rog)=rrog=(rog).r, (3.2 
for, since G has no elements of finite order, R o G has unique division, 
i.e., if 1 1 
-~Oog=7;,0g', theng = gq’. 
,°9=7°9 g=9 
In fact Ro G is the smallest completely divisible group containing 6 
{(7) Theorem 21], and therefore by Theorem 1 (i) is the smallest group 
containing G which can be taken as an A-module. That we can take 
M = Ro G will follow as in Theorem 1 if Q operates on M. Define 





, ’ , ' 

q.(rog+r’ og’+...) = ro (q.g)+r' 0 (q.9’)+..., 
(rog+r’ og’+...).¢ = ro(g.q)+?’ 0 (g’.q)+.... (3.3)| 
Then conditions similar to (2.2) (a2) and (b) with Q in place of A are 
clearly satisfied for M since they are satisfied for G, and Q operates on M., 
The operators from A on M are now defined by (3.2), (3.3), and (2.1) 
with M in place of G. 
Given any f ¢ C"(Q, @) we can define o,f ¢ C"(A, M) by 


° l , 2 4) 
(caf CH RPree In) “ d of(h pores qn) (3.4) 
and by linearity, where q; ¢ Q, dé J. 


LEMMA 3. o,: C"(Q, @) > C"(A, M) is an isomorphism (into) for each 


de J, and 80, = o,5. 


[ shall prove the lemma for the case d = 1, but the method of proof 
holds for any de J. 





Now 09, is clearly an isomorphism, for o, f = Oimplies 1 o f(q,,...,q,,) = 4 
for all q;; therefore f(q,,...,q,) = 0 for all gq; and f = 0. Also 
(60, f )(q, idles Yn+1) — N-(%F (qe pray Yn+1) 
r 2 (Malin Fiery Vi Vistree+» Inst) | 
+(—1)"* (o,f )(q, goers In) -Un+1 | 
1 © (of (4 prere Yn+1) 
(0, Of (% porns Yn+1)> 


when we use the definition of operators (3.3) and the distributive law (3.1). | 
Let C"(A, M) be the subgroup of C"(A, M) consisting of cochains f*, 
where, for all q; € Q, 


: l 
I *(q) vores Gn) = a°? | 
I 
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for fixed dé J and some ge G. Then 
a4: O"(Q, @) > C4(A, M) 
is an isomorphism onto and induces an isomorphism 
o,: H"(Q,G) = H(A, M). 
LemMa 4. Z"(A,M) = Ro Z"(Q,G). 
Since G has no non-zero elements of finite order, neither has C"(Q, @). 
For, if m is any integer, mf = 0 for fe C”(Q, G) implies mf(q,,...,q,,) = 0 
for all g;. But then f(q,,....¢,) = 0, f = 0. C"(Q,@) may therefore be 


embedded isomorphically in R o C"(Q, G). 
Given f €¢ C"(Q, G), define 


A: Ro CQ, G) > CA, M) 
by God) of © OA, M). 


Here A is an isomorphism into since o, is an isomorphism into for each 


] 
dand —0 0 0. 
d 


Let f* e C"(A, M) be defined by its value on the basis elements of A, 


] 
“oO Jis.in? 


i1...1n 


d 
where d;, J,9;,.;,€ @. Since there are only a finite number of such 


b - b, and let 


elements, the d;,_;, have an L.C.M. b (say). Let d;,_ ;, 
fe C"(Q, @) be defined by 


it...dn 


} q;,) Di cin Vitecin’ 


Then 7? i; of). 
b 
Hence A is onto, and 
0”(A, M) = Ro CX(Q, GQ). 
Also, by Lemma 3, 


= ———" ‘ aerr 
if* = ba,f = of =; 08/), 
, 
and 8f* = 0 if and only if 8f = 0; therefore A induces an isomorphism 
Ro Z"(Q,G) = Z"(A, M). 


Lemma 5. Let f* = d5h* € B"(A, M), and let f e C"(Q, G) be defined as 
in Lemma 4. There is an integer d such that df €¢ B"(Q, G). 


As in the preceding lemma, fe C"(Q,@) may be defined by the 














40 ANNE P. COBBE 


equation {* = o,f for some integer b, and h* = o,h for some de, 


he C"-(Q,G). By Lemma 3, 5h* = 50,h = o,5h. Hence 
l in gt 


; of 4 0 dh, 


and multiplication by bd gives df = bih = 5bh € B"(Q,G). 
COROLLARY. Every element of H"(Q,@) (n > 1) has finite order. 
With any f ¢ Z"(Q, @) associate o,f ¢ Z"(A, M). Since A is separable, 

H"(A,M) = 0 (n > 1), and o,f = dh* for some h* € C"-1(A,M). It 

follows from the lemma that df = 5k for some integer d and some 

ke C"-1(Q, @); hence d{f} = {df} = 0, where {f} ¢ H"(Q, G@) is the class 

containing f. 

This result is a particular case of the more explicit result of Theorem 3, 
which is proved in the next section by direct methods for any abelian 
coefficient group. 

If we allow G to have elements of both finite and infinite order, but 
demand that, if the order is finite, it be prime to the order of Q, it follows 
from Theorem 5 Corollary 1 below that the groups H”(Q, G) reduce 
to those considered above. For let G’ be the set of all g € G such that 
mg = 0 for some integer m: then G’ is a subgroup of G such that 
qG’ = G' for any q € Q, and Q operates on G’. The factor group G—G’ 
has no elements of finite order and also admits Q as a group of operators 
according to the rule qj = qg, where g is the coset of G containing g. 
If G’ contains not all the elements of finite order, but those with 
order prime to that of Q, we have 

Lema 6. Let G’ be the subgroup of G containing all the elements of 
finite order prime to the order of Q. Then 


H"(Q,G) =~ H"(Q,G—G’') (n>). 
The homomorphisms in the exact sequence 
o> @’+a4 G-—a@ +0 
are all operator homomorphisms, and we obtain the exact sequence (5) 
HQ, G’) > HQ, G) 2 HQ, G—@’) 2 HQ, @’) >. (3.5) 
The condition on G’ is that of Theorem 5 Corollary 1 below, and so 
H"(Q,G’) = 0 (n 1); this implies the isomorphism of the lemma. 
4. Coefficient groups whose elements have prime-power order 
In this section G will be a group all of whose elements have order p* 
for a given prime p and some integer k. 
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J,| I shall first prove the following formal generalization of a known 
theorem to the case when Q operates non-trivially on any abelian group @ 
the cases 1 and 2 with non-trivial operators are proved by Zassen- 
haus (8), 131-2, Theorems 24, 26]. 

THEOREM 3. Let G be any abelian group and Q have finite order t. Then 
tH"(Q, G) = 0 (n > 1). 


Suppose first that Q operates identically from the right. For any 


le 

" fe C'(Q, G) define f* e¢ C"-1(Q, @) by 

ne Tq 500-5 Ina) = (— 1) F SlGa5--- Ina 9): (4.1) 
qeQ 


iss | Then 


(—1)"(8f *)(Gy5---s In) = 1 Dd S$ Ges-+s Ins M4 


qeQ 

n 
” + YUE S Sd i Gist Ine D 

i=1 qeQ 
ut +(—1)" Ff (G1 Ina D 

q=Q 
ws nN . 
y 3 (8f)(% eat Gn» I) +( 7 1)” > f(a Te Yn)4- 
ce aeQ qeQ 
at If 5f = 0, this implies that 
ps OF (ass In) = DS (rs-es Ind = (BF *)Qy.-+6s In) 
’ F " or) qeQ 
rs | Be AU = Us = 9. 
P In the case when @ operates identically from the left the corre- 
th spondence is 
PD Ina) = YI + Ina) 
qeQ 

of It is shown by Eilenberg and Maclane (1) that, if @ operates from 


both sides, the cohomology group is isomorphic to the one obtained 





from a suitable set of left operators; the theorem is therefore true in 
this case also. 

THEOREM 4. Let the order of every element of G be a power of the prime p, 
and let Q have order t. 
9) (i) Lf (p,t) = 1, H"(Q, G) = 0 (n > 1); 
5) | (ii) Lf there is a least integer r such that the order of every g € G is p* 
| with k < r and if (p",t) = p*, then psH"(Q,G) = 0 (n > 1). 
Any {f} ¢ H"(Q, @) has order p” for some integer m. For the cocycle f 
} determines only a finite number of elements f(q,, ds,--.. 7,) € @, where the 
q, take all values in Q; since the order of each of these elements is a 
“| power k,, ,, of p, therefore p™f = 0, where m is the maximum of the 


| integers k, ,,, and p™{f} = {p™f} = 0. 
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If (p,t) = 1, then (p™,t) = 1 and there are integers a, b such that 


ap”-+-bt = 1. It follows from Theorem 3 that 


Ef} = apm{f}-+bt{f} = 0. 

In the second part of the theorem, if s = r, the result iu!!ows from the 
above, for in this case m =r since every k,,,, <r. Let s <r and 
t = p*u, where (p,u) = 1. Then (p’-*, uw) = 1 and there are integers a, | 
such that ap’-*+bu = 1. If {f} ¢ H"(Q, @), since p’{f} = 0, therefore, 
using Theorem 3 again, we get 


ptf} = ap'{f}+bp'uf f} = 0. 


5. Coefficient groups whose elements have finite order 
When all the elements of G have finite order, we can combine the 
results of Lemma 2 and Theorem 4 (i) to reduce the calculation of 
H"(Q, G) to the calculation of H"(Q, G;), where each G; is a subgroup of 
G satisfying the conditions of the last section for some prime p,. 
THEOREM 5. Let the order of every element of G be finite, and let G, be 
the subgroup of all the elements of G whose order is a power of the prime p,. 


Then H"(Q, G) = H"(Q,G,)+...+H"(Q,G,) (n>), 


Jm 
a direct sum, where p, (x = j,,-.-,j) are the distinct prime divisors of the 
order of Q. 

Any element g ¢ @ is of finite order m = pf...p2, where the p, are 
distinct primes, and is therefore expressible uniquely as a finite sum 
i=1 ‘ 
the group G; is empty if no non-zero element of G has order divisible 
by p;. We can apply Lemma 2 and obtain 


H"(Q,G) = ¥ HQ, G), 


‘ 
g = > 9; withg; € G,. It follows that Gis a direct sum G = > G;, where 
u 


a direct sum. 


oo 


Ifi ~j, for some k, p; is prime to the order of Q and by Theorem 4 (i), 
H"(Q, G;) = 0. It follows that the only non-zero groups in the expression 
for H"(Q, G) are those for which p; divides the order of Q. 

CoRoLutary 1. Jf the order of every element of G is prime to the order 
of Q, then H"(Q,G) = 0 (n > 1). 


CoROLLARY 2. Let G satisfy the condition of Corollary 1. Every exten- 


sion of Q by G splits over G. 


By (1) 3.2 the extensions of Q by G@ are in one-one correspondence 
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with the elements of H?(Q, @); an extension of Q by G splits over @ if 
and only if the corresponding element of H?(Q, G) is zero. 


CoROLLARY 3. Let the centre G of a group K satisfy the condition of 
Corollary 1. The Q-kernel (K,6@) is extendible for all 0, and there is only 
one equivalence class of extensions of @ by (K, @). 

The condition that (A,@) be extendible is that the invariant 


(k} © H3(Q, G) 


vanish [(2) Theorem 8.1], and this is satisfied for any 0. 

In this case the non-equivalent extensions of @ by (A, @) are in one— 
one correspondence with the elements of H?(Q,G@). Since there is only 
one such element, it follows that there is, within equivalence, one and 
only one extension. 

When G is a finite group, Corollary 2 is contained in a known theorem 
((8) 132, Theorem 25], which states: 

If the order of K is prime to the order of Q, every extension of Q by K 
splits over K. 

This is a more precise result, using a stronger condition, than that 
of Corollary 3. 

If, in addition, each G, satisfies the condition of Theorem 4 (ii), we can 
combine the results of that theorem and of Theorem 5 to obtain a stronger 


form of Theorem 3. 


THEOREM 6. Let every element of G have finite order; let p; (t = 1,..., m) 
be the distinct prime divisors of the order t of Q and let G, be the subgroup 
of G containing all the elements of order p*. If, for each i, there exists a 
least integer r; such that k < r; for all the elements of G; and if (e,t) = d, 
where e = pii...prm, then 


dH"(Q,G) = 0. 


The result is an immediate consequence of the two theorems. 


6. A lemma on crossed homomorphisms 

In the next section I shall calculate the value of H1(Q, @) for a par- 
ticular choice of Q and G; in this calculation it is necessary to determine 
the value of Z'(Q, @), i.e. the group of crossed homomorphisms on Q 
to G, and I therefore prove the following lemma. 


Lemma 7. Let Q be a finitely generated multiplicative group operating 
on an additive group G. Let the generators of Q be qy,..-, Un subject to a 
set T' of defining relations t(q) 1. A crossed homomorphism f: Q > G 
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is uniquely determined by its values on the generators q;, provided that f is\of t 
consistent with the relations T’; i.e. jare 
f(t)=0 for everyte T. 
Let f(¢;) = 9,;¢ G. Any element q € Q is expressible (not uniquely) 

as a reduced word 

wq) = id, (= £)), (6.1) sin 
where we can assume that, if 7; = 7;,,, then €; = €;,,, ie. no cancelling 


I 
Th 


is possible; if g = 1, the word may be the empty word, i.e. w(1) =1. 


. . ° anc 
In particular each ¢(q) € 7' is a word of this form. 7 
0. 
Let f{w(q)} be defined by ; 
f( l ) = 0, f{w(q)} = €1% Gj, T€g XV Ji. ee TEP Uy GJi,s (6.2) ne 
5 : d(u 
. 6=0 ife;= +], 
where S, = @..40— oF Ny the 
J v j yj S 
ilies a 1d ¢, ife, = —1, 
for all j > 1 and q? = 1. . 
Then f(4) = PGi = 0p AQ: " —4 19). Also \¢ 
SWE = 121 Gi Fe Gi, Fer Ge IER, Vins les 
= fw +96 ®... Iie) : 
‘ 0 
= fw} +eMhge}- 
It follows by induction on r that, for any two words w, w’, wh 
f(ww'’) = f(w)+wf(w’) (6.3) 
is satisfied [cf. (6) proof of Lemma 3], where any word w is supposed to rt 


operate on G in the same way as the element of Q which it represents: 
in particular any word ¢ € 7' will be the identical operator on G. 

Suppose now that the elements g; ¢ @ are chosen so that, if f(t) is W! 
expressed in the form (6.2) for each t € 7’, the right-hand side of each 
expression is zero. Then for any word w and any te T, 


flwtw-9) = flw)-+wf(t)-+wt fw) if 
= f(w)+wf(w-) wl 
= ©, 


Also if w, w’ are two words such that f(w) = 0 = f(w’), then 
f(ww') = f(w)+uf(w’) = 0. 


Since any relation t = 1 between the generators is obtained as a| T 
product of transforms of words t € 7’, it follows by repeated application | H 
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t f isjof these two relations that f(r) = 0 whenever 7 = 1. Also, if w, w’, 7 
are words such that 7 1, then 
f(wrw’) (w)+w ni wr f(w’) 
f(w)+wf(w' 
iely) I 
f(ww’) 


(6.1) since 7 represents the identity of Qand therefore operates identically on @. 
TF Let w, w’ be two reduced words representing the same element q¢ € Q. 
ing Then w’ can be obtained from w by inserting or removing words + a 
ind by the above relations f(w’) = f(w). Hence f is a single-valued map 
of Q to G and by (6.3) is a crossed homomorphism. 

Now let ¢ be a crossed homomorphism Q > G@ such that 4(q;) = 9;. 


6.2) Repeated application of (6.3) shows that, if w is given by (6.1), then 
d(w) is given by (6.2). Also, since 4(1) = 0, d(t) = 0 for every t¢ 7; 
therefore 4 agrees with f over the whole of Q. 

7. Three examples 

The following three examples show that the order of H"(Q, G) can be 
less than the maximum found in Theorem 4 (ii); the calculation in 
Example 2 is carried out for n == 1 and in all cases the notation is that 
of the theorem. 

Example 1. Let Q be cyclic of order p” and G be cyclic of order p’, 
where p is prime, and let Q operate identically on G. Then H"(Q, @) is 

; 3) eyclic of order p*, where s = min(m,r). 

| The value of H"(Q, G) has been calculated by Eilenberg and Maclane 

Py (1) when Q is cyclic and operates identically on G as follows: 

ree 


{2n+4 1d), G) G(p"™), He" 20Q, G) C.. p"G (n . (0) 
}is where G(p™) consists of the elements of G for which p”g = 0. 
ch Ifr < m, then s r. Also G(p”) G and p”"G 0; hence 
1°(Q,G)=G (all n). 
If > m, then G(p™) is the cyclic group {p’-"g} generated by p’~"g, 
where g is a generator of G, and s = m. In this case 
H"+1(Q,G) = {p-"g}, - H°"*°(Q, @) = G—{pg}. 
In both cases p*H"(Q, G) = 0 implies k > s, and the order of H"(Q, G) 
is equal to the maximum value. 
Example 2. Let Q be the quaternion group, and G be cyclic of order 8. 

a| Then p” = p* = 8 but, with a certain choice of operators, the order of 
mn! H1(Q,G) is 4 
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Q can be generated by elements a and b with relations 
at =], b? a’, ba a*b. (7.1)! 


A generator of G will be denoted by g. 





i , : ; 2. - 
As in the last section any cocycle f € Z1(Q, @) is defined by its values 8. G 
on a and b, provided that these are consistent with the relations (7.1).) j 
Let Q operate on G from the left according to the rule 4. - 
a.g=b.g = 3g. (7.2) 5, J. 
1 
The relations (7.1) imply the following conditions on /: “SA 
Lata2_ta3\ f - 
(1+-a+a*+-a*) f(a) = 0, 14H 
1+a)f(a) = (1+6)f(0), i, 
(1+a)f(a) = (1+6)f() ts 


(1+a--a*) f(a)+af(b) = f(b) +b f(a). (7.3) 

Of these the first is satisfied identically and the second is a consequence 
of the third, which reduces to 

2{ fla) +f(b)} = 0; 
hence f(b) = 3f(a)+-4kg (k = 0,1) and Z1(Q, @) has 16 elements. 

If f = 5(hg) for some integer h, then 

f(a) = f(b) = 2hg, 
giving 4 possible values. H1(Q, G) has, therefore, 4 elements, which can | 
be represented by the cocycles f; (¢ = 0, 1, 2, 3), where 


_ {0 (¢ = 0, 2), 

lg (= 1,3), 

(bh) — {3f(a) («= 0,1), 
JO) = \ap(a)+4g (i = 2,3). 


This is a cyclic group of order 4 generated by {/,}. 


Si(@) 


Example 3. Let Q be the group of two elements, | and a, and let G 
be cyclic of order 2” (m > 2) generated by an element g. Let 
a.g = (2”-1+1)g. 
Using the result of Eilenberg and Maclane [(1) 16.2, 16.3] we have in 
this case H"(Q,@)=0 (n>1) 


although the orders of Q and G are not relatively prime. 
[ should like to thank Professor Whitehead for his help in the prepara- 
tion of this paper. 
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GEGENBAUER TRANSFORMS 


By 8S. D. CONTE (Wayne University) 


[Received 21 May 1954] 


1. Introduction 


ae 
SEVERAL authors (3, 4) have recently introduced and shown the useful-| jee 
ic 


ness of Legendre and Jacobi transforms. In particular, Churchill and | 
Dolph (1) have obtained a convolution property for Legendre transforms 
which expresses the inverse transform of the product of two transforms 
directly in terms of the two object functions. In this note I define the 
Gegenbauer transform and obtain some of its properties, including a 
generalization of the convolution property for Legendre transforms. 


2. Definition and properties of the Gegenbauer transform 
I define the Gegenbauer transform of order p of a function F(x) defined 
on the interval —1 < 2 < 1 as the finite linear integral transformation 


1 


T{F(x)} | (l—2*)P-!Ch(x) F(x) dx = fe(n) (n = 0,1, 2,...). (1)! 


at 
The Gegenbauer polynomials C?(x) are solutions of the second-order 
differential equation 

(1—2a*)y"—(2p+ l)xy’+-n(n+2p)y = 9, 


which may be written in the self-adjoint form 


D| (1—ax?)p+4y’|+-n(n+-2p)(1—a? pty = 0. (2) 
If in (1) we set x = cos8@, the transform takes the form 
J 
T{ F(cos @)\ = (sin 0)??O% (cos @) F (cos @) dé = f?(n). (3) 
0 i 


The well-known orthogonality relationship for Gegenbauer polynomials 
is given by 


es f «0 (m ~n), ' 
sin 0)?°C®. (cos 8)C2 (cos =f. 4 
i} (sin 0)*PC'? (cos 0)C2 (cos 0) dé dite ines ab, (4) 
where A(p,n) = 27-1(p+-n)n![T(p)]?/7P(2p+-n). (5) 


Quart. J. Math. Oxford (2), 6 (1955), 48-52. 
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Under appropriate conditions a function F(2) may be expanded in a 
series of the Gegenbauer polynomials 
| 


F(x) = ¥ a,(p,n)C2(x), 

| n=0 

where 1 

a A(p,n) | (1—a?)P-*Ch (x) F(x) dx = A(p,n)f?(n). 


n 
—] 


Thus the inversion formula which gives the function F(x) in terms of its 


ul-| ‘ : 
transforms is 
nd 
ms) F(x) = ¥ A(p,n) fo(n)CR(x) = T-Kfo(n)} (—1<e#<1). (6) 
ms n=0 


the} ~The most fundamental property of the Gegenbauer transform is con- 


y ¢ 


tained in the following theorem: 

THEOREM. Under the transformation T' the differential form 
ed R{ F(x)| = (1—a?) PF” —(2p+-1)xF’ 
eC 


ion is reduced to the alge braic form 
T{R| F(x)}} —n(n-+2p)fP(n). (7) 


To prove this we first note that R[F] can be expressed as 


(1) 
ler R[F] = D[(1—a?ye+4 PF’ ](1—a?)-P +4, 
Integrating the right-hand side by parts twice, we obtain 


1 
‘p , 
T{ R| Fj} , Fea)| 1 —a?)p +4 “is | dx 


provided that the function F(x) is sufficiently well-behaved on the 
interior of the interval (—1 < # < 1) and at its end-points. Making use 
of the differential equation (2) satisfied by C?(x), we obtain 

1 


T{R[F}} = —n(n+2p) [ F(x)(1—a2p2Ce(x) dx 


ls | 


—n(n+ 2p) f?(n). 


4) As an immediate result of this theorem we note that the transform 
of the iterated differential form R{ R[ F']] is 


5) T{R*| F]} = n*(n+2p)?fe(n). 


3695 .2.6 E 
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3. The convolution property squ 


Let F(x) and G(x) denote continuous functions defined on the interval) int 
(—1<2z< 1). Let 


T{F(x)} = fr(n), T{G(x)} = gP(n). | 


Then the convolution property determines a function H(x) whose trans. wit 


form is equal to the product of the transforms of F(x) and G(x); suk 
1 we 
i.e. fP(n)g?(n) = T{H(x)} | H(x)(1—x?)P-2CR (x) dx. 
« | 


We have by definition 


f?(n)g?(n) 
= [ F (cos 1) C?(cos «)(sin 4)? du | G(cos A)C? (cos A)(sin A)?? dA wh 
0 0 


7 


=f F(cos )(sin p) mf [ G(cos A)C? (cos 4) C2 (cos A)(sin A)?" an| du. (8) 


0 
The addition-formula for Gegenbauer polynomials [(2) 177 (20)] states) Thy 
that ‘ | obt 


+n . i ‘ anc 
CP (cos u)CP (cos A) = ~ = CP (cos v)(sin x)? 1 dx, anc 

ae )s abo 

; : For 

where cosv = cos cosd + sin sind cos a. (9)F vol 


Using this addition-formula, we can write the product (8) 


14. 


p+n i I 
P(n)g?(n) = —_——— | F(cos,)(sin p)?? x 
fP(n)g?(n) 7A(p,n) #)(sin p.)* flov 
7 7 
x [ | G(cos A) CP (cos v)(sin A)??(sin «)2P- dada du. (10) 
0 0 wh 
We now introduce a new variable 8 by the relationship bes 
isa 
cosA = cos cosy + sin siny cos £. (11)) its] 


Then under the transformation of coordinates given by (9) and (11) the 
element of area dadd becomes (sinv/yinA)dvd8, where sinv/sinA is the 
Jacobian of the transformation. Under this transformation the square} t 


» ° . . . tran 
region of the («,A)-plane given by (0 < a < 7; 0 <A < =) goes intoa the 
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square of the same dimensions in the (v, 8)-plane, and hence the iterated 

‘val integral inside the bracket in (10) becomes 
| | G@(cosA)C82(cos v)(sin A)*?-1(sin «)*?-! sin v dvdB, (12) 


0 0 


ins- with cosy defined by (9) and cosA defined by (11). If the integral (12) is 
substituted into equation (10), and if the order of integration is changed, 
we obtain the formula 


p+rn 
7A(p,n) e 


0 


fP(n)g?(n) C’? (cos v)(sin v)*?H (cos v) dv 
ot+n 
f T{H(cosv)}, 
7A(p,n) 

where 

H(cosv) (sinv)'-*e | | F(cosp) > 
(8) 0 0 

G(cos A)(sin )*?(sin A)*P-1(sin «)??-! dudB. (13) 
tes) Thus, if the interchange of operations made above is permissible, we have 
obtained a function H(2) which is the convolution of the functions F(x) 
and G(x). This is the convolution property. The formal procedure given 
above is a direct generalization of that used by Churchill and Dolph in (1). 
For p = 4, C}(x) becomes the Legendre polynomial P, (x) and the con- 








9 ; ‘ ‘ 
‘“’, yolution theorem reduces to that given in their paper. 
4. An application 
[ treat here the following generalized equation of one-dimensional heat 
flow in a non-homogeneous bart 
ef ,, 0U ou ou 
(1 r?) -(2p+1)x k ‘ (14) 
10) Cx C2 Ox ol 
where K |—2* is the thermal conductivity of the bai 2p)woU /ex 
isa continuous source of heat within the solid, & is the difiusivity, and p 
isaconstant. The bar is bounded by the planes x land x 1, and 
'1)) its lateral surface is insulated. Initially the temperature is prescribed as 
he | U(x,0) = F(x) (-l<2< 1), (15) 
he 
re) 7 In (4) E. J. Scott treats a variation of this same problem using Jacobi 
- transforms, but the solution he gives there is not correct since it fails to satisfy 


the prescribed boundary conditions. 
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where F(x) is any function suitably defined on the interval (—1 <x < 1), 
Because of the nature of the thermal conductivity, the flux of heat must 
vanish at the ends of the bar, and hence no boundary conditions can be MW 


s 


prescribed. 

Let Ti U(x, t)} uP(n, t), T{F(x)} = fP(n). 
Applying the transform to equations (14), (15) and making use of 
property (7), we obtain 


duP(n,t } 
- mf) n(n+2p)uP(n,t) = 0, uP(n, O) = fP(n). (16) 4, 


dt 
let 





k 


The solution of the system (16) is 
uP(n, t) = fP(n)e—mn +2puk, Th 


The inversion theorem then gives the following solution to the heat-; 


conduction problem 


We 
¥ x 
U(x,t) = > A(p,n)ur(n, t)Ce(x) = ¥ A(p,n)fP(nje—"+24E CR (x). 
n=0 n=0 
The problem presented here and its solution are purely formal, but wh 
they illustrate the simplicity of Gegenbauer transforms in resolving! 7 
certain types of boundary-value problems. oa 
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) 


16) 1, Lev f(w) be integrable Z in (—z,7z) and periodic with period 27, and 
let 0 0 
f(u) ~ 4a, + 3 (a, cosnu+b, sinnu) = fa,+ 3 A,(u). (1.1) 
I I 
Then the differentiated series of (1.1) at u = 2 is 
at Ys n(b, cosnx—a, sinnx) = > nB, (x). (1.2) 
I T 


We write 
u(t) 


y(t) = f(v+t)—f(x—t), g(t) - ———C, (1.3) 
4sin 3¢ 
seal where C is a function of x. 
ing) Let Si, on, and ¢,, be respectively the nth partial sum, the first Cesaro 
mean, and the first logarithmic mean of the series (1.2), so that 

n 
S), > rB,(x), (1.4) 

r=1 
Co, (S,+S,+...+8,)/n, (1.5) 
dre t, = (S,+-4S8,+...+-n— 8,)/logn. (1.6) 
ev DeFInition. The series (1.2) is said to be summable (R,logn,1) to C 


provided that t, > Cas n—> a, 
The object of this note is to prove the following theorems: 


THEOREM 1. Jf 


. ’ l 
gu) du o(log ] ast > 0, (1.7) 
u ~& 


. 


t 
then the series (1.2) is summable (R, log n, 1) to the value C. 
THEOREM 2. If the condition (1.7) holds good, then 
o, = o(logn). 
Zygmund (3) has proved that, if 
git)>0O ast>0, (1.8) 


Quart. J. Math. Oxford (2), 6 (1955), 53-58. 
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then the series (1.2) is summable (R, logn, 1) to the value C. Theorem 2 2, 
has been proved elsewhere (2) under the condition 
t . 
| \g(u)|du = o(t) ast>0. (1.9)! 
0 
The relation between (1.8) and (1.9) is well known. A relation between 
(1.7) and (1.9) is contained (1) in 
Lemma. If, as t—>0, 
: 
g(u) du o(t), 
0 
7 


then | g(w) du = o(loz). 


u 


t 


On the other hand, if 


4 


| g(u) du = o(log 7} No 


r ] 
then | g(u)| du o(tlog) 
0 
In both Theorems | and 2 it is enough to consider the special case 
in which C = 0. 
To justify this assertion, consider first the case in which 
f(u) = Csin(u—z2). 
Then B,(x) = C, B,(x) = 0 (n > 2), so that the series (1.2) converges 
to C; a fortiori, the conclusions of both theorems are satisfied. 
In the general case, write 
f(u) = Csin(u—x)+f,(u). 


Let g,(u) be formed from f,(w) in the same way as g(u) from f(z), but 
with the C corresponding to f,(w) taken as 0. Then 


| Co 


sint 





g(t) = att)+¢(1 2 ) = g(t) +0(1). : 


2 sin $¢ 
Thus, if g(w) satisfies (1.7), then so does g,(u), and it is clearly enough 


to prove both theorems for g,(w). 
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n2 2. Proof of Theorem 1 


We have rBA(x) { f(a+t)—f(a—t)}r sin rt dt 


u(t)r sin rt dt. 


en 
0 
Hence, by (1.4) and (2.1), 
| 4 n 
S, y(t) dt S rsinrt 
™ = 
l ; d | A 
. | 14° ¥ eosrt! 
: | W(t) {a + % coset} dt 
ry 
Fi d (sin(n + a)t\ a 
ba t see. MRR La 
- | H iy 2 2 sin dt j“ 
0 
Now from (1.6) and (2.2) we have 
1 2s, 
" logn Ly k 
k=1 
l [ we > soir bt 4 dt 
mlogn . Fi iat 
se 0 
l - d | ~ sin kt) 
J(t) —) cot ‘ NN dt 
27 log n | iil : es 
d { a 
t dt 
es =| ? 2 


»+(, say. 


| Consider Q first: 


( | b(t in kt dt 
It | é Slog » > . : 
l n ah(t) oe at = = Cos(n+3)t a 
j 27logn . 2 sin $t 
0 
h} 


.—— - | \g(t)| dt +O asn>o., 
mlogn . 
0 
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Again 
= De 
P= ae: Se us(t)cosec? it on wa dt — 
47 log Nn. heed ¥ 
0 
h - ~ 
— | u(t)cot ht > cos kt dt 
mlogn . - — 
0 
P,+FP,, say. 
Now 
, sin(n+-4)t—sin lt 
n= = — | u(t)cot At. in(n+3) — dt 
: y 27 log nN, 2 sin $t 
0 
: 1 
] (sin(n+-3)é : \ 
a eas =" —cos 3t} dt 
7m log n | 9 | tan dt — 
0 
q sin 1\t 1 
ee rr pecan al 2)t dt 4- —___ | g(t) cos 4t dt 
mlogn , tan $¢t 7 log n “ 
0 ‘a 0 
= J+J), say. 
Plainly J, > 0 as n > ©. 
Again » 
-  sin(n+4)t 
F —— eee ¢ (¢ = = dt 
’ mlogn , K!) tan $t 
0 


7 seme n 


Now by the lemma 


Iya 


i= ysin nt 


smn dt +0(1) 
Bi 





mlogn A 1 J,2)+0(1), Say. 


/ 


“Mm ( g(t)| dt 
0 
o(logn) asn>om. 


, 


Also 


= 


and 
Hence, by (2.5), (2.6), 


Therefore, by (2.3), 


iy 


7 





[ m i) o (log n). 


n 


and (2.7), 


J, o(1). 


(2.4), and (2.8), 


P, o(1). 








i 
will 
The 
d 
I 
Usi 
(2.3) 
(2.4) | 
Ag 
| 
(2.5) | 
H 
(2.6) 
ar 
(2.7)— 3. 
} 
(2.5) 
) 
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Writing h(n, t) jor + , we have the following ine qualities, which 
ik=1 : 


will be needed while conside ring P.: 


h(n, t) C,, where C, is a constant, (2.9) 
hin. t) nt. (2.10) 


| The inequality (2.9) is familiar, and (2.10) is trivial. 


Now 
| . 7 
P, i g(t) cosec 4t h(n, t) dt 
7102 i F 
0 
win - 
A : 
| g(t) cosec }t h(n, t) dt 4 : q(t) cosec 3th(n,t) dt 
mlogn , . mlogn , 
| 0 7™n 
Pits, say. (2.11) 
Using (1.7) and (2.9), we have 
3) 4 ) 
|} 1 g(t)| 5, 
le Oo}; ——_ | - dt 1). (2.12) 
4 - llog n | t sa 
} . Tin 
Again, by the lemma and (2.10), we have 
ain 
] 4 nt 
ea | q(t)| ——— dt 
- mlogn. sin ht 
0 . 
mn 
n | 
. . g(t) dt 
5) | logn . 
0 
o(1). \ l >} 
Hence, by (2.11), (2.12), and (2.13), 
, P, o(1), 


) and this completes the proof of Theorem 1. 


‘/| 3. Proof of Theorem 2 
Easy calculations show that 


} 9 . si 2} | l t » ! | . si ! L)é 
c,, - g(t) cos ht = a(n dt a g(t). — - dt 
j 7M . . sin® $t ™m J ° 2 sin $¢ 
0 0 


(3.1) 
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Using the method employed in estimating J, it is easy to see that 
I, = o(logn). (3.2 
Again ‘ 
2 f sin? 3(n-+- 1)t 
,=— g(t) cos peel dt 
77 . “ sin? St 
0 a 
Tin 7 
= 1,17 41,2, Say- (3.3) 
an\ J) J | 
0 7n 
Using the lemma we have 
mH 
_m(n+1) 
fia — g(t), dt 
2n 
6 
min 
2rn | \g(t)| dt 
0 
o(logn). (3.4) 
Using (1.7), we find that | 
2a a(t 
hel <= | KO! ay 
- nj 
mn | 
- | 
* git 
<2] gt) dt 
q 
rin 
o (log n). (3.5) 
Hence, by (3.3), (3.4), and (3.5), we find that 
I, = o(logn). (3.6) 
Therefore, by (3.1), (3.2), and (3.6), we have 
a, — o(logn), 
which completes the proof of Theorem 2. 
Finally we must express our thanks to the referee for some suggestions 


which improved the presentation and brought in some simplification in 
the proofs. 
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AND HARMONIC FUNCTIONS OF 
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Io 
[Received 24 June 1954] 
1. Iv is familiar that, if o(z) is regular and schlicht in z < 1, o(0) = 0, 
a'(0) 1, and o(z) maps |z < 1 on to a convex domain, then 
| re} 1 + (2) =. 0, (1.1) 
(z) J 


| It follows from this, by a classical result on functions with positive real 
.4)| part, that there exists a real periodic function l’(y%s) of bounded variation 


such that, for |z| < 1, 
} gee" a» ? ib_i» 
ath. 4 | <* dU(p),t (1.2) 
| Ja "SSA 


whence, by dividing by z and integrating along the radius from 0 to z, 
| we have p 


og a’ (2) _! | log(1- ze-i¥) dU (wh). (1.3) 


Vi 
. 


More generally, (1.2) and (1.3) hold (for some periodic U’ of bounded 


6) Pe nics ‘ 2 
variation) if o is regular and schlicht in |z) < 1 and 
| (z0"(z) 
re! ; d@< A(e) (2 per? p< 1).f (1.4) 
J} lo (z)) 
} ba 
1S ‘“o . . , . . . 
 ) Conversely, if there is a periodic U of bounded variation such that 
(1.2) or (1.3) holds, then o satisfies (1.4).§ 

+ The integrals are Lebesgue or Lebesgue-Stieltjes integrals. 

t I use A(b,¢,...) to denote a positive constant depending only on 6, ¢,..., not 
necessarily the same on any two occurrences; A by itself will denote a positive 
absolute constant. 

} § In the case in which o maps |z 1 on to a convex domain the formula (1.3) 


is due to Study (14). The proof given above [under the more general condition 
(1.4)] is due essentially to Evans (2), 56. See also Paatero (9). 


Quart. J. Math. Oxford (2), 6 (1955), 59-72. 
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The formula (1.3) is a limiting form of the well-known Schwarz- ( 
Christoffel formula for a function which maps !z| < 1 on to the interior 
of a polygon. Since 
re/1 4.77 (2)| mt oe arg{izo’(z)} (z = pe’), (| 
("a (2)J 20 
the conditions (1.1) and (1.4) may be regarded asconcerningthebehaviour| ( 
of the derivative of arg{izo’(z)} in |z} < 1. On the other hand, the con-| 
ditions under which the classical Schwarz—Christoffel formula is valid 
(i.e. that o maps |z| < 1 on to the interior of a polygon) may be regarded| 
as concerning the rate of growth of |o’| and the behaviour of argf{izo’(z)} | 
on the circle |z| = 1 itself. For, if co maps |z| < 1 on to the interior of 
a polygon P, it is continuous in |z| < 1 and regular there save at the 
points of |z| = 1 corresponding to the vertices of P. The angle between) * 
the positive direction of the real axis and the tangent to the curve 
w = o(e) at the point z = e"® is here, qua function of 0, a step-function; | “ 
and this angle is arg{izo’(z)}. Further, since P is a rectifiable curve, we | 
have i. we 
| o'(pe®)| d8 << A(a) (p< 1). Th 
— 
We may therefore ask what are the most general conditions of this latter tie 
type under which the formula (1.3) is valid. It is actually more con- ai 
venient to work here with argo’(z) rather than arg{izo’(z)}, and in § 3 
I give a set of necessary and sufficient conditions for the validity of 
(1.3) in terms of the boundary behaviour of arg o’(z) and the rate of growth fu 
of |o’|.7 of 
The problem may also be put in a wider setting, when it reduces to P 
finding sets of necessary and sufficient conditions for a function u(p, @) 
harmonic in p < 1 to be the Poisson integral of a function of bounded | px 
variation, and these are given in § 2. Most of the results of this section | is 
are not essentially new, but they do not seem to have appeared before | th 


in a connected form. 

The results of this section give also some further properties of the class 
of schlicht functions o which satisfy (1.4). This class has been studied 
in some detail by Paatero (9, 10), who has proved that, if o is regular 
and schlicht in |z! < 1, satisfies (1.4), and maps |z! < 1 on a domain A, 
then 


(A) ois continuous in |z| < 1 save at a finite number of points z; on 


'z| = 1, while (for each z;) |o| > +00 as zz; in |z| <1; 


+ Less general sufficient conditions are given by Komatu (6). [I have seen only 
the review of this paper.] 
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(B) the boundary I of A possesses right-hand and left-hand tangents 
at every finite point, and possesses a proper tangent except at a 
denumerable infinity of points; 
(C) every finite are of [ is rectifiable; 
(D) for almost all 0, {o(z)—o(e'*)} f2— ei} tends to a finite limit as 
z - e'? from inside |z' < 1, o(e’’) being defined as the radial limit 
of o(z) at the point e” 
(E) o”(z) possesses for almost all 6 a finite limit as z — « id along any 
path not touching the circle |z| = 1. 
The proofs of (B)-(E) given by Paatero are quite short, but that of the 
key result (A) is very long. In§ 4, I use the results of § 2 to give a shorter 
proof of (A). I give also (in § 5) a new proof of (E), which provides a little 
additional information, namely that? 
(F) M(p:0’) < A(A) for0 <A<} 
(G) My(p;0") < A(A) forO0 <A< i. 
These results are best-possible. 

Finally, in § 6, I use anexample constructed by Keldysch and Lavren- 
tieff to find the order of the integral on the left of (1.4) for general 
schlicht o. 

2. In this section we discuss necessary and sufficient conditions for a 
function u(p, 8) harmonic in p < 1 to be the Poisson integral of a function 

f fo 
of bounded variation. I first list some of the consequences of ‘wu is the 
Poisson integral of a U of bounded variation’. 

THEOREM 1. Suppose that U(@) is a real function of bounded variation, 
periodic with period 27; that u(p, 6) is the Poisson integral of U; that v(p, @) 
is that harmonic function conjugate to u which vanishes at the origin; and 
that f = u+iv. Then 

(i) w(p,@) is bounded in p <1 and for every @ tends to the limit 
4{U(8+-0)+ U(@—0)} as p> 1; 
(ii) if » = sup U—inf U, 
| exp{Av(p,0)|} d0 < A(A) forA < a/p; 


+ For any w(z) w(pe'’) = w(p, 8) defined in the unit circle I write 


7 \ 


)wA 


M,(w) M\(p;w) = t | |w(p, 0) 7 


7 

















62 T. M. FLETT 


as ; l F : 
(iii) f(z)—f(0) = —-. log(1—ze-) dU()  (\z| < 1); 
7 . 


(iv) ug(p,@) is the Poisson—Stieltjes integral of U; 


(v) | |ug(p,4)| dd = [ \du(p,@)| << [ \dU) (p <1). 


Since w is the Poisson integral of U and v(0) = 0, 


) 


é ws 


. l eid nO wes F ’ 
f(z)—f (0) => | = a (ys) dis — l (ys) dif 


=- | _UW) ad 


4 U'(b)d log( l — 2 ip) 
77 


a log(1— ze it) dU (hb), 
ca) 


the result of (iii). Differentiating with respect to z and multiplying by iz 
we have 


se lf 2 L feviz 
izf'(z) = — | ig, UUW) = 5- a * dU(p), 


since | dl’ = 0, by the periodicity of U. Taking real parts we now 


obtain (iv):7 and (v) follows from (iv) by a simple application of Fubini’s 
theorem. Finally, (i) is familiar,t and (ii) is an immediate consequence 
of a theorem of Zygmund on bounded harmonic functions.§ 

There is an alternative proof of (ii) as follows. We may suppose that 
tl’ < $y, when (by a trivial argument) 


1-4 
v(p,@)) -  log( P\. 
7 \l—p 
t This is known; | give the proof for completeness. 
* See e.g. Zygmund (15), 51. 
§ See (15), 164, Ex. 3. 
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Now for any absolutely continuous G we have, by the Cauchy-Riemann 
equations, 
7 7 7 7 
at - : 

p— | G(v) dé p | G'(v)v, dé — G'(v)ug dé = — G'(v) du 

dp. ‘ d } 

— = 7 —i 
[this is practically Prawitz’s identity: see Prawitz (11)]. If in this we 
take G(v) exp(Av), integrate, and use the above estimate for v, we 
obtain the desired result. 

We note that, if f = w+ iv is regular and there exists a periodic U of 
bounded variation such that the formula (iii) holds for |z) < 1, then 
there exists a constant ¢ such that w is the Poisson integral of U-+-c. 
The same conclusion holds if w is harmonic and wy is the Poisson-Stieltjes 
integral of a U of bounded variation. To prove these we have only to 
reverse the relevant arguments above. 

Combining this latter remark with a well known theorem on harmonic 
functions of bounded meanf we have immediately the following converse 


of Theorem 1 (v). 


THEOREM 2.{ Jf u(p,@) is harmonic in p < 1 and 
7 7 
du(p, @) ug(p,@)| d8@< + (2.1) 
7 7 
when p < 1, there exists a real periodic function LU of total variation not 


exceeding zt and such that u is the Poisson integral of U. 


In other words, in order that uw should be the Poisson integral of a 
function of bounded variation, it is necessary and sufficient that u be 
of bounded variation in @, uniformly with respect to p. 

There is an alternative proof of Theorem 2, more direct than that 
above. By (2.1), we have 

tT < u(p,0)—ul(p, 0’) < + 
for all @ and 6’. Integrating these inequalities with respect to @’ over the 
interval (—7z,7), we obtain 
T u(p, 7) u(O) < 7, 
ie. wis bounded.§ Hence wu possesses p.p. a finite radial limit U’, of which 
itis the Poisson integral, and, by (2.1), U’ is of bounded variation when 
completed in the usual manner.tf 
T See (15), 86. { This is implicit in a result of Evans (2), 56. 


§ This argument is due to Fichtenholz (4). Fatou (3). 
tt See Littlewood (7), Theorem 20. 
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We note that for a function w which satisfies (2.1) we have 

p = sup U —inf U < fy, 

so that the inequality of Theorem | (ii) holds for A < 27/7. In particular, 
" ug(p, 0) > —a (2.2) 
for p < 1, the inequality of Theorem 1 (ii) holds for A < 1/2a, since here 
u satisfies (2.1) with r = 47a. 

I conclude this section by proving a converse of Theorem 1 (i) and (ii). 

THEOREM 3. If u(p, 0) is harmonic in p < 1 and tends radially for almost 
all 6 to a periodic function U(@) of bounded variation, and if the function v 
conjugate to u and vanishing at the origin satisfies 


when p < 1, then u is the Poisson integral of U. 

Theorem 3 is the analogue for harmonic functions of a known theorem 
concerning a regular function f which possesses p.p. a radial limit of 
bounded variation and is such that M,\(f) = O(1) for some A > 0.+ 

Let f(z) = u+iv. The condition (2.3) implies first, by a theorem of 
Kolmogoroff,t that (f) = O(1) for 0 < A < 1, and secondly, that v 
(and so also f) possesses a radial limit of class L.§ Hence, by a theorem 
of Smirnoff,| 1/,(f) = O(1), and so f is the Poisson integral of its 
boundary values.;7 In particular, uv is the Poisson integral of U. 


3. The theorems of § 2 enable us to give a complete solution to the 
question raised in § 1 concerning the validity of the formula (1.3). We 
have in fact 


THEOREM 4. If o(z) is regular and schlicht in |z| < 1, o'(0) = 1, 
i log’ a’ (pe*9) dé < A, (3.1) 


and if argoa'(pe'”’), obtained by continuation from the value 0 at z = 0, 
tends p.p. to a periodic function U(@) of bounded variation as p — 1, then 





7 
log a’(z) - log(1—ze-™) dU (ih) (3.2) 
T 
7 
[and lim arg o’(pe’’) = 4{U(0-+0)+ U(6—0)} for all 6}. 
on 
+ The natural analogue of the condition that M,(/ ) O(1) for some A >- 0 is 
that VW(u) = O(1) for some A 1. The condition (2.3), however, is weaker than 
this, and is, moreover, exactly suited to our application. t See (15), 150. 


§ See (15), 162; that the limit is of class L follows from Fatou’s lemma. 
See (15), 163. tt F. Riesz (12). 


M,(p;v) < A (2.3) | 
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Conversely, if o(z) is regular and schlicht in \z\ < 1, o'(0) 1, and 
there exists a periodic U of bounded variation for which (3.2) holds, there 
is a constant c such that 
lim arg o’(pe*’) = 3{U(0+0)+U(A—0)} +e 
pl = 
for all 6, and o satisfies (3.1). 
The condition (3.1) is evidently equivalent to 


( logo’ dO< A. 











The first part of the theorem thus follows from Theorems | and 3 applied 
tof i logo’, while the converse is an immediate consequence of the 


remarks at the end of the proof of Theorem 1. The converse shows that 


the conditions are the best possible of their kind. 


4. In this section we consider the class 7 of functions o(z) regular 


and schlicht in |z) < 1 with o(0) = 0, o’(0) 1, and such that 
F ‘ q zo” Z . 
dargo'(z)| = re! | ) d0< A(c) (z= pe'®, p< ap. €6.3) 
: a4 lo (z) | 
The class 7' contains the functions o, which map |z < | on to convex 
domains since for such functions re(zo7/o/.) > —1. 











[ give first a new proof of the theorem of Paatero mentioned in § 1. 


[HEOREM 5. If o(z) is of class T, it is continuous in |= < 1 save ata 
finite number of points z; on |z 1, while (for each z;) \o(z)) > +0 as 
> Zz, on |2 l. 


The proof depends on a number of lemmas, which for convenience | 


| collect here. 


LemMA 1. Suppose that u(p, 0) is the Poisson integral of a function U (8) 
of class L, and that L (0) < Mwhena < 6 < B. Then given » there 
exists a constant C C'(») such that L—C(1—p) < u(p, 0) < M+-C(1—p) 
whenever x+y < 6 B—ynand0O<p<l. 





LemMa 2. Suppose that u(p, 0) is the Poisson integral of a function U (6) 
of class L; that v is conjugate to u; that @ = 09 is a point of continuity or 
of simple discontinuity of U; and that AU (09) = U(@)+-0)—U(@)—9). 


Then, if AU (@5) = 9, 1 \) 
v(p, 8) ojlogt 
| 1—p/} 

| 3695 2.6 ¥ 























z. 
as p—> 1, while, if AU(@,) + 0, 


v(p,d)~ — AU )iog (=). 
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qi 


LemMa 3. Suppose that T is a simple closed curve, divided at points a 
and b into T, and 1}; that ¢ is regular and |\4| > A > 0 in A, the inierior 
of 1; that ¢ is continuous in A except at a; and that \6(z)| > +c as z—->a 
along V,, while 4(z) tends to a limit (possibly infinite) as z > a along Ty. 
Then \4(z)\ > +00 uniformly as z >a in A. 





Lemma 4. If o(z) is regular and schlicht in \z'| < 1 and o(0) = 0, then 
Dh eres z. fice 
(z0'(z)) (, , 20"(2))| a 
re dé < Ot ee eel oak ~ eil ; < 1). 
| | { o(z) J] J | Le oz) 5] \ p pP ) 


The results of Lemmas 1 and 2 are familiar properties of the Poisson 
integral, while Lemma 3 is an immediate consequence of a theorem of 
Lindel6f.+ Finally, Lemma 4 isa special case of an inequality of Biernacki 
[Biernacki (1)]. 


Consider now the proof of the theorem. By Theorem 2 and the 
hypothesis (4.1), there exists a periodic function F(@) of bounded 
variation such that argo’ is the Poisson integral of F,, and (for every 6) 
arga’(pe'’) > F(@) as p> 1. Further, by Lemma 4, we have 


“ oie | Ts | 
d arg(a/z) | parelo z)| dé lre(22 (2) 1 dé 
€ 





Since o/z is regular and does not vanish in |z| < 1, it follows (again by 
Theorem 2) that there exists a periodic function G(@) of bounded varia- 
tion such that arg(o/z)§ is the Poisson integral of G, and (for every @) 
arg{a(pe')/ pe} > G(0) as p> 1. 

I divide the remainder of the proof into a number of stages. 

(i) For every 0, a(pe®) tends to a limit as p > 1 (infinite values being 
permitted). 


* See e.g. Littlewood (7), Theorem 123. To deduce Lemma 3 from Lindeléf’s 
theorem we have only to apply the latter to 1/d¢. 
~ Obtained by continuation from the value 0 at z 0. 
§ Also obtained by continuation from the value 0 at z = 0. 
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Let R denote the radius argz = 6, and suppose that o does not tend 
to a limit as z +e’? along R. Then, if 2’, 2” are points of R such that 


2'| < |2”|, the expression arg{o(z”)—o(z’)} does not tend to a limit as 2’ 
and z" tend toe’ along R. For argo tends along R to the limit 4 = 6+ G(@). 
If then A and A are respectively the lower and upper limits of |o(z)| as 
2 e along R (the value +0 being permitted), we can find a sequence 
z,} of points of R with z,| increasing to 1 as n> and such that 
o(Zs,-,) > Ae’, while o(z,,,) > Ae. Thus (for large ) 
arg{o(2,,,)—o(22,-1)} 

is near %, while arg{o(z,,,.,)—o(22,)} is near /+7, and the statement 
follows. 

We prove that this contradicts the fact that argo’ tends to the limit 
F(#) along R. By the mean-value theorem in geometrical form, there 
is at least one point ¢ of R between z’ and z” such that the directed 
tangent to the image of R by a at the point o(Z) is parallel to the directed 
segment from o(z’) to o(z”), ie. such that 

arg{o(z”)—o(z’)} = argfeo'(Z)}. 
Since the expression on the right tends to 0+ F(@) as z’ and 2” tend to 
e'® along R, we have the necessary contradiction, and (i) is proved. 

(ii) The limit of o(pe*’) as p > 1 is finite for all but a finite number of 
values of 0. 

Applying Lemma 2 to u = argo’ we see that, when AF(@) + 0, 


"(6 ; “AY 
log|a’(pe!®)| w wana ‘og |; |, a’ ( pe’) (1—p)-AF@M+0nj/7 
(4.2) 


a“ 


Hence, if AF (@) < 7, there is a positive 5 = 6(@) such that 


as p> |. 
a’ (pe’®)| < (1—p)~“- for p near 1, whence also 
Pp p 
a( pe i0)) o' (7 ‘®)\ dr < A(c)-4 | (l—r)-@ ddr< A(o, 8) 
0 0 


Since F is of bounded variation, AF(@) < z for all but a finite number 
of values of #, and the result follows.t 

. a) ° . 

lim o(pe®®), the value xe’ being permitted. 
pl 


We now define a(e*?) 


We prove next 
(iii) For every 05, o(e') tends toa limit as 0 > 0,4-0, and alsoas 6 -> 6,—0 
(infinite values being perm itted). 
Suppose that o(e’’) does not tend to a limit as @—> @,+0. Since 
+ From (4.2) and the fact that argo’ possesses a finite radial limit, it follows 


> 1 whenever AF(@) > z. 


also that |a(pe'’)| > +0 as p 
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arg o(e’’) tends to the (finite) limit A+ G(0,+-0) as 6 > 6,+0, it follows,) 


exactly as in the proof of (i), that argfo(e’®”)—o(e'”’)} does not tend toa 
limit as 6’ and @” tend to 6, in such a manner that 0, < 6’ < 6”. 

The remainder of the argument, while similar in general principle to 
that of (i), requires a little extra care, since o’ is not defined on |z| = 1, 
Let 1 = F(@,+0). Then, given e¢, there exists 6 = 3(e) such that 
l—e < F(#) <]+e whenever 6, < 0<6,+8. Suppose now that 


A), < 0 < 0” < 6,48. By the mean-value theorem in geometrical form, 
there is at least one point { on the are 6’ < 6 < 6” of the circle |z| = p 


such that the directed tangent to the image of this are by o at the| 


point o(Z) is parallel to the directed segment from a(pe'®’) to o(pe*®’), 
i.e. such that ” 0 roy» 
arg{a(pe'’’)—a(pe'”)! = arg{ilo’(L)}. 
Now, by Lemma | applied to w = argo’, we have 

I—e+o(1) < argo’(Z) < l+e+0(1), 
uniformly as ¢ pe ‘? tends in the sector 0’ < @ < 6” to the circum- 
ference of the unit circle. We have therefore 

l+4a+0,—e€ < argfo(e?’)—o(e)! < 1+404+6)+€, 

and this is impossible since arg{o(e'®’)—a(e)' does not tend to a limit 
as @” and @’ tend to 4). 


(iv) o is continuous (in |z) < 1) at every point e' such that o(e*) is 
finite. 
The function 4(z) = {o(z*)}' is regular and schlicht in |z| < 1, and 


7 7 7T 

( ( pe i8)| 40 ( o( p33) 1 d@ = [ o(pei) Sdib << A(c).+ (4.3) 

7 ~— — 7 
Since the boundary values of o exist everywhere and possess left-hand 
and right-hand limits (possibly infinite) at each point of |z 1, the 
same is true also of 4, and further, by (4.3), ¢ is the Poisson integral of 


its boundary values.t Let ¢(e’’) = lim ¢(pe’), and write 0, = 46). If 
1 


o(e'%) is finite, so also is d(e"). It follows from Lemma 2 that neither 
re ¢(e’’) nor im ¢(e”’) can have a simple discontinuity at 6 = @,, for, if 
one does, 4(pe) is unbounded and ¢(e*:) is not finite. Nor can either 
the left-hand or the right-hand limit of d(e“) at 6 = 0, be infinite. For 
suppose that |d(e’?)| > +00 as @>6,+0 (say). Then |4(z)| > +00 as 
z > e: along a path T, in |z| < 1 meeting |z| = 1 tangentially from 
above.§ Also, since ¢ is schlicht and ¢(0) = 0, |6| > A > 0 in the 
+ See e.g. Littlewood (7), Theorem 249. 


t F. Riesz (12). § Fatou (3). 
+ 
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neighbourhood of z = e’:. Hence, by Lemma 3 (applied to the curve 
consisting of [,, part of the radius argz = 0, near z = e'”, and some 
curve in |z| < 1 joining these two), !d(z)| > +00 as z > e along the 
radius, and so again ¢(e'”:) is not finite. Thus ¢(e’) is continuous at 


6,, and the result follows. 

Finally, we have 

(v) Ifa(e%) is infinite, then \o(z)| > +00 uniformly asz > ein \z| <1. 

This is now an immediate consequence of (iii) and Lemma 3 |for, 

1 

by (iv), d(z) is continuous in a neighbourhood of z e% (in 2! < 1 
v oS 
except at e' itself]. 


5. We turn now to the derivatives of functions of the class 7. It 
follows from Theorems | and 2 applied to wu = argo’ that, if o belongs 
to 7’, there exists a positive A, such that 

M)(o’) < A(A) (5.1) 
for A < Ay. In particular, if o is a o, (i.e. maps |z| < 1 on a convex 
domain), uw = argo’ satisfies (2.2) with « 1, so that (5.1) holds for 
0<A< 4. For general o of 7, however, the inequality (5.1) holds 
only for 0 < A < }; this follows immediately from Prawitz’s identity 
[Prawitz (11)] applied to o’ combined with the inequality 

"1 riO\| <— : 
a’ (pe'’)| < (1+p)/(1—p)*. 
Thus for the functions of class T' the similarity between a schlicht o 
and the function z/(1—z)* extends to the Ath mean of o’ forA < 1. We 
may show further (again for the functions of this class) that this similarity 
extends also to the means of o”. In particular, we have 

THEOREM 6. Jf o(z) belongs to the class T, then (i) M)(o’) < A(A) for 
0<A <A; (ii) Mo") < AA) for0 <A <}. 

After the preceding remarks it remains only to prove (ii). Ifs >A > 0, 
we have 

7 


ao” |A dé 





 : oa” A 


o’ |4i—| dé x 


» 
= TT o 


te 
— 
oe : 
to 


y Hélder’s inequality. In this take 


A=}4-8<}, s = (}—}8)/(34+48). 


— 
< 
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Then s < } and As os <1. Since M,(o’) = O(1) for s < 4 [by ( 
and M,o"/o’) = O(1) for t < 1 [by Kolmogoroft’ s theorem,t phd. ‘ 
zo” /o'], (ii) now follows. 

Combining (ii) with a known theorem concerning regular functions of 
bounded meant we have immediately the corollary: 


CoROLLARY.§ If o(z) belongs to the class T, then, for almost all 8, 
o” tends to a finite limit as z > e® along any path not touching the circle 
2| = 1, 


A tee similar to that of Theorem 6 (ii), using the known result that 
M,(c) = O(1) for s < } in place of Theorem 6 (i), shows that the result 
of Theorem 6 (i) continues to hold if we replace (4.1) by the weaker 
condition 





7 ¥ 
‘ (z0"|| 49 — ‘ 
dargo re dé < A(c). (5.2) 
L \o|| 
a “a 
In particular, if c, maps |z| < 1 on toa star-shaped domain, o,, satisfies 


(5.2) and we have M)(o,) < A(A) for 0 < A < } [and, for almost all 8, 
o,, tends to a finite limit as z > e? along any path not touching the circle 
|2| = 1).¢7 It follows also that, ifc, maps |z| < 1 ontoaconvex domain, 
then M,(o%) < A(A) for 0 < A < } [since zo, is a oy]. 

The example o(z) = z/(1—z)? shows that the results of Theorem 6 (i) 
[under either (4.1) or (5.2)] and (ii) are best-possible. There is thus a 
marked difference between the behaviour of functions o of class 7’ in 
general and that of the functions g,. 


6. The condition (4.1) is an extremely restrictive one. For general 
schlicht o we have only 


“ 


rl fxe"\| 
dargo’| = | re(%)| a0 — Of(1—p)-4, (6.1) 


and this is best-possible in that the (1—p)-! on the right cannot be 
replaced by (l—p)~* for any a < 1, even in the case in which o maps 
{2} < 1 on to a domain bounded by a rectifiable curve. 

The direct result is an immediate consequence of the known result 
that |o”/s’| = Of(1—p)-1}. To prove (6.1) best-possible we require the 
following theorem, which seems of independent interest. 


+ See (15), 150. t See (15), 162. § Paatero (10). 
See Lemma 4 of § 4. +t Lusin and Privaloff (8). 
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THEOREM 7. If o(z) is regular and schlicht in |\z| < 1, and, as p> 1, 
( darga’| = O{(1—p) x} 


where « <1, then ( logo’| d@ = O(1) (6.2) 


and, for almost all 0, o’ possesses a finite limit as z > e" along any path 


vot touching |z 1}. 


Writing o’(pe’”) = Re’® we have, by Prawitz’s identity, 


7 


ps log? |o’| dé : | log Rd® < 2suplog|a’| d®! 
dp. : -\=p J 
7 —T -—7 
A(1—p)-*log 1/(1—p), 
so that ( log o’| dd = O(1). 


Hence, by M. Riesz’s theorem on conjugate functions (the simple case 
of index 2), ns 
| \log o’ |? dé O(1), 
and (6.2) now follows by Schwarz’s inequality. 
If « = 1, this argument gives only 
logo’ dé Oflog 1/(1— p)}- 


This, however, may be improved? to 


0 7 


( logo’| dd = Of log 1/(1—p)}. 
For, by Spencer’s identity,{ we have 
1 “4 2 “iF "( ip)| > p d 4 
( , o (re'?)|* r y 
- | log?|o’( i0)| d@ —=2 | |-—-— rddédr < A } —_—- <_ ——, 
Pap | pe) |o’(re'4)| $ }) @—r? S Tp 


7 


and the proof may now be completed by an argument similar to that 


of Theorem 7. 


7 

+ It does not seem to be known whether | log+|o’| d@ = O(1) for all schlicht o, 
- _ 

though it seems very unlikely. A similar remark applies also to the two results 


of Theorem 6. 
t Spencer (13), equation (1.5). 








ON SCHLICHT FUNCTIONS 

Return now to (6.1). Keldysch and Lavrentieff (5) have given an 
example of a schlicht o which maps |z| < 1 on to a domain bounded 
by a rectifiable curve and is such that log|o’| is not the Poisson integral 
of its boundary values. For such a o we must therefore have 


i loga’| d@ + O(1), 


and so (again for this oc) 
-. 
| darga’| = Of{(1—p)-*} 
7 
is false for every « < 1. This proves the statement. 
I am indebted to Professor W. W. Rogosinski for helpful comments 
on the presentation of this paper. 
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THE CLASSICAL CANONICAL FORM OF A 
NILPOTENT MATRIX 


By M. 8S. HUZURBAZAR (Banaras) 


[Received 2 July 1954] 


Let A be a nilpotent matrix of order n and index r, so that 
Ar — 0, Ar-! he 0. (1) 
Let X, be a non-zero column of A’-! and X,, X3,..., X, the corresponding 
columns of A’-*, A’-3,..., A and A® (= J) respectively. Then we have 
AX r ss r = Pa ee 9 
AX,=0, AX,=2, AZ,=2Z, .., AX,=Z,.,. (3) 
From (2) we deduce that the r vectors X,, X,,..., X, are linearly indepen- 
dent. 
Let 7’ be any non-singular matrix of order n with X,, Xg,..., X, as its 
first yr columns. Then in virtue of (2) we immediately have 


J, C 
TAT ={* : 3 
O B 9) 
where J, is the r x r matrix 
, ig ¢ 0 
0 0 1 0 0 
000 1 0 0 
00 0 0 0 | 
0 0 0 O 0 0 








and C is an rx (n—r) submatrix, B is an (n—r) x (n—r) submatrix, O 
is an (n—r) Xr null block. If r = n, then we have T-!AT = J,. Thus 
every nilpotent matrix of order n and index n is similar to ./,, and this 
is the classical canonical form of A in this case. 

If r < n, we proceed as follows. Since A is nilpotent, it follows from 
(3) that B is a nilpotent matrix of order n—r. Assume that every nil- 
potent matrix of order m (< n) can be transformed into the classical 
canonical form 


diag(J,,,Ips-+-»F py) (Prt pet---t+ Pr = ™); 


where J, is defined as above. Then B is similar to diag(J,,, J,,,..., J, 


Quart. J. Math. Oxford (2), 6 (1955) 73-76. 
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(ry +r.+...+7,, = n—r), and therefore, by (3), A can be transformed|We 
by means of a non-singular matrix P into the form Is 
PAP = (J, D, Dy, » - - Dy\; t 
4 ae ee ing | 
0 oO a a a 0 (4) 
; Ish 
0 0 0 J, (5) 
where D., is an r x8 block (s = 71, 79,..., 7). D 


We now proceed to annihilate these unwanted blocks D.. First 
observe that, since A” = 0, (P-1A P)’ = 0, and therefore from (4), taking 
the rth power, we get 
J’ =0 (which clearly holds), Sin 
J~? = 0 (which implies that s <r for s = 7, rg,..., 7), 
and Jt-1 D+ Jt? D+... +d, D,J3? + D, Jt = 
for Le 


But s < rand J§ = 0. Hence the above relation is really equivalent to 


Jt-1 D+-Jt-? DJ,+...+-J3t-* D, Jt-! = 0. (5) Th 
Thus D,, is an rs block (s < r) satisfying the relation (5). “4 
Now let ’ y ‘‘ 
Q == L, Grr, | a ° . . G... . 
0 ZL, 0 lee be 0 i 

0 


er) ee te | 


Tm 


7 
A. 
- 
Oo 


where J, is the unit matrix of order k, and G,, is an r x s block undetermined | yf 
as yet. Then clearly 


an 
Qi=/(f —-G,, ees ws Gi, i 
Q i. 0 Veaati cry 0 rh 
) Ne Saar li 
0 0 0 a ae 
and therefore Th 


Q>PA4APQ 


ON THE NILPOTENT MATRIX 


med /|We now ask this question: 
Is it possible to find G,, such that H,, = 0? 
In other words the problem is this. D,, isan r x s matrix (s < r) satisfy- 
ing the relation (5). Is it possible to find an r x s matrix G,, such that 


(4) Rw @.2-L46.2 (8) 


[ show that the answer to this question is in the affirmative. To see what 


5) and (8) imply, let 


D,, diy dis . ° , d;, ’ Gs ‘ 911 Ji2 ’ ’ , I15 
irst do, dag - - + Aggy Ja G2 - - + Ges 
‘ing a cer h> « oie on ie, Poet ane Walk 

diy de . - « dy Gri Gro > + + Gre 
Simple calculations show that (5) implies 
d,, 0 
de. d, 11 0 
dj,+d,1o+d,.; = 0 : (9) 
to d,,td,_3 5-1 1+4,-25-2t---+,-s411 = 0 


(5) These are the relations satisfied by the elements d;; of D.,, while (8) implies 


Joi dy, 911 — G22 diss 9Jiz— Jes dy3, - + Gis1—Ges dy, 
931 ds, J21— 932 dy, 9J22— 933 dy3, - + Jos1—Jss ds, 
Ir1 dy439 Graa—Jre d,_12% Yr12—9r3 d,_1gs- + Gr—ts-1—9rs d, | 
0 dns Ir drs, Fro dis, —— é. 
(10) 


Now, since (9) holds, it is clear that the equations (10) are consistent. 
ed | Moreover, from (10) it follows that Ji1> Jy2s+++s Jis CaN be arbitrarily chosen 
and then the rest of the g;; can be uniquely determined in terms of these 
and the various d;;. Thus a matrix G,, can be found such that (8) holds. 


The answer to the question raised above is therefore in the aftirmative. 
such that H,, = 0 and then (6) becomes 


It is possible to find G, 


Q"P-1APQ = diag(J,, J,,,J,.»---»J,,.)- (11) 
Thus on the assumption that every nilpotent matrix of order less than n 
can be transformed into the classical canonical form, we have proved 
| that the same holds for any nilpotent matrix of order n. 
b) The case » | is trivial and the case n = 2 is easy to work out. Hence 
| by induction every nilpotent matrix of order n can be transformed into 


the classical canonical form 


diag(J,, J, J, J,) (r-+ryt+ret... tip n). 
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Note. It is quite simple to determine the indices 7, 7,, 79,..., 7, in terms 
of the ranks of A and its various powers. 0 
Suppose that the classical canonical form of A is DI 
ing T, , Fg jcey Pgs Sqs Aqyesey Pqyooey Gpy Pyzosey Gy), (i) 
in which J; occurs p; times, p44, fo,..., pu, being non-negative integers. 
Suppose that the ranks of A, A®, A%,..., A’-! are respectively 
Pr» Par» Pra (A” = 0). 1 
Now observe that the rank of J, is s—1, that of Jj is s—2,..., and that} », ; 
of J* is s—k (k < s). Hence, since similar matrices have the same rank, 
we get by (i) and its various powers | 
Mot2ust+...+(r—I1)yu, = py | and 
» ° » = 
Mgt2uy+...+(r—2)u, = pe 
. (ii) | thea 
Mr-1 i 2u, = Pr-2 aro’ 
Br = Pr-1 0< 
Also, since (i) is of order n, we get f(z) 
res 
eae ee ae en (iii) | * 
: anc 
We express these equations in the form mo 
1 2 3 r jy, \ = n " 
01 2 r—l ' 
Me Pa defi 
00 1 r—2 Ps 
, 9 2 
| a or ] by Pry 
whence, by solving, 
jy \ = 1-210 0 0 0 0 0 n Suy 
bs 0 1-21 0 0 0 0 0 Py 
00 1-21 0 0 0 OT] ps | 
. . . { Th 
00 0 0 0 0 1 2 1 
00 0 0 0 0 0 1-2 
by . Oo 6 2 6 O 0 0 |] Pr-1 Sir 
it 1 
I am grateful to Dr. W. L. Ferrar for the interest he took in the | | 


preparation of this paper. 
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ON THE INTEGRABILITY OF FUNCTIONS 
DEFINED BY TRIGONOMETRIC SERIES (II) 





(i) 
i By P. HEYWOOD (Edinburgh) 
[Received 3 September 1954] 
1. R. P. Boas (1) has proved that, if A,, is decreasing for large values of 
wes n. if : 
uk, 44g + A, = 0, (1.1) 
T 
and if f(x) 1A, + ¥ A,, cos nex, (1.2) 
| I 


ii) then f(x)/x is L(0,7) if and only if ¥ 2, logn converges. This theorem 
arose as a limiting case of a theorem on the integrability of f(x)/2Y for 
0<y<1. In a previous note (2) I considered the integrability of 
f(x)/xv for values of y greater than 1, but I overlooked the fact that a 

| variant of a method used in (2) gives a simpler proof of the above result 

4) | and also shows that it is not necessary to assume that A,, is ultimately 
monotonic. In the present note the following theorem will be proved. 


THEOREM. If X,, is ultimately positive, if (1.1) holds, and if f(x) is 
defined by (1.2),+ then f(x)/x is L(0, 7) if and only if ¥ 4, logn converges. 


2. To prove this we observe, as in (2), that (1.1) implies that 
f(x) — ¥ A,(1—cos nz). (2.1) 
1 
Suppose that A,, is positive for all values of n greater than JN, and let 


g(x) s A, (1—cos nx). 
) N¥1 
Then, by (2.1), 


n 


f(x) +9(z) _ s A, (1—cos nx). 
1 
Since each of the N functions (l—cosna)/x'(n 1, 2,..., WV) is L(0, =), 
it follows that f(x)/x is L(0,7) if and only if g(x)/x is L(0,7). 
I shall first show that, if ¥ A, logn converges, then g(x)/x is L(0, =). 
{n view of the preceding remarks, this will prove one half of the theorem. 
Since g(x) is continuous and positive for all values of x, it will be sufficient 


t We see that the series which defines f(x) is uniformly convergent for all 
values of x if we compare it with the absolutely convergent series on the left of (1.1). 


Quart. J. Math. Oxford (2), 6 (1955), 77-79. 
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to show that is C 
7 7 oo 
* g(x * = A (l—cosnzx com 
k= [Ma = [| > Va 22) 7 
x J < x 
8 ia in t 


is bounded for all small positive values of 8. 

If 5 is fixed and positive, the series on the right of (2.2) is uniformly 
convergent for 8 < « <7. We may therefore integrate term by term, |, F 
and we find that 








7 2. F 
: ” 1—cos nx 
R= 5A, | —_——— dx. (2.3) 
N+1l J x 
r) 
7 nT 
* 1—cos nx 1—cos4 
Let J, Lecce ae [ ree ie: 
, x P y 
0 0 
Then, as x tends to infinity, 
nw 
r dy 
J, ~ oY _ logn. (2.4) 
vt y \ 


1 
We are supposing that > A,,logn is convergent. Hence, since A,, is 
ultimately positive, it follows from (2.4) that >} A,,J,, is convergent. | 
But (2.3) shows that 


nn 


N+1 


Iz < > Ad, 


for any small positive value of 6. Hence J; is bounded for all small 
positive values of 5, and we have proved one half of the theorem. 
Conversely, suppose that f(x)/x is L(0, 7), so that g(x)/x is L(0, 7). For | 
any positive integer p we have 
7 
Nip N+p - 1__ cos nz 
a Jn en | te | 
0 


7 Nip 


| A,(1—cos nx) 7. 
x 
0 N+1 
Q(x 
< [ g(x) dx. 
p az 
0 


Hence the series of positive terms 


y An J, 


N+1 
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jis convergent. It follows from (2.4) that } A, logn converges. This 
completes the proof of the theorem. 

‘-)| JT wish to express my thanks to the referee, who suggested a change 
| in the style of the second section of this note. 
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COMPOSITE MATRICES 


By J. G. MAULDON (Oxford) 


[Received 16 September 1954] 


Let ® be a commutative ring, let S be a ring of commutative square 
matrices of order n with elements in 8, and let A be a square matrix of 
order m with elements in S. Then A can be regarded as a composite 
matrix over ®, and its ground matrix a is the simple square matrix of 
order mn from which A can be derived by partitioning. 





Clearly, taking determinants, we have 
A| =AeG, |Al] = |A] e &, ale R. 
In a recent paper |(1), Theorem V| Afriat has proved, among other 
results, that, if R is an algebraically closed field, then 
a| = ||All, (1) 


and it is the purpose of this note to extend the validity of (1) to the} 


| 


case when & is any commutative ring. 

Afriat’s own proof of Theorem V is valid for any commutative ring| 
as far as the equation 
adie ; [b, | |Al| = |b,| jal. (2)] 

Now let &° be obtained from ® by adjoining a generator A, subject to| 

i I 
the relations 
; Ar=raA (re). 
Let a° be obtained from a by writing 
= iene -_ | 
ay, =a; (t ¥)), a), = a,;,+A, 


so that |a®|, ||A°||, and |b?|, which are all elements of ®°, are in fact monic 
polynomials in A with coefficients in ®, and in particular {b?| is not a 


> 


zero-divisor in ®°®. Then, since equation (2) is valid over the ring §’, 
we have 
e ha b? ( A? —|a°|) = 0. 


so that ||A°| = |a®. Then the natural homomorphism ° > § yields 
A|| = |a| as required. 
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ON SOME DUAL INTEGRAL EQUATIONS 
By B. NOBLE (Keele) 


[Received 27 January 1954: in revised form 3 March 1955] 





Summary 
we A FORMAL solution of the dual integral equations 
x Ol 
site | t%h(t)J,( pt) dt I (p) (O< p< 1) 
Ol} é 
| | (1) 
| d(t)J,(pt) dt = g(p) (p> 1) 
0 
_ |isobtained when f(p), g(p) are given, 4(t) is to be found, and «is a given 
he 


er 
constant. 


(1)| 1. Introduction 
thet The solution of the dual integral equations (1) when g(p) = 0 has been 
given by Titchmarsh [(2) 339] fora > 0. The solution has been extended 


ing| toa > —2 by Busbridge (1). I shall use Busbridge’s form of the solution 
to solve the more general case g(p) 4 0 for —2 < « < 0. Two methods 
(2) 


of extending the solution to a wider range of « will be discussed. 
t to} The above problem has been considered by Tranter (3) in the particular 
case a +1. The solutions given by Tranter can be reduced to the 
simpler solutions given in this paper. References to physical applications 
of the equations can be found in (3). 

As in (3), the procedure is essentially formal. It will be assumed that 
nic} the order of integration in repeated integrals, and the order of differentia- 


t a} tion and integration, can be reversed as necessary without explicit justi- 
®°,| fication. Solutions can be verified by substitution in the original 
equations. 


Ids’ 2, Solution of (1) for —2 <a < 0 
Since the equations are linear, the complete solution can be obtained 
by adding the solutions for f(p) = 0 and g(p) = 0. In the following 
consider the case f(p) 0. From the Hankel inversion formula, if we 
| introduce a function G(t) such that 


£ 


. ( ~ ae 
tG(t)J,(pt) dt = ‘ae ? “a 
é { (9< p< 1), 
| Quart. J. Math. Oxford (2), 6 (1955), 81-87. 
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then Gt) = | Eg(€)J,(ét) dé. (2 


1 


Equations (1) with /(p) 0 can then be written 


[ t*fh(t)—t G(t)}.J, (pt) dt [ AM*°G(A)J (pA) dA (0 < p< 1) | 
0 0 (3 
{ {d(t)—t G()\J,(pt) dt = 0 (p> 1) 
0 
But the solution of (1) with g(p) = 0 is given in (1) by 
1 
b(t) er alt) | wt —ueytaf(u) d 
h(t) - ay v+1(] — y2)b9f(u) du 4 
$6) = Fagyaf rectal) | et we pafley de 
0 
; : , 
+f ue" 1—u*)iadu | f(yu)y? J... ttn a (4 
d ny 


Hence the solution of (3) is given by 


d(t)—t Git) 


1 . 
)—hagl—ba ® . 
repay | wM(1—u?)ta du | AP °G(A)I,(UA) dd + 
0 0 
- ; : 
+f | u’+1(1—w?)!* du | yrds saglty) dy | AM 2G (A)S,(yua) al 
0 0 0 


(5) 
Next change the order of integration and evaluate the integral with 
respect to wu in each of the integrals on the right-hand side by means of 
Sonine’s first finite integral [(4) 373] 
1 


( wu” +1(1 —u?)PeS (uA) du = 24°1(1+-4a)A-}-! 9S, (A). 


0 


Also substitute the value of G(A) from (2). Then (5) becomes 


d(t) = t [ EgEW,(Et) dé — O19, (0) [ Egle) dé [ MT (AToar gad) @ | 
i i 0 


1 1 
1 ; - 
#80 | YS a iyalty) dy | EGE) dE | MAA (EAW, asralA) dA. (6) 


0 1 0 








Ne 
fo! 


TI 





| 


| 








ON SOME DUAL INTEGRAL EQUATIONS 83 


} Now y < &, and by expressing a hypergeometric function in integral 
form [(4) 401] we find 











[a J (EA) I X) da ab Si ; ye 1 ] 
APD AEA) Sy oy sq (WA) de ——___ J_ 22 ta+l(€2___22)-1-ha dz, 
~ he. hi 
0 0 
(g){ This is true only for a < 0. In this case (6) becomes 
| oft) = ¢t | Eg(E)J,(Et) dé 
1 
| 1+4 1 J 
Q1stapl-lay = 4 
: Jy (E) El-vg(£) dé p2v+a+I(g2__22)-1-ha qe 
r'(—4a) ee os 7 
0 0 
1 
ati ag | J, eyci(ty) d 
—— ie! r,(ly) dy > 
+ r( 1) | 1+ia Y 
- 4 
| €t-vg(E) dé | 2+041(G@—22)-1-1e dz. (7) 
} i 0 
| In the last integral integrate by parts to find 
: 4 
[yy cr sally) dy | 2220128) 1-49 de 
Ir . 0 0 
1 
l F > > 1 
(5 a y(t) | 2 side | 2°) , * dz . 
ith . 
1 
3 ol l P 1 
> t y”tte Wa lty(e—y*) ite dy. 
| 0 
If this is substituted in (7), it will be seen that the second integral cancels 
with part of the third to give 
| 
1 bt) =t | Eg(€,(ét) dé 
di ‘ 
1 
1 
| pI sal i - r 1 > » 1 ) 
(6) ha Ehg(E) dE | yt, salty —y*?)*** dy. (8) 
> x ‘ J 
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Next write . 
g 
; 
| pr, (ty —y2) 1 dy 
0 é 
= 2-!-bof'(—Ja)ertlod, (Et) — | y” 42, (ty)(E2@—y*)~!-#* dy, (9) 
i 
1 f g 
where I have written | = | — | and evaluated the first integral on the 
0 0 1 
right by Sonine’s first finite integral. On using this result in (8) we find | 
that the first integral in (8) cancels with part of the second integral and | 
we have finally 
x é | 
Dl+iagl—}a a PY , ° ; 
d(t) Tide) | El-"g() dé | y HONS, salty (E—y*)-1-!* dy. (10) 
—— OL 1 
~ 1 


This can be reduced to a form comparable with (4) by changing the order 
of integration and writing € = yu. Then 


1+hayl-ta > ! 
d(t) Toy [ ui—¥(u?—1)-1-!% du | y-tq(yu)d,., (ty) dy. (11) | 
—$a) , 7 ; 
7 1 1 | 


This solution holds only for « < 0. 

As an example suppose that v = 1, a = —1, g(p) = p~!. Then the 
repeated integral in (11) splits into two separate integrals. The integral 
in wis elementary. The integral in y reduces to 


x x 1 

| sinty dy = | sinty dy — | sinty dy = t-' cost, 

i é | 
where we have taken the infinite integrals to be summable (C, 1) [(2) 27]. | 
Finally we find that ¢(t) = cost, and it is easily aes that this is 


correct [(4) 405]. 


3. First method of extension of the solution to « > 0 
Integrate the inner integral in (10) by parts to get 


x 





apes { 2 ha¢l—v L 
g(t) = ver Kane | (€—1)-#9€!-"g(E) dé - 


i 


x é 
+t | E1-"9(€) dé | y 19S) a(ty)(€2@—y?)-** dy]. (12) 
i i 
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On changing the order of integration in the second integral and setting 
& = yu we find that 





Diag ba P 
A(t een © | .(é é2—] —hagl—y é 1é + 
(= 5 me (0) | By errgte) ae 


1, (9) 


Lf yt, 5, (ty) dy | w-"g(yu)(u2—1)-#* dul. (13) 
; J 


1 





the | 


fing| The form of this solution suggests that it should be valid for a < +2. 


It may be noted that, if exactly the same procedure is applied to Titch- 


a marsh’s solution [(2) 339] valid for « > 0, then Busbridge’s solution 
(4) above, valid for « > —2, is obtained. 
(10) As an instance, consider the example given by Tranter (3), in which 
! l, a 1, g(p) p 1 Then 
— d(t) rf | (°—1)-*§-* dE +6 F ytshity) dy (u?—1)-*w-! au) 
1 1 1 . 


All the integrals are elementary and we find that 4(¢) = ¢t-!sint, which 


is correct. 


4, Second method for extension of the solution to a > 0 
the 


By using well-known formulae for differentiation and integration of 
yra ’ 


Bessel functions it is possible to change the dual integral equations (1) to 
an equivalent pair of integral equations with « increased or decreased 
by 2. Thus multiply both sides of the first equation in (1) by p’*? and 
integrate throughout with respect to p from 0 to p. Multiply both sides 
of the second equation in (1) by p~” and differentiate throughout with 


27]. 

$ is 
} p, 

| t°-1(t)J, (pt) dt = p-¥-2 | WHFAA)dA (0 <p <1), (14a) 


0 0 


respect to p. This gives 


i 
| t d(t)J,.4(pt) dt — p's tp *g(p)} (p > 1). (14b) 
. p 
0 
For simplicity assume that f(p) = 0 (0 < p < 1). Solve (14) by (10) to 


| find 
é 


y d » : l 9 9 l 
12) f ot) = —S-—— sa tS"WlE)} dE J yr, (ty (EP—y*)-* dy. 
2 di 
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This solution can be reduced to the form (13) by writing the integrand 
of the inner integral as 
1 l 1l,jv+ia d 2 2)\1 x 
— H(i — ge)" V0) -C— 9 
: dy 
and integrating by parts: then change the order of integration and 
integrate the new inner integral by parts. 
Another type of solution can be obtained by multiplying the first 
equation in (1) by p~’*! and integrating, and multiplying the second 
equation by p” and differentiating. We find 


> P 
| t°-1h(t)J,_, (pt) dt prt | Avtf(A) dA + pr tC (0 < p< 1), 
0 0 (15a) 
t d(t).J, i(pt) dt p v4 ¢va(p)) ln > By), (15 b) 
' dp 


0 
where C' is a constant which can be expressed as an integral over (0), 
but this does not help since 4(f) is unknown. In order to find an explicit 
expression for C’, solve 


| t-14(t)J,_,(pt) dt = prAC (0 <p <1), 


0 


{ ¢d(t)J,_,(pt) dt = 0 (p > 1). 


0 


On using (4) the solution is found to be 

21-ta]"(y) 

d(t) Cc ~ . as ay jay, = (tf). (16) 
D(v+ 3a—1) — 

Substitute in the second equation in (1) to get 


* 1 


' 21-4T'(v)}? 
d(t)J, (pt) dt = ¢ —_—_—— _——— - a 
7 V(v+$a)P(v+3a—1) 
0 
Hence, if the coefficient of p~” in g(p) is k, then 
oe oe ’ ae 
co Ree do) (y+ $e ani 
21-tafP (vy)! 
and the contribution of C to the solution is 
2-P'(v+4 - 
b(t) k 0 2%) taf the i(f). (17) 
I(v) ; 
We again illustrate with Tranter’s example, v = 1, « L.wle) = 2. 


Then k = 1, and (17) gives directly J(t) = t-'sin¢t, which is correct. 
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In this section I have changed the dual integral equations into an 
equivalent pair by integrating the first equation and differentiating the 
second. Ina similar way by differentiating the first and integrating the 
second it is possible to increase the value of « by 2. I shall not pursue 


this matter further here. 


5. Equivalence of the above solutions and Tranter’s solutions 
Inspection of Tranter’s paper (3) will show that his solutions are four- 
fold integrals, whereas the solutions given here [e.g. (11) above] contain 
only two integrations. It is possible to reduce Tranter’s fourfold integrals 
by performing two of the integrations explicitly. This can be done by 
judicious use of integration by parts to allow interchange of orders of 
integration, and use of Sonine’s integral [(4) 373] and the Weber 


| Schafheitlin integral |(4) 401]. The manipulations are tricky, but present 
| few points of mathematical interest. Details are therefore omitted. 
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NOTE ON INTEGRAL FUNCTIONS OF 


INFINITE ORDER ! 
By J. CLUNIE (Keele) 


[Received 25 June 1954] 


1. SHAH (2) has shown that, if f(z) is an integral function of infinite order, 
then lim inf{log M(r,f)}/N(r,f) = 0, 

rx 
where M(r,f) = sup f(z)! and (r,f) is the central index of f(z) for 


z| = yr. Later he and Kharma (3) showed that the same is true if 
M(r,f) is replaced by rM(r,f’). My purpose in this brief note is to prove 
that lim inff{log r? M(r,f™)\/N(r,f) = 0, 

r= 


where p is any function of V such that p(N) = o(N/log N). 


2. The preliminary results are given in a number of lemmas. 


LemMaA 1. (1) Jf u(r, f) ts the maximum term of f(z) for \z| = r, then 
lim infflog u(r, f)}/N(r,f) = 0. 


Let o(x) = sup {log V(r,f)}/logr. It is known [(4) 33] that o(2) > x 


l<r 
as x» #, and consequently, for an infinite sequence of 2, 
a(x) = {log V(z,f)}/log x. 

For an « of this sequence we have [(4) 30] 

<L 
log w(x, f ) K + | Nir, f)/r dr 
i 
a. 
K j purl dr 
; 


K +-2°™/a(x) 


€ N(x,f), a(x), 


=~ 


and so the lemma follows. 


Quart. J. Math. Oxford (2), 6 (1955), 88-90. 
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LemMA 2. If f(z) = Sa,2", then $(z) = > (a,/n)z" is an integral 


0 1 
function whose central indices are a sub-seque nee of those of f(z). If 


p(.V) o(.V), then, for some arbitrarily large Pp, 
p?M(p,f) = OLN*p(p,f)}, 
where N N(p,f) is also a central index of (2). 


It is obvious that 4(z) is an integral function, and so given r we have, 


with V = N(r,¢), (\a,,|/n)r” < (\ay|/N)r%, 


i.e. (ja,,|/r")/(Jay|/r*) < n/N. 
Choose # so that nR” < N R¥, which is possible for all V, and we get 
(1a, | /(rR)"} {lay (rR)) < (nR") (NRY) < 1, (1) 


and so, if F(z) = ¥ nz", 
I 


w(rkR,f) a, (rR)* u(r, d)u( R, FP), ss (2) 
which shows that the central indices of 4(z) form a sub-sequence of those 
of f(z). From (1) it follows that 
{n(n—1)...(n—p+1)]a,,|(rR)"} {ay \(r RY} 

{n(n—1)...(n—p+1)nR"} {NRX} 


and thus the final part of the lemma will follow if 
> n(n—1)...(n—p+1)nR" O{N*?u(R, F)}. 
i 

It is not difticult to show that 


¥ n(n 1)...(n—p+1)nR" = (p! R’) (1—R)P*. 


1 
Now, if € is the value of x for which log2—2xlog(1/R) is a maximum, 
ie. 1/€ = log1/R, so that |E—N| < 1, then, with p(.V) = o0(.¥), 
(p! RY)/(1— R)e! = O( pres") = OLN*’u(R, F)}, 
and so the lemma follows. 
LemMa 3. If N(r,d) = N(R, F) = N(rR,f), then 
lim infflog u(r R,f)}/ N(rR,f) = 0. 


This is a direct consequence of (2) since, by Lemma I, 


lim infflog u(r, }d)t/ N(r,d) = 0. 
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The result now follows immediately, for, choosing » to be a value of 
z_ to which Lemma 3 applies, we obtain 
lim inf{log 7? M(r,f™)'/N (rf) 


ra 


lim (2p log N)/.NV +lim infflog u(r, f)} N(r.f), 
Nx rt 


and this is zero by the choice of p and Lemma 3. 
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OBSTRUCTIONS TO COMPRESSION 


By E. H. SPANTIER (Chicago) and J. H. C. WHITEHEAD (Oxford) 


Received 1 July 1954] 


1. Introduction 

THE theory of obstructions to extensions of mappings (3) has simplified 
and unified many results in homotopy theory. It has proved to be a 
natural tool in such questions (5), (9), (11) and leads to algebraic in- 





variants of maps, these invariants being described in terms of cohomology 
classes of the antecedent space with coefficients in the homotopy groups 
of the image space. 

In this note we consider a ‘dual’ theory in which the problem is to 
deform a map f: (X,A)— (Y, B) into one with values in a subspace Y’ 
(Bc Y’) by a homotopy of the formt (X,A)— (¥, B). We shall refer 
to this as the problem of compressing f into Y’. When the spaces con- 
sidered are suitably restricted, this leads to obstructions which are 
eycles or homology classes in (Y, B) with cohomotopy groups of (X, 4) 
as coefticients. Such obstructions are considered in (8). Here we use 
different methods and obtain results which are, in some ways, sharpet 
than any of those in (8). 

Let X be a CW-complex (10) and let A be a sub-complex of X. Then 
Xx1U AT] is a (strong) deformation retract of X x /. Therefore we 
have lef. (1.4) in (8)}: 


LemMA 1.1. Jf f~g:(X,A)—>(Y. B), where gX c Y’ (BcCY'cY), 
then f ~ h, rel A, wherehX cY’. 


We use S” to stand for the n-sphere in Hilbert space consisting of all 
points (f),¢,,...) such that 2+#-+... land ?t, = 0ift > n. We write 
(1,0,0,...) = 2, and #” will denote the hemisphere of S” in which f,, > 0. 
We orient { S”, #” inductively in such a way that the orientation of E" 
is coherent with that of S”-! and determines the orientation of S". We 
take S”, with base-point z), to be the image space in the definition of 


cohomotopy groups (7). 


+ Except when the contrary is stated, a homotopy of a map (XY, A) > (Y, B) 
will always mean one of this form. 
t ie. we choose generators of H,(S"), H,( E*, E"), 


Quart. J. Math. Oxford (2), 6 (1955), 91-100. 
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2. Statement of results 

Let X, Y be CW-complexes and A, B (possibly empty) sub-complexes 
of X, Y. We write 

X*uA = &, you B= ¥* 

and we assume that, for each n > 0, there are but a finite number of 
(open) n-cells in Y—B. If dim(X—A) < 2n—2 (ie. if X = X2"-2), 
then the cohomotopy group 7"(X, A) is defined by the methods used 
in (7). A similar remark applies to 7"(Y, B) and we identify 7"(Y", ¥">) 
(n > 1) withthe group C”(Y, B) of integral n-cochains in (Y, B) [(7),§ 11), 
thus defining a group structure in the set 7"(Y¥",¥"-1) ifn = 1. We 
define 6: C"(Y, B) > C"*1(Y, B) as the coboundary homomorphism in 


the cohomotopy sequence of the triple (Y"*!, ¥", ¥Y"-1). We define the: 


group of n-chains, with coefficients in G, to be 
C,(Y, B:G) = Hom(C"(Y, B), G) 
and é:C,,.,(Y, B: G) > C,(Y, B; @) by ée = cd. 
Let k > 2, dim(X—A) < 2k—2, and let f: (X,A)—>(Y*, B) bea 
given map. Let? 
2n(f) = ftj? €C,(Y, B; a*(X, A)), 
where j: (¥*, B) c (Y*,Y*—). We have j = j,j,, where j,, j. are the 
inclusion maps 
(Y*, B) > (Fk, Yk-2) 22, (Fr, Fer), 


and jg5a*-1(Y*-1, Y*-2) — 0. Therefore j#5 = 0, and it follows that 


éz,(f) = 0. Obviously z,(f) = z,(g) if f ~ g; also z,(g) = Oif gX c¥*4. 


Thereforet z,(f) = 0 if f is compressible into Y*~!, We describe z,(f) 
as the first obstruction to compressing f into Y*-1. In§ 4 below we prove: 

THEOREM 2.1. Let Y*-! be m-connected, where m < k—1, and le 
dim(X—A) < k+m—1. Then f is compressible into Y*— if z,(f) = 9. 

Let T= XXOUAXIUXxI1cXx/ and let 

F: (Xx 1,7,Ax 1) > (Y**1, ¥*, B) (2.2 
be a homotopy in Y**+! between two maps 
fa: (X, A) > (¥*, BB) (f,a = F(z, i); i = 0,1). 
Then F induces a homomorphism 
F* € C,,,,(Y, B; w*+(X x I, T)). 


+ g* will always denote the homomorphism of the appropriate cohomotopy 
group which is induced by a given map g. 

t In general the converse is not true (e.g. consider an essential map S* > P*, 
where k is even and P* is real projective k-space). 
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Let X, = X x I, A; = AXJ and consider the stretch 


ed 
7 


4 A 
wk(X, A) —> w*(T, Az) —> a**+(X,, T) 


in the cohomotopy sequence of the triple (X,,7',A,). Let 


j= 


je wk+1(X,, A;) 


w,;: (X,A) > (T,A;) 
be defined by w;x = (2,7) and let 
7] ¢ 
ak(T’, A,) > tk X, A )+-ak(X, 4)-— a*(X, A) 


be defined by 0a = (wi a, w{ x), $(By,8,) = Bi—By, where + indicates 
direct summation. Obviously @ is an isomorphism onto and 7*(X,, 4;) 
may be identified with 7*(X, A) in such a way that 0:78 = (8,8). Thus 
kernel i* = image j* = 0, whence A is onto. Also ¢ is onto and 
6A-1"(0) = 6-(0). 
Hence it follows that 
POA: *+1(X,, T') = w*(X, A). 
Let p = ¢0A— and let 
dj..,(F) = pF*# €C,,,,(¥, B; 2*(X, A). (2.3) 
Evidently C,.,,(Y, B: @) = C,.,(Y, Y*; @) and F* = z,,,(F’), where 
F’: (X,, T) > (Y*+, Y*) 
isthe map determined by F. Therefore d,.,,(/) = 0 if F’ is compressible 
into Y*. Obviously 
dim(X,;— 7) < dim(X —A)+1 

and, since p is an isomorphism, it follows from Lemma 1.1 and Theorem 
2.1, with k replaced by k+1, that, if Y* is m-connected (m < k) and 
dim(X —A) < k+m-—1, then d,.,.,(F) = 0 implies that F is homotopic, 
rel 7’, toa mapin ¥*. Notice that, ifm < k—1 and Y*-' is m-connected, 
so is Y*, 

Let F, be a homotopy of the form (2.2) such that F,(7,0) = F(x, 1). 
Then a homotopy F-+F,, of the form (2.2), is defined by 

(F+F,)(x,t) = F(x,2t) or F(x, 2t—1) 


according as ¢ < } ort > 4. We shall prove 
Ody. (FP) = 2(fi)—Zx(fo), (2.4) 
d,...(F +4) = dy..(F)+d,,,(4). (2.5) 


Let 0 < m < k and assume that 
[2.6] every map (X, A) — (¥*, B) is homotopic, in (Y*, B), to one which 


is constant on X”. 
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Clearly (2.6) is true if Y* is m-connected and either A or B is m-connected 
(or empty). Subject to (2.6) we shall prove 
2.7] if dim(X—A) < k+m—1 and if f: (X, A) > (Y*, B) and 
ce C,.,(Y, B; a*(X, A)) 
are given, then there is a homotopy F, of the form (2.2), such that 
F(x,0) = fx and d,,,(F) = e. 
Let Y*-1 be m-connected (m < k—1), let (2.6) be true, let 
dim(X—A) < k+m—1 
and let f: (X,A) + (Y*, B) be given. Let {z,(f)! ¢ H,(Y, B;7*(X, A)) be 
the homology class of z,(f) and let f be related by a homotopy F, of the 


form (2.2), toa mapg in Y*-!. Then z,(g) = 0, and it follows from (2.4); 


that {z,(f)} = 0. Conversely, let {z,(f)} = 0. Then z,(f) —éc, for 
some ¢ € C,..,(¥, B:a*(X,A)). Let F be as in (2.7) and let f > g by the 
homotopy F. Then it follows from (2.4) that z,(g) = ée+2,(f) = 0. 
Therefore it follows from (2.1) that g is compressible into Y*-!. Thus 
there isa homotopy g,: (X, A) > (Y**!, B)suchthatg,2 = fx,g,X c¥*-, 
Hence, and from (1.1), we have 

THEOREM 2.8. A map f: (X,A)—> (¥*, B) is homotopic in Y**1, rel A, 
toa map in Y*-! if and only if {z,(f)} = 9. 

Let A, B be empty and X finite. Let dim X < k and let Y be 
1-connected. Since dim X < k, we may identify //,(.X ; @) with the group 
of (k, @)-cycles in X, for any coefficient group G. Therefore we have 

2,(i)\== j? € A(X; w*(X)), 
where i: X c X, j: X c (X, X*-). Let f: X + Y be a given map, which 
we may assume to be cellular. Then f determines a map 

g:(X,X*-*) > (¥*, Y*-*). 
The diagram 


ak(Yk, Ye) ah Yh) 





| g? 


u j? vy 
wk(X, Xk-1) 7" pk(X) 


- 
qr 


is commutative and z,(f) = 97)? = j*g* = gz2,(t), where 
ge: C,.(X ; w*(X)) > C,(Y; 2*(X)) 
is the homomorphism induced by g. Hence it follows that 
S20) = 2S), 
where Sag: Hy(X 3 7*(X)) > (VY; *(X)) 
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is the homomorphism induced by f. Since Y is 1-connected, it is of the 
same homotopy type as a cell-complex Y, which has no 1-cells. Let 
u: Y > ¥y, v: Y, > Y be cellular homotopy equivalences such that vu ~ 1. 
If uf ~ h, where hX c Y§~1, then f ~ vh and vhX c Y*-!. Therefore we 
may assume that Y has no 1-cells, in which case Y*-! is 1-connected, 
even if k = 2. Moreover, if f > f’ in Y, where f’X c Y*-!, then f = f’ 
in )**! since dim X < k. Therefore, as a corollary of Theorem 2.8, we 
have a theorem due to Pontryagin (6): 

THEOREM 2.9. The map f: X — Y is compressible into Y*— if and only 
if fazn(t) = 9. 

Notice that Theorem 2.9 is trivially true if k = 1 (71(X) = H'(X)). 

The groups C(Y, B;G@), the boundary operator @, and the corre- 
sponding ‘cocohomology’ groups H,,()’, B;@) may be defined as above 
even if ) — B contains infinitely many q-cells, for some or all values of q. 
If H,(X:G@) is defined in this way, the restriction that X be finite is 
evidently unnecessary in Theorem 2.9. However, the corresponding 
restriction on Y— B seems to be essential for our methods. 

The limiting technique described in (7) can be used to prove similar 
results when X is any compact space [see also (1) for the case of a 
paracompact X]. 

Another extension of the theory is to consider the general type of 
relativization described in (8). The theorems proved here may be ex- 
tended in this direction under a separate assumption of connectedness 
for each sub-set of Y which occurs in the problem [ef. §§ 6, 7 of (8)]. 
The resulting obstructions will be expressed in terms of homology theory 
defined in terms of ‘stacks’ [ faisceaux; ef. § 13 in (8)]. 


3. The addition of maps 

Let X, X’ be CW-complexes and f: X — X’ a given map. By a short 
homotopy, f,;; X — X’, we mean one such that, for every sub-complex 
X,c X and every te /, f,X, is contained in the smallest sub-complex 
of X’ which contains f, X,. We describe a map g: X ~ X’ as a cellular 
approximation to f if and only if it is cellular and there is a short homotopy 
f, with fp, =f. fy =g. It follows from the (inductive) proof of (L) 
(10) 229] that every map f/f: X > X’ has a cellular approximation. 
Similarly we define a cellular approximation, g: (X,A)— (X’,A’), toa 
map f: (X,A)— (X’, A’) if A, A’ are sub-complexes of X, X’. 

Now let (X, A), (Y, B) be as in § 2, let y, be a 0-cellt of B and let X, 


+ If the given B is empty, we may obviously replace it by a 0-cell of Y. 
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be any sub-complex of X. Let f, g: (X,X,) > (Y, B) be maps such that 
fX” = gX4 = yy (X” = XU A; p, g > —1) and let 

dim(X—A) < p+q-+1. 
Define fxg: (XxX, X_,x Xo) > (Y x Y, Bx B) 


by (fx q)(x, 2’) = (fx, ga’). If Y’ c Y, let 
Y’v?¥’ = Y’xy,VexF¥’c¥xyY 
and define 2: (Yv Y, By B) + (Y, B) by Q(y, yp) = Q(%,y) = y. Let 
D: (X,X4) > (X xX, X,x Xp) 
be a cellular approximation to the diagonal map x —(zx,x). Then 
DA cA*XA and, since dim(X—A) < p+q+l, 
D(X—A)c Xx X4U XxX. 
Therefore DX c X x X¢U X” X and 
(fxg)DX cYvyY, (fxg)DX,c(¥VY)N(Bx B) = Bv B. 
Let ¢: (x ,X,) > (Y VY, Bv B) be the map determined by (fx g)D and 


™ f+ pg = 2G: (X,Xq) > (Y, B). (3.1) 
We describe f+,,g as at D-sum of f, g and assert that it has the 
properties: 
[3.2] iff, gy: (X,Xo)~>(Y, B) are homotopies such that f,X” = g, X* = yp, 


then fo+pIo = a pI by the homotopy f+ pg, 
[3.3] of fX = yp, then nItp g =~ 9; 
[3. 4] (f+ pg) oP i oe “GF: a"(Y, B) — a"(X, Xo) if 
dim(X —X,), dim(Y — B) < 2n—2. 
Proofs. Here (3.2) is obvious. To prove (3.3) let 
D,: (X, Xo) > (X x X, X_ x Xo) 
be a short apd between the diagonal map 7), and D = D,. Let 
f[X = yp. Then Q(fxg)Dyx = gx, for every x € X, and 
(f> Dd, XcYvY, (fxg)DX_,c BV B. 
Let ¢):(X,X9)>(YVY,BvB) be the homotopy determined by 
(fxg)D,. Then f+pg = g by the homotopy Q¢,_,. 
In order to prove (3.4) let uw: (Y,B)—+(S",z,) be given and let 
{v} e 7"(P, Q) denote the homotopy class of a given map 


v: (P,Q) > (S",%) (Qc P). 


tT Let D’ be any other cellular approximation to the diagonal map. Then 
f+p9 =~ f+pg if dim(X—A) p+q. 
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Then A*{u} = {wh} (h = f, g) and from (7) 


{uf+ pg = {uf} + {ug}. (3.5) 
Let 02’: (S" Vv S", 2 V 2) > (S", 2) be defined in the same way as Q and 


let wu: (Y VY, By B) > (S"v 8", 25 29) 


be the map determined by wuxwu. Then wQ = Q’(uvu). Therefore 
u(f+pg) = uf+pug and (3.4) follows from (3.5). 

Let X,;, Y; (¢ = 1, 2) be sub-complexes of X, Y such that X,c Xg, 
ye i, c¥,. Let h’: (X,, X,) > (%), Y,) denote the map determined by a 
given map h: (X, X,) > (Y, B) such that AX; c Y;. Then the following is 
a straightforward consequence of (3.1): 

[3.6] If fX,;, gX,;c Y,, then (f+pg)X;c Y¥; and (f+pg)’ =f'+pq', 

hor 
asad D’: (X_,X,) +> (Xx X_,X,xIX,) 
is the map determined by D. 


4. Proof of Theorem 2.1 

} We assume, as we obviously may, that Y = Y*; also that ¥ ¢ ye-1 
and m > 0 since (2.1) is trivial if Y = Y*-! or m = 0 (if m = 0, then 
dim(X —A) < k—1). Assume the theorem in case Y—B consists of a 
single k-cell and let Y, = Y—e*, where e* is a k-cell in Y—B. Since 
m < k—1 and Y*- is m-connected, so is Y). Therefore it follows from 
the special case, with B replaced by Y,, and from (1.1), that f is com- 
pressible into ¥, by a homotopy rel A. Therefore Theorem 2.1 follows 
by induction on the number of k-cells in Y—B. So we assume that 


a 


Y—B is a single k-cell, to which we assign an orientation. Then 
B = Y*-1and is m-connected (m > 0). We also assume, as we obviously 
may, that fX*-'c B. 

Let k—2 < p < dim(X—A) and assume that f ~ g’, where g’X”c B. 
Let g: (X, X”) > (Y, B) be the map determined by g’ and assume that 


g?ak(Y, B) = 0 € w*(X, X”). (4.1) 
Let u: (Y, B) > (S*,z,) be such that w| Y—B is of degree 1. Then it 
follows from (4.1) that ug ~ 2* where z} X = z). Since (¥, B), B are 


(k—1)-connected, m-connected, and p+1 < dim(X—A) < k+m—1, it 
follows from Theorem II in (2) that uw induces an isomorphism 


Ty 43() > B) =~ 7 +1(S*) 
and hence an isomorphism 


Us: CP+(X,A;7,.,(7, B) = Ce+l(X, A; 7, ,,(S*)). 


3695.2.6 H 
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Let ¢ € C?*1(X,A;7,,,(1, B)) be the obstruction to a homotopy g = 4, 
such that g, X?*+1c B. Then uzc = 0 since ug ~ z*. Therefore c = 0, 
and it follows that g ~ g,, where g, X"*!c B. 

We proceed to show that g, ~ gs, where g, X”*1c B and the map 
(X, X”+1) + (Y, B) determined by g, satisfies (4.1) with p replaced by 
p+l. Let h: (X,X#*1) + (Y, B) be the map determined by g,: that is 
to say, hi = g,, where i: (X, X”) c (X, X?+1), The element {ui generates 
the (cyclic infinite) group 7*(Y, B). Sinceg, ~ g, it follows from (4.1) that 


*h*{u} = gi{u} = g*{u} = 0. 


Therefore h#{u} = —Afv}, where v: (X¥+1, X”) > (S*-1,z,) and 
A: wk-Xe+l, XP) > wk(X, XP+1) 


is the coboundary homomorphism in the cohomotopy sequence of the 


triple (X, Xp+1, Xv). Let 
se uw ub 
(X,.X?+1) —~ (E*, S*-1) —-~ (Y, B) 


be, respectively, an extension of v and a map such that #2, = yy, which 
covers Y— B with degree 1. Then wy: (£*, S*-1) + (S*, z) is of degree | 
and , Py, , 
Afv} fubw} = (bw)*fat. (4.2) 

Since B is m-connected, we may assume that hX” = y,. We also have 
YwX? = y,anddim(X—A) < k+m—1 < p+m-+1. Therefore w+ ph 
may be defined as in § 3 and 


(bu +, h)*u} Afv} +h¥{u} 0 


in consequence of (3.4) and (4.2). Therefore yw ,,h satisfies (4.1) with 
p replaced by p+1. Let g”: (X,X”) > (Y, B) be the map determined 
by ww. Then it follows from (3.6) that yw+)h determines a D-sum, 
go: (X, X”) > (Y, B), of g” and g, (g,2 = hx). Obviously g” ~ y%, where 
Yo X = Yo, and it follows from (3.2), (3.3) that g, ~ go. 

Since dim(Y — B) = k, the condition (4.1) is satisfied when p = k—2, 
g’ =f, z(f) = 0. Therefore Theorem 2.1 follows by induction on p. 


5. Proof of (2.4), (2.5), (2.7) 


Consider the (commutative) diagram 
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where p means the same as in (2.3) and F: (7, A;) > (Y*, Y*-) is the 
map determined by F. Let Je: (X,A)— (¥*, ¥*-*) be the map deter- 
mined by f;: (X, A) > (Y, B) (i = 0, 1). Thenf? = z,(f;) and, obviously, 
wt F* — f#. Therefore d0F* = z,(f;)—z(fo) and 


édy...(F) = pF#A = g0F* = 24(f,)—24f)- 
This proves (2.4). 
In order to prove (2.5) it is enough to prove that (F+-#,)* = F*+ Fj. 
Let G, G,: (X;,7,A;) > (Y#4, ¥*, B) 
be defined by 
G(x,t) = F(z,2t), Ga,t)=F(x,l) if t<4 
G(x, t) F(x, 1), G,(a,t) = F(x, 2t—1) if ¢ > d. 


Obviously G ~ F, G, ~ F, and (F+ #)(2, t) G(a,t) or G(x, t) accord- 
ingast¢<}dort>4. Let w: (Tr ks 1 Y*) — (S**+1,2,) be given. Then 
wG(x,t) = 2, ift > 4, wG,(x,t) = z, ift < }. Hence it follows from the 
definition of addition in cohomotopy groups that 


Ff as0fy fasf2 fori *\) y 7 \SS a). 
{wG}+{wG,} {w(F+F)} (F+-F,)*{v}. 


L 

Let (2.6) be true, let f, ¢ be as in (2.7), and let &, F, be homotopies 
of the form (2.2) such that F(a, 0) = fx, K(x, 1) F(x, 9), dy.4(#) c 
and FX, c Y*, whence d,..,(/) = 0. Then d,..,(Fy+A) = ¢, by (2.5). 
Therefore, if f ~ f’ (in Y k) , we may replace f by f’ when proving (2.7). 
Hence we may assume, in consequence of (2.6), that fX”" = yy. We also 
assume that Y*+! + Y* since (2.6) is trivial if ¥*+1 = Y*. 

Let S c C,..,(1, B: 2*(X, A)) be the set of all elements for which (2.7) is 
true with respect to every map (X, A) — (Y*, B). Then it follows from 
) that S+ScS. Let e*?,..., e®*! be the (k+-1)-cells in Y—B and 
let ¥, = Y*¥ UeF**, Then C,.,,(1, B:a*(X,A)) may be identified, by 


means of the injections, with the direct sum 


C,,.4(¥;. Bi w#(X, A))-+...+C,.4(¥qs Bi a*(X, A)). 


j 
L 
But {wG} = G*{w} F{w', {wG,} Fi{w}, and (2.5) is proved. 


Hence, and since S+-S cS, (2.7) will follow by induction on x when we 
have proved it for x 1. So we assume that ¥**!1—Y* is a single 
(oriented) (4-+-1)-cell. 

Let w: (Y**1,¥*) — (S*+1,z,) be a map such that u | ¥**!—Y* is of 
degree 1. Let 0, 4, ete., mean the same as in the paragraph containing 


(2.5) and let v: (1, A,) > (S*, 29) 
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be a map such that d@{v} = cfu} © w*(X, A). We assume, as we obviously 
may, that v(X x0 U X*-1 1) = 2. Let 


w 


ix. T) ara (E* +1 S*) Md (y* +1 Y*) 
be, respectively, an extension of v such thatt wX4~! = z, and a map 
of degree 1 over Y**+1—Y* such that pz, = yy. Assume that fX”" = y, 
and define G: (X,,7) > (Y*+, Fr) 
by G(x,t) = fe. Then pw(X*-1U A,) = GX? = y, and 
dim(X,—T7') < k+m 

since dim(X—A) < k+m—1. Therefore a D-sum F’ of fw and G may 
be defined as in§ 3. We have ywA,, GA, c B. Therefore F’ determines 
aw F: (X,, 7, A;) > (Y*#, ¥*, B). 
Moreover p{ubw} = PAY} = g6{v} = c{u}. Therefore (yw)* = p-'c and 
G? = Osince GX, c Y*. Therefore it follows from (3.4) that d,.,,(F) = e. 

Let X be imbedded in X, so that x = (x,0) (xe X). Then pwX = y, 
since vX = z, and Ga = fx. Therefore it follows from (3.6) that F' 
determines a D-sum, f’: (X, A) — (1*, B), of yj and f. We have f’ ~/ 
(in ¥*), by (3.3), and (2.7) is proved. 


T X4 X* x J, which contains the g-section of X;- 
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LOCAL DIMENSION OF NORMAL SPACES 


By C. H. DOWKER (London) 
[Received 20 August 1954] 


Introduction 

Let dim X be the covering dimension of a space X and let ind X and 
Ind X be the dimensions defined inductively in terms of the boundaries 
of neighbourhoods of points and closed sets respectively. The local 
dimension locdim X is the least number n such that every point has 
a closed neighbourhood U with dim U < n. The local inductive dimen- 
sion locInd X is defined analogously, while ind X is already a local 
property. 

The subset theorem, that dim A < dim X for A c X, which was proved 
by E. Cech (3) for perfectly normal spaces is here extended to totally 
normal spaces. Cech’s problem (4) of whether the subset theorem holds 
for completely normal Hausdorff spaces is reduced to the problem of 
whether the local dimension of a completely normal Hausdorff space is 
always equal to its dimension: that is, whether locdim X = dim X for 
X completely normal and Hausdorff. But it follows from [3.7] below 
that a completely normal space X such that locdim X < dim X, if any 
such exists, must be neither paracompact nor the union of a sequence 
of closed paracompact sets nor the union of two paracompact sets one 
of which is closed. Thus most of the usual methods of constructing 
counter-examples are excluded, 

However, a normal space / is constructed for which 


locdim M < dim M. 


Though this example is not completely normal, it is not clear that the 
lack of complete normality plays any significant role. 

It is well known [(6) appendix] that a normal Hausdorff space may 
have a non-normal subspace of higher dimension. An example is given 
below of a normal Hausdorff space V with a normal subspace .W/ such 
that dim V = Ind. V = 0 but dim M = Ind M = 1. 

The normal space M also has the property that ind M < dim M. 
Examples are known (8, 9) of normal Hausdorff spaces X such that 
ind X > dim X. Thus for normal Hausdorff spaces there are the known 
relations ind X < Ind X and dim X < Ind X and no others. 


Quart. J. Math. Oxford (2), 6 (1955), 101-20. 
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A lemma which proves useful in several of the proofs below is the}: - 
following (see [2.1]): Jf a closed set A of a normal space X is at most\as 
n-dimensional, and if every closed set which does not meet A is at most n-|cor 
dimensional, then dim X < n. | 


1. Definitions and elementary relations 

A covering of a topological space X is a collection of open sets of X 
whose union is X. A covering f is called a refinement of a covering a 
if each member of 8 is contained in some member of «. 

The order of a collection of subsets of a space X is —1 if all the subsets 
are empty: otherwise the order is the largest integer m such that some 
n-+-1 members of the collection have a non-empty intersection, or is % 





if there is no such largest number. 


The dimension of a space X, dimX, is the least integer n such that. , 
we > . sir 
every finite covering of X has a refinement of order not exceeding n, 

oc 


or the dimension is © if there is no such integer. | 
pe 


[1.1] For any space X, dimX < n if and only if, for every finite 
covering {U,,..., U;,| of X, there is a covering {V,,..., V,.} of order not exceeding 
n with each V,c U;. | 

Proof. The condition is clearly sufticient, for {V;} is a refinement of {Uj}. 
To show necessity, let dim X < n. Then the covering {U;} has some 7 
refinement § of order not exceeding n. Let each member of f£ be asso- | 7 
ciated with one of the sets U; containing it and let V; be the union of the ” 


sets of 8 thus associated with U;. Then V, is open, V; c U;, and each point | 
of X is in some member of £, and hence in some V;. Each point p is in at | yg 
most n+ 1 members of §, each of which is associated with a unique U;, 


and hence p is in at most n+1 members of V;. Thus V;, is a covering of 


order not exceeding n, as was to be shown. | P' 

The inductive dimensions ind X and Ind_X are defined inductively as | 
follows. If X is the empty set, ind X = Ind X 1. Ifind X < n—1 
has already been defined, ind X < n means that, for each point p and. th 
open set U with p « U, there is an open set V with pe V c U for which | th 
ind(V—V) < n—1. Similarly, Ind X < n means that, for each closed | 
set F and open set l’ with F c U, there is an open set V with Fc VcU} _ 
for which Ind(V—V) < n—1. Andind X = oo[Ind X = co] means that | x 
there is no integer n for which ind X < n [Ind X < n]. 

It is known [(6) appendix] that, for an arbitrary space X, dim X = 0} g, 
if and only if IndX = 0. If A is any subset of a space X, then 
ind A < ind X [(6) appendix]. If A is a closed subset of X, then 

dim A < dim X [(3) §4] and IndA < Ind X [(2) § 16]. | lo 
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the} If pis a point of a space X, the dimension of X at p, dim,, X, is defined 
most|as follows: dim,, X is the least integer m such that, for some open set U 
st n-|containing p, dimU = n or, if there is no such integer, dim, X = 0. 
| Similarly ind,, X [Ind,, X] is defined to be the least integer n such that, 
for some open set U containing p, ind U = n [Ind U = n] or, if there is 
vf x20 such integer, ind, X = oc [Ind, X = «]. It should be noted that the 
ng a| limension at a point as defined here is entirely different from that defined 

iby Menger (10) and Hurewicz and Wallman (6). 


The local dimension of a space X, locdim_X, is defined as follows. If 


we X is empty, locdim X —1. Otherwise, loc dim X is the least integer 

bcd k such that, for every point pe X, dim, X < n or, if there is no such 
‘integer, loc dim X , 

that The local inductive dimensions, locind X and loc Ind X, are defined 

,, similarly. If X is empty, locind X = loc Ind X —l. Otherwise, 
locind X [loc Ind X] is the least integer n such that, for every point 

” jpe X, ind, X <n [Ind, X < n] or, if there is no such integer, 

Mite 

ding loc ind X x f{locInd X wn). 

a Thus loedim X [locind X, loc Ind_X] is the least integer n such that 

"there exists a covering {U)} of X with each dim U, < n [indU) < n, 

oe Indl’, < nl], or, if there is no such integer, loedim X = 2 [locind X = ~, 

| oe Ind X = oo}. 

the | 

oint | [1.2] For any point p of a space X, dim, X <n if and only if each 


nat neighbourhood U of p contains a neighbourhood V of p with dimV < n. 
U,. 


oof Proof. By the definition of dim, X, if there is any open set V with 
pe V and dimV < n, then dim, X < n. On the other hand, if 
VY as . , 
re dim, X < n, 
| / 
and there exists a neighbourhood W of p with dim W <n. fV= UW, 
lich then pe Vc U and, since V is a closed subset of W, dimV < n. 
} . 
sed : 
y| [1.3] For any space X, locdim X < n if and only if every covering of 
hat | X has a refinement {U\\ with each dim U) < n. 
This follows immediately from [1.2]. Analogous propositions are 
. . r , 
clearly true of locind X and loe Ind X. 
hen 


[1.4] For any space X, locdim X < dim X, locind X < ind X, and 
loceInd X < Ind_X. 
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Proof. If dim X < n, then every point p € X has the neighbourhood) Ir 
X for which dim X = dimX <n, and hence dim,X <n. Thug T 
locdim X < n. Similarly ind X < n implies locind X < n and 


Ind X <n implies locIndX < n. 
[1.5] For any space X, locind X = ind X. 


Proof. Let locind X < nand let pe U c X with U open. Then there 
is some open set W with pc W and ind W < n. Hence pe UN W with 
UA W open in W. Hence, by the definition of ind W, there is a set V 
open in W with pe VcUNW and indB < n—1, where B is the} h 
boundary of V in W. But, since V is open in W, it is open in W and hence 
in X. Also the closure of V in W isits closure V in X and hence B = V—V., ? 
Thus pe V c U with V open and ind(V—V) < n—1. Therefore 





eee ( 
ind X < n. 
Thus ind X < locind X, and so locind X = ind_X, as was to be shown.| 
Thus the inductive dimension ind X is already a local property of X. 
But dim X and Ind X are not in general local properties, as will be seen! 
in § 6 below. ( 


[1.6] If X is a regular space, ind X < locInd X. 


Proof. This is shown inductively. Clearly loc Ind X = —1 implies) 
ind X = —1. Assume it proved that 


locInd X <n—1 implies indX < n—1. 


Let locInd X < nv and let pe Uc X with U open. Then, for some 
open set W, pe W and IndW <n. Since X is regular, there is an 
open set G with pe @CGcUNW. Since IndW < n, there is an open} 
set V of W with @CVcCUNOW and IndB < n—1, where B is the} 
boundary of V in W. Since V is open in W, it is open in W and hence | 
in X. The closure of V in W is its closure V in X, and hence B = V — Vy 
Since Bc X, B is regular and, since Ind B < n—1, locInd B < n—1.} 
Hence by the induction hypothesis ind B < n—1. Thus pe V c U with} 
V open and ind(V—V) < n—1. Hence ind X < n, as was to be shown. | 

The above result, ind X < loc Ind.X, is in fact clearly true for any | 
space in which the closure of each one-point set has no proper closed 
subset, and hence true for 7, spaces as well as regular spaces. 

It is known (11) that, if X is a normal space, dim X < Ind X. It 
follows that, for a normal space X, locdim X < locInd X. For, if 
loc Ind X <n, then each point pe X has a neighbourhood Ul’ with; 
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Ind U < n, and the closed set U of X is normal: hence dimU < n. 
Thus locdim X < n. 
Thus, using [1.4], [1.5], and [1.6], we have the following: 
[1.7] If X is a normal regular space, then 
ind X < locIndX < Ind X, 
locdim X < locInd X < Ind X, 
locdim X < dim X < Ind X. 
Since every normal Hausdorff space is regular, the inequalities of [1.7] 
hold in particular for normal Hausdorff spaces. 


2. Properties of dimension 
[2.1] Let A be a closed set of a normal space X. If dim A < n and if 
dim F < n for every closed set F of X which does not meet A, then 


dim X < n. 
Proof. Let {U,,..., U;.} be a covering of X. Then, by (3) § 22, since X 
is normal and A is closed anddim A < n, there exists a collection {V;} of 


k 
open sets of X of order not exceeding n with each V;c U; and A c UJ ¥,. 
i=1 


Let V = U V,; then V is open and A c V. 
ia 
Since X is normal, there exist open sets P and @ such that 
X—VcPcPcQcQcX-aA. 

Since Q is closed and QN A = 0, dimQ < n. The sets U;N P together 
with the sets V; form a collection of open sets of X covering the closed 
set Q. Hence, by (3) § 22, Q is covered by a collection {G;, H;} of open 
sets of X of order not exceeding n with G;c U; P and H; c Jj. 


u 

Let W, = G;U H, U (V,—P); then W; is open in X and W,c U;. Each 
point of P is in at most n+1 of the sets {G;, H;} and in none of the sets 
V,—P; hence it is in at most n+1 of the sets W;. Each point of X—P 
is in none of the sets G; and in at most n+1 of the sets V; and hence, 
since H; c V,, it is in at most n+1 of the sets W;. Thus {W;} is of order 
not exceeding n. Each point of P is contained in Q and hence in some 
@, or H;; hence it is in some W;. And each point of X—P is in some 
V,—P and hence in some W;. Thus {W;} is a covering of X. Thus {W;} is 
a refinement of {U’;} of order not exceeding n. Hence dim X < n, as was 
to be shown. 

[2.2] Lf a normal space X is the union of two sets A and B with A 


closed and dim A < n and dim B < n, then dim X < n. 
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Proof. lf F is a closed set of X which does not meet A, then F is a} 


closed subset of Banddim F < dim B < n. Hence, by[2.1],dim X : ” 
as was to be shown. | wi 
[2.3] If A is a closed set of a normal space X, then sh 
dim X < max(dim A, dim(X—4A)). P 


Proof. This follows immediately from [2.2] on setting B = X—4A. 





A normal space X is called totally normal (5) if each open subspace Y 
of X has a locally finite covering by open subsets each of which is an F, | he 


set of X. As will be shown in [2.6] below, the inequality in [2.3] becomes | th 
equality if X is totally normal. ls 
[2.4] Hach totally normal space is regular. fy 


Proof. If X is totally normal, let p¢ Y c X with Y open. Then p is 
in some open F, set U contained in Y and, since U is an F;, set, there is | y 
a closed set F with pe Fc U. Since X is normal, there is an open set V 
with Fc VcVcU;then pe VcCVcY. Thus X is regular. | fe 
2.5] Let a space X be the union of disjoint sets A each of which is open 
and closed in X. If each dim A) < n, then dim X < n. 


Proof. Let {U},...,U;.} be any finite covering of X. Then 
_ ; 
(U9 A). Uj, Ads n 


is a covering of A, and dim A) < n; hence there is a covering {)\;} of A) 3 
of order not exceeding n with W\; c U;N A). Let V; = U j,: then {V;} is 
A 
a covering of X of order not exceeding n and V, c U;. Therefore a 
dim X 
as was to be shown. I 
[2.6] Lf Y isan open set of a totally normal space X ,thendim Y < dim X. } ¢ 











Proof. Let dim X < n; it is sufficient to show that dim Y < n. Since Y | 
is an open set of a totally normal space X, we know [(5) proposition 4.3] | 


that for each i = 1, 2,... there is a collection {W,}, locally finite in Y, | , 
of disjoint open sets and a corresponding collection {F;)} of closed sets | | 
of X such that F,, c Wy c Y and U U F., = Y. Since F, is closed in X, | | 


dim F,, < dim X < n. Let F, U F,,; then since, for fixed 7, {F,)} is 


ids 


A 
locally finite in Y, F; is closed in Y. Likewise (J F,,, is closed in Y, and 
pea 


hence F;, = ~U F;,, is open in ¥;. Therefore, by [2.5], dim F; < n. 





Since X is totaly i normal, it is completely normal [(5) proposition 4.6], 
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x 
and hence Y is normal. By the sum theorem [(3) § 23], since Y = UL F, 
i=1 


with F; closed in ¥ and dim F, < n, therefore dim Y < n, as was to be 
shown. 

[2.7] Lf, for each open set Y of a space X, dim Y < n, then, for each set 
Aof X,dimA < n. 


Proof. Let {G,,...,@,} be a covering of A. Each G; is open in A and 
k 

hence there is an open set U’, of X such that G; = U,;N A. Let ¥ = U U;: 
i=1 


then Ac Y and Y is open in X, and hence dim Y < n. Hence there is 
a covering {V;! of Y of order not exceeding n with each V,c U;. Then 
V.9 A} is a covering of A of order not exceeding n and 


VZiNACU,NA=G,. 


Hence dim A < n as was to be shown. 

The subset theorem, which was proved by Cech [(3) § 28] for per- 
fectly normal spaces can be extended to totally normal spaces as follows. 
[2.8] If A is a set in a totally normal space X, then dim A < dim X. 

Proof. This follows immediately from [2.6] and [2.7]. 
It is also true [(5) Theorem 2] that, if A is any subset of a totally 
normal space X, then IndA < Ind X. 
3. Relation of local dimension to dimension 
For any space X one has the trivial relation loedim X < dim X, and 
an example is given below of a normal Hausdorff space M with 
locdim MVM < dim M. 


But, as is now to be shown, in [3.3], [3.5], and [3.6], there is a wide class 


of normal spaces for which locdim X = dim_X. 

[3.1] if A is a closed set of a space X, locdim A < locdim X. 

Proof. Let locdim X < n and let x be a point of A. Then there is a 
neighbourhood U of xin X withdim U < n. Then U 0 A isa neighbour- 


hood of x in A and the closure of (’ 9 A in A isa closed subset of U and 
hence has dimension not exceeding n. Hence locdim A < n. Thus 
locdim A < locdim X, 
as was to be shown. 
[3.2] If {U\} is any covering of a paracompact normal space X, then X 
is the union of a sequence of closed sets {H;| each of which is the union of 
a collection {H,,,} of disjoint sets with each H;,, open and closed in H, and 


with each H,,, contained in some U}. 
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Proof. Since X is paracompact, {U}} has a locally finite refinement {V;,} 


ae ad 
let H; = U H;,. The sets F,,, are closed, G,is open, and each H,,, is closed. 


"1 
Ifv <p, H;,c G, and H;,9 H;, = 0. Thus, for each 7, the sets ;,, are 


disjoint. Since H;, c V,, the collection {H,,} for fixed 7 is locally finite; 





hence H, is closed ‘ond U H,,, is closed, sini H,,, is open in H;. Thus 


v 
H; is the union of disjoint sets H;,, each open and closed in H;, and 
H;,, CV, which is contained in soe U}. 

Each point x X is in some W, and hence in some G,. Then, if we 
take the first » for which xe G,, x € F,, for some i while z is in none of| 
the sets G, with vy < yw. Hence x H,,, for some i, and therefore x € H,,| 

x 
Thus X = LJ H,, as was to be shown. 
i=1 


[3.3] If X ts a paracompact normal space, then locdim X = dim X. 


Proof. Let locdim X < n. Then each point x ¢ X is in some open 
set U.such that dimU, < n. Then, by [3.2], X is the union of a sequence 
of closed sets {H,} each of which is the union of a collection {H,,,} of 
disjoint sets with each H;,, contained in some U,. Then H,, is a closed 


JS 


subset of some U,, and hinen dim H;,, <n. Hence, by [2.5], dim H; < n. 
Hence, by the sum theorem [(3) § 23], since X = (J H; with H, closed 
i=1 


and dim H; < n, we have dim X <n. Thus dim X < locdim X, and 
hence loc dim X dim_X, as was to be shown. 


[3 


3.4] Lf X is a paracompact totally normal space, then 


loc Ind _X Ind X. 


Proof. Let loc Ind X < n. Then each point x € X is in some open set 
U’. such that IndU, < n. Then, by [3.2], X is the union of a we: 
of closed sets {//,; each of which is the union of a collection {/H,,} of 


ips 


disjoint sets with each H,;, open and closed in H,; and with onal H,,, 
contained in some l,. Then /,, is a closed subset of some U,, and hence 
Ind H;, <n. Hence, by (5) proposition 5.1, Ind H, <n. By the sum 
theorem [(5) Theorem 4] for the inductive dimension of totally normal 





Brg : » | Spi 
Since X is normal, {V3 can be Peat [(7) (1, 33, 4)] to a covering (WwW, 


with W,cV,. There exist real continuous functions f,, (0 < f,(%) < 1) 
such that f,,(v) = 0 if xe X—V, and f,(x) = 1 if as i. Let F;,, be the 
set of points x for which f(x) > 1/i and let G, be the set of points for 
which f,(x) > 0. 

Let the indices 4 be well ordered. Let H;,, be the set F;,, — U G, and 
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spaces, since X = (J) H; with H, closed and IndH; < n, therefore 
i=l 
Ind X < n. Thus IndX < locInd_X, and hence loc Ind X = Ind X, as 
was to be shown. 


[3.5] Ifa normal space X is the union of a sequence {A;' of closed para- 
compact subsets, then locdim X = dim X. 


Proof. Let locdim X <n. Then, by [3.1], since A; is closed, 
locdim A; < n. 
Since X is normal, the closed set A; is normal. Hence, by [5.3], since A, 
is paracompact, dim A; <n». By the sum theorem [(3) § 23], since 
YJ A, with A; closed and dim A; < n, therefore dim X < n. Thus 
i=1 
dim X < locdim X, and hence locdim X = dim X. 


[3.6] {fa normal space X is the union of two paracompact sets A and B 
with A closed in X, then locdim X = dim X. 

Proof. Let loedim X < n. Then, by [3.1], since A is closed, 

locdim A < n. 
Since X is normal, the closed set A is normal. Hence, by [3.3], since A 
is paracompact, dim A < n. Let F be any closed set of X which does 
not meet A; then F is normal and locdim F < n. Since F is a closed 
subset of B, F is paracompact and hence, by [3.3], dim F < n. Hence, 
by [2.1], dim X <n. Thus dim X < locdim X, and hence 
loedim X = dim X. 


[3.7] Let X be an n-dimensional normal space. If X is paracompact, 


or the union of two paracompact sets one of which is closed. or the union 


fa sequence of closed paracompact sets, then the set of points of X at 


which X is n-dimensional is an n-dimensional closed set of X. 


Proof. Let D be the set of points of X at which X is n-dimensional 
and let p¢ X—D. Since loedim X < dim X = n, dim, X < n and, tor 
some neighbourhood U’ of p, dim U < n—1. Then, for each point x ¢ U 
dim. .Y n—1, and hence xe X—D. Thus X—D is open and D is 
closed. 

Let F be any closed set of X which does not meet D. Then each 
point x of F has a neighbourhood U’ in X such that dimU' < n—l. 
Then U9 F is a neighbourhood of x in F and its closure in F is a 


closed subset of U and hence has dimension not exceeding n—1. Thus 
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locdim F < n—1. If X is paracompact, then the closed set F is para- 
compact. [f X = AU Bwith A closed and both A and B paracompact, 


then F = (AN F)U(BN F) 


with A” F closed and, since AN F is closed in A and BN F is closed 
x 
in B, AN F and BN F are paracompact. If X = UJ A; with each A, 
i=1 
U 
closed and paracompact, then F = (J A; F and each A; F is closed 
i=l 
and paracompact. The closed set F of X is normal; hence, by [3.3] or 
[3.5] or [3.6], dim F < n—1. 
By [2.1], if the dimension of D were < n—1, then we should have 
dim X < n—1, which is absurd. Thus dim D > n and, since D is closed 
in X, dim D < dim X = n. Hence dim D = n, as was to be shown. 














In reference to the hypotheses of [3.5], [3.6], and [3.7], note that Bing’s | 


example H [see (1)] is a normal space which is the union of a countable 
number of discrete and hence paracompact (even metrizable) closed 
subsets but it is not paracompact. Either of his examples G or H is a 
non-paracompact normal space which is the union of two discrete and 
hence paracompact subsets, one of which is closed. 

Nor does the normality of X follow from the other properties. For 
example, let R be a non-countable set of points, one of which is called /;. 
The open sets of # are the sets not containing r, and the sets containing 
all but a finite number of points of R. Then R is a normal space: in fact 
it is a compact Hausdorff space. Let S have a countably infinite set 
of points and let its open sets be sets not containing a special point 8, 
and sets containing all but a finite number of points. Let X be the 
subset of Rx S formed by removing the point (ry,5,). Then X is a 
Hausdorff space. 


If A = ((RX 8) U (rg x S)) NX, 


then A is closed in X and both A and X—A are discrete and hence 
paracompact. Also the sets R x s fors + 8, are compact and (Rx s,) 0 X 
is discrete; thus X is the union of a countable collection of closed para- 
compact subsets. But X is neither normal nor paracompact. 


4. Properties of local dimension 

As has been shown in [3.1] above, the closed-subset theorem holds 
for the local dimension of arbitrary spaces. I now show that the open- 
subset theorem holds for the local dimension, though not necessarily 
for the dimension (see § 7 below), of regular spaces. And the subset 
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theorem of local dimension holds for totally normal spaces. The finite- 
sum theorem, but not the countable-sum theorem (see § 7 below), holds 
for the local dimension of normal spaces. 


[4.1] If Y isan open set of a regular space X , then locdim Y < loc dim X 
and locInd Y < locInd X. 

Proof. Let locdim X < n and let x be a point of Y. There is a neigh- 
bourhood U of x in X such that dim U < n. Since X is regular, there is 
an open set V containing x whose closure V is contained in the open set 
Un Y. Then V is a neighbourhood of x in Y, V is the closure of V in Y, 
and, since V is a closed subset of U, dimV < n. Thus locdimY < n. 
Hence locdim Y < locdim X. The proof that loc Ind Y < locInd X is 
similar and is omitted. 


[4.2] If A is a subset of a totally normal space X, then 


locdim A < locdim X and locIndA < locIndX. 


Proof. Let loedim X < n and let x be a point of A. There is a neigh- 
bourhood U of x in X such that dim U < n. Then Uf A isa neighbour- 


hood of x in A whose closure in A is a subset of the totally normal space U 
and hence, by [2.8], has dimension not exceeding n. Thus locdim A < n. 
Hence locdim A < locdim X. The proof that loc Ind A < loc Ind X is 
similar but uses (5), Theorem 2, instead of [2.8]. 

[4.3] If a normal space X is the union of two closed sets A and B and 
iflocdim A < n and locdim B < n, then locdim X < n. 

Proof. If x « X—A, then x € B and there is an open set U 9 B of B, 
where U is open in X, such that dim UN B < n. If W = Un (X—A), 
then W isopenin X,x € W,and, since WcUNB,dim W < n. Similarly, 
if x ¢ X—B, there is an open set of X containing x whose closure has 
dimension not exceeding n. If x ¢ AN B, then there exist open sets U 
and V containing x such that dim UN A < n and dim VN B < n. Let 

W = X—(A—U)—(B—-VD); 
then W is open, xe W, and Wc(UN A)U(V NB). Then 

dim W < dim(UN AUVNA B)< max(dim UN A, dimVN B) < n 

since the sum theorem [(3) § 23] holds in the normal space W. Thus 


loedim X < n, as was to be shown. 


5. The subset theorem and local dimension 
In this section the problem of whether the subset theorem of dimen- 
sion holds for all completely normal regular spaces is reduced to the 
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completely normal regular space is equal to its dimension. 


examples to the subset theorem. For example, let / be a line segment 
and let X be the space consisting of J together with one additional 
point 2), the open sets of X being the open sets of J and the whole 
space X. Then X is completely normal but not regular, and dim X = 0 
while dim J = 1. 


[5.1] If X is any normal regular space, there is a normal regular space 
X* containing X as an open subset such that dim X* < locdim X. If X 
is a Hausdorff space or a completely normal space, so is X*. 


Proof. If X is empty, let X* = X. Otherwise the points of the space 
X* are the points of X together with one new point x). A set U of X* 
is to be open if either (i) U c X and U is open in X or (ii) a € U and 
X*—U is a closed set of X which is contained in an open set V of X 
such that dim V < locdim X. 

It is clear that the empty set is an open set of type (i) and the whole 
space X* is an open set of type (ii). The intersection of two open sets, 
one of which is of type (i), is an open set of type (i). If U, and U, are open 
sets of type (ii), then 2) ¢ UN U, and 

X*—(U,9 U,) = (X*—U,) v (X*—U,), 
which is the union of two closed sets and hence is a closed set of X. 
If X*—l,cV, and X*—U,c V, with V, and V, open in X and 


dimV, < locdim X and dimV, < locdim X, 


then X*—(1,9U,) VU, and WU, = V, v J, is a closed set of X and 
hence is normal. Therefore, by the sum theorem, 

dim(V, U V,) = max(dim V,,dim V,) < locdim X. 
Thus the intersection U9 U, is an open set of type (ii). 

The union of any collection of open sets of type (i) is again an open 
set of type (i). If the collection contains an open set U, of type (ii), 
then the union U’ contains x,, and l’—(a,) is a union of open sets of X, 
and hence is open in X. Therefore X*—U is closed in X and, if 

X*—U, cV, 
with V, open in X and dim V, < loedim X, then X*— U’ is also contained 
in V;. Therefore ’ is an open set of type (ii). Thus X* is a topological 
space, and clearly X is a subspace. The set X is an open set of type (i) 
in X*., 


apparently simpler problem of whether the local dimension of every 


If one drops the condition of regularity, there are trivial counter- 
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The space X* isnormal. For, if £ and F are disjoint closed sets of X*, 
at least one of them, say F, does not contain x,. Then X*—F is an 
open set of X* containing x,; hence it is an open set of type (ii). There- 
fore there is an open set V of X with Fc V and dimV < locdim X. 
Then ) 9 (X*—£) is an open set of X containing the closed set F. 
Since X is normal, there exists an open set W of X such that 
FoWcWcVn(X*—B£). 

Let U = X*—W; then a, ¢ U, the set X*—U W is closed in X, 
WcV with V open in X, and dimV < locdim X. Therefore U is an 
open set of type (ii) while the set W is open of type (i) in X*. We have 

Fc W and, since Wc X*—E, 
Ec X*—W =U, UnwW =9@. 

Therefore X* is normal. 

The space X* is regular. For, if x ¢ U c X* with U open in X*, then 


either « = 2, and U is open of type (ii) or x + x, and xe UX, which 
is open of type (i) in X*. If x = a, ¢ U, then, since X is open in X* 
(z)) is closed and, by the normality of X*, there is an open set W with 
ne WeWcU, where W is the closure of Win X*. If x + x9, then, 
by the definition of local dimension, there is some neighbourhood V of x 
in X such that dimV < locdim X. Since X is regular, there is an open 
set Woof X withae WcoWcVOAU. Since W is closed in X and WcV 


with V open and dim V < loc dim X, therefore X*— W is open of type (il) 
and W is closed in X*. Thusxe WoW cl’ with W open and W closed 
in X*. Therefore X* is regular. 


* 


The set (x,) is closed in X* and dim(x,) = 0 < loedim X since X is 
non-empty. Let F be any closed set of X* which does not meet (2). 
Then X*— F is an open set of type (ii) and hence F is closed in X and 
FcV for some open set V of X with dimV < locdim X. Therefore 
dim F < loedim X. Hence, by [2.1], since X* is normal, 

dim X* < loedim X. 


Let X be a Hausdorff space. Then, if x ¢ X, (x) is a closed set of X. 
And, since dim, X loedim X, there is an open set V of X with re V 
and dim V < loedim X. Hence X*—(.x) is an open set of type (ii) and 
(xv) is a closed set of N*. Since X is open in X*, (xy) is a closed set of X*. 
Thus all one-point sets of X* are closed. Hence, since X* is normal, 
X* is a Hausdort?f space. 

Let \ be complete! normal. If U is an open set of type (ii) in A*, 
then X*—U’ is closed in XN and X*—U'cV with V open in X and 


$695,2,6 i 
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dim V < locdim X. Since X is normal, there is an open set W of X 
with X*—UcWcecWcV. Then X*—W is open of type (ii) and W is 
closed in X*. Since X*—W is closed in the normal space X*, X*—W 
is normal. Since WO U is a subset of the completely normal space_X, 
W 9 U is normal. Then U is the union of two relatively closed normal 
subsets X*— W and Wn U; hence [(12) 186, lemma] U is normal. 

And, if U’ is an open set of type (i), then U’ c X and hence U is normal. 
Thus every open set of X* is normal and hence [(5) proposition 1.1] X* 
is completely normal. This completes the proof of [5.1]. 

[5.2] If X is a normal regular space such that dim X > loc dim X, then 
there is a normal regular space X* containing X as an open subset such 
that dim X > dim X*. If X is a Hausdorff space or a completely normal 


space, so is X*, 


Proof. By [5.1] we have dim X* < locdim X. Then, since 
dim X > loedim X, 
therefore dim X > dim X*. The remaining conclusions follow from [5.1]. 


[5.3] If X is a completely normal regular space with a subset A such 
that dim A > dim X, then X has an open subset Y such that 


dim Y > locdim Y. 
Proof. Since dim X < dim A, dim_X is finite. Since dim A > dim X, 
there is a covering {G,,..., @,} of A which has no refinement of order not 
ke 
exceeding dim X. Let G; = AN U; with U;openin X, and let Y = YU U,. 
i=1 


Then Y is open in X and the covering {U7} of Y has no refinement of order 


not exceeding dim X. Therefore dim Y > dim X. But, by [4.1], 
loedim Y < loedim X < dim X. 
Therefore dim Y > locdim Y, as was to be shown. 


6. An example 
We now construct an example of a normal Hausdorff space such 
that locdim VM < dim M. Let 7 be the space consisting of the ordinal 
numbers less than w, with the usual order topology [(6) appendix]. 
For each «a € 7’, let 
on fQ. . nm (Q. ‘yy Q 
i- {B: B Mts Ts {B:BeT,B Mie 
Then, for each «, 7, and 7", are disjoint closed sets of 7’ whose union is 7. 
[6.1] Lf{U;} isa countable (or finite) covering of T, then, for some integer j 


and some xe T, Ty c U;. 
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Proof. Assume on the contrary that for each « and j there is some 
Be T with 8 > « such that the interval (a, 8) = {€: «a < & < f} is not 
contained in U;. Let the least such B be B,(«). Let y(a) be the least 
upper bound of the sequence of ordinal numbers £;(«). Then 


r< y(a)<w, and y(ajeT. 


Let a, = (0), a = y(a),..., X11 = y(a,),.... Then the sequence {a,} 
has a least upper bound 6 in 7 and 6 > 4a, since a,., > «,. But 6 is in 
some set l’; of the covering and is in some interval (a, 8) contained in 
U;. Then « < 6, and hence, for some r, « < «, and 


a y(a,) > B > 4, 


which is absurd. This completes the proof. 

Let J be the space of real numbers, 0 < p < 1, and let the numbers 
pel be divided into congruence classes modulo the rational numbers. 
There are c such classes and c > &,. Let &, of these classes Q, be 
chosen and indexed by the ordinal numbers a € 7’. 


Example M. Let M be the subspace of the product space 7 « J con- 
sisting of those pairs (a, p) for which p ¢ LJ Qz. 
B 


We define a special covering o of M as follows. For some irreducible 
covering {W,,...,W.' of J by intervals open in / and for some ae T, o 
consists of the covering of M’, = (7",x 1) N M by the sets (77, x W,) 9 MU, 
together with a covering of M, = (T,x 1)N M by a finite number of 
disjoint open (and closed) sets. We may assume that 0 ¢ W, 1 € W,, and, 
for ¢ = I...., k—1, W.9 W,,, is not empty. 


[6.2] For each finite covering {U;} of M and p & I there is a neighbour- 
hood (open interval) W of p in I and an xa€ T such that, for some U; of 
the covering, ti ’ . 

(TX W)A Mc, 

Proof. For each p € I there exists some 8 € 7' such that 73x pc M; 
if pe Q,, it is sufficient to take 8B > « while, if p is in no @,, one may 
take 8 = 0. Let W,(p) be the n~'-neighbourhood of p in J and let V(j, x) 


be the set of points « of 7g such that, for some y < x, 


((y.atl)xWi(p)aMct’ 


i: 
Clearly V(j,”) is an open set in 7’. 

For each « € 73, (a, p) © M, and hence («, p) € Uj for some U; of the 
covering. There is an open set G; of Tx J such that U; = G9 M. 
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Then (a,p)e U 


jp 


(y,a+1)x W,(p) of (a, p) contained in G;. Then 


and hence there is some product neighbourhood 


((y; r+1)xWi(p))o Mc Uj, 


and hence ae V(j,n). Thus {V(j,)} is a covering of 73, and, since j 
and n take a finite and countable number of values respectively, the 
covering is countable. Adding the open set 73, we get a countable 
covering of 7’. 

By [6.1] there exist j(p), n(p), and a(p) such that 7... c V(j(p), n(p)), 
and hence (7%, Wy,(p))0 McU;. Thus it is sufficient to take 
x x(p) and W = W,,,,(p). 


6.3] Every finite covering {U,' of M has a special refinement. 
y. Jr ; i 4 


i 


Proof. By |6.2], for each p € J there is a neighbourhood W(p) and an 
element a(p) of 7’ such that (7%) x W(p)) 9 Mc U; for some j. Since / 
is compact, the covering {W(p)} of J contains an irreducible finite covering 
{W,.} with W,. = W(p,). Let « be the greatest of the corresponding ordinal 
numbers a(p,.). Then for each W, there is some Ul’; such that 


(T.xW)OMcU,. 


The space M, = (7, x 1) 9 M is a subspace of 7, x (J—@Q,), which is 
a zero-dimensional separable metrizable space. Hence the covering of 
M, by the sets U; 9 M, has a finite refinement which is a covering by dis- 
joint open sets. This, together with the collection of sets (7", x W,) 0 M 
which cover M), = (7".x 1) M, forms the required special covering of 
M. This completes the proof. 

A covering {U;} of a space X is called shrinkable if there is a covering 
{V;\ of X such that V; c U;. A space X is normal if and only if each finite 
covering of X is shrinkable [(7) 26], or, equivalently, if and only if each 
finite covering of X has a shrinkable finite refinement. In particular the 
covering {W,} of J is shrinkable, and hence each special covering of M is 
shrinkable. Therefore, since every finite covering has a special refine- 
ment, ./ is a normal space. 

Since 7' and / are Hausdorff spaces, the subspace M of 7x / isa 
Hausdorff space. Hence, since M is normal, it is a regular space. 

It can easily be shown that M is countably paracompact but is not 
paracompact, not countably compact, and not completely normal. 


[6.4] For the normal Hausdorff space M we have 


ind M = locdim M = locInd M 0. 
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Proof. Each point (a, p) ¢ M is contained in the open and closed set 
M, c M, and M is a subset of the zero-dimensional separable metrizable 
space 7", x (J—Q,). Thus 

dim MV, = ind VM, = Ind MX, = 90, 
and hence ind M = locdim M = locInd M = 0, 
as was to be shown. 

[6.5] For the space M, dim M = 1. 

Proof. Since each finite covering of M Las a special refinement and 
since a special covering has order not exceeding 1, therefore dim VM < 1. 

Let G, be the set of points («, p) of M with p < 1, and let G, be the 
set of points with p > 0. Then {G,, G,| isa covering of M. Let {U,,..., U,} 
be any refinement of {G@p, G,}. 

Choose a special refinement of {U;,}. The set (7", x W,) N M is contained 
in some set U’,, and U,c G. The set (7%, x W,) 9 M is not contained in 
G, and hence is not contained in U;. Hence there is a first 7 such that 
(T.xW)oM ¢ U;; let (TLxXW)O McU,. Then, for any p ¢ W_.9 W; 
and any f so large that 8 > « and (8, p) € M, we have 

(B,p)e(TLxW)OMcU,, (8, p) €(T. XW) Mc U;. 
Thus (8,p)¢ U;9 U,, and the order of {U;} is at least one. Therefore 
dim M > 1, and hence dim M = 1. 

[6.6] Ind M = 1. 

Proof. Let F c U with F closed in M and U open in M. Choose a 
special refinement of the covering {M— F,U} of M. Let V be the union 
I gi j 
of the sets of the special refinement which meet F; then Fc Vc U. 

For each j losing 3 W, W; consists of at most two points. Let 
E=U (W;—W;); then £ is a finite subset of J. It is known that 


Ind 7 — 0, and it follows that Ind(7 x E) = 0. But (V—V)N M isa 
closed subset of 7’ x E; hence Ind((V—V)A M) < 0. HenceInd M < 1. 
Therefore | dim MV < Ind M < 1, and hence Ind M = 1, as was to 


be shown. 


7. More examples 

Example N. Let N be the space .M* formed from M by adding a single 
point 2, asin § 5above. A basic set of neighbourhoods of xy in N consists 
of the sets (a) U M’, for «¢ 7, where M, = (TY x J)O M. 

[7.1] The space N is a normal Hausdorff space such that 


dim V Ind .V 0. 
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Proof. It follows from [5.1] that V is a normal Hausdorff space and 
that dim.V < locdim M. Hence, by [6.4], dim V < 0 and hence, since 
N isnot empty, dim V = 0. This implies [(6) appendix] that Ind.V = 0. 

Example N shows that the subset theorem does not hold for all norma! 
Hausdorff spaces, even if the subset is required to be normal. For N is 
a normal Hausdorff space with dim V = Ind N = 0, having as an open 
subspace a normal space M with dim M = Ind M = 1. 


Example Q. Let @ be a space consisting of a sequence {N,' of different 
copies of the space V together with a special point y). A basis for the 
open sets of Y is formed by the open sets of each N, together with the 


sets (y,) UU N;, for j = 1, 2..... 


[7.2] The space Visa normal Hausdorff space and dim Q = Ind Q = 0. 
Proof. If p and qg are two points of Nj, then, since N; is a Hausdorff 
space, p and q have disjoint neighbourhoods in Nj. If p ¢ N, and q € N,, 
then .V; and N; are open, and N;9 N; = 0. If p = yp and qe N;j, then p 
and g have the disjoint neighbourhoods (yy) U UJ N; and Nj. Thus Q isa 


t>j 


Hausdorff space. 

If £ and F are disjoint closed sets of Q, then one of them, say F’, does 
not contain y,. Then y, has a neighbourhood which does not meet F’, and 
hence Fc .N, U ... U.N; for some finite 7. Since N; is normal, there exist 
disjoint open sets U; and V; of N; with EN N;c U; and FN N,cV;,. Let 


U = U,U..UU;,U (y)UUN;, V=KU...US,. 
tj 


Then U and V are open, Ec U, Fc V, and UNV = 0. Thus Q isa 
normal space. 
If F is any closed set of Y which does not meet (y,), then F is a closed 
set of .V, U ... UN; for some j and hence 
dim F < dim(N, U ... U Nj). 
Hence, by |7.1| and [2.5], dim F < 0. Therefore, by [2.1], since 
dim(y,) = 0 


? 


we have dim@Y — 0. It follows {[(6) appendix] that Ind Q@ = 0, which 
completes the proof. 

Example P. Let P be a space consisting of a sequence {M,} of different 
copies of the space M together with a special point y,. A basis for the 
open sets of P is formed by the open sets of each M, together with the 
sets (yy) UU ¥, for j Al RAE 
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loc dim P loe Ind P dim P Ind P ¥ 


[7.3] The space P is a normal Hausdorff space and ind P 0 while 


Proof. That P is a normal Hausdorff space is shown as in the proof 
of [7.2]. Since ind. MV = 0, each point of .V; has an arbitrarily small open 
and closed neighbourhood in M,. The point y, has arbitrarily small open 
and closed neighbourhoods of the form (y9) U Uy M;. Thus ind P = 9. 


tj 
The point y, has a neighbourhood U such that dim U' < loedim P. 


And the neighbourhood Ul contains a neighbourhood of the form 
(y,) U U &M,, and hence contains the closed set M;.,. Therefore 
: dim U > dim M;,, = 1. 
Thus locdim P > 1. 
If F c U with F closed and U open in P, then y, has a neighbourhood 
(yo) UU M, which either does not meet F or is contained in Ll’. Since 


Ind WV, |, there is an open set V; with boundary B; = V.—V; cM, such 
that FN M,c V,c UM, and Ind B,; < 0. Let V be the union of the 
sets V; for i < j together with the open and closed set (y)) UU ¥; in 


case the latter meets F. Then Fc VcU and the boundary of V is 
B= B,U...U B;. Thus B is the union of disjoint relatively open and 
closed sets B; with each Ind B; <0. Hence [(5) proposition 5.1] 
Ind B < 0. Therefore Ind P < 1. Hence 
1 < locdim P < dim P < IndP < 1, 
| < locdim P < locInd P < IndP < 1. 
This completes the proof. 

Clearly P is a subspace of Y. Thus the subset theorem does not hold 
for the local dimension of normal Hausdortf spaces. For Q is a normal! 
Hausdorff space with locdim Q@ = loc Ind@ = 0, and P is a normal 
subspace of Q@ with loedim P = loe Ind P l. 

Also, though, by [4.3], the finite-sum theorem holds for the local 
dimension of normal spaces, the countable-sum theorem does not hold 
For the normal space P is the union of a sequence of closed sets 

(y_), M,, ¥M,.... 
with loc dim(y,) 0, loe dim WV, 0, but loedim P l. 

Example S. O. V. Lokucievskii (8) has given an example of a norma! 
Hausdorff compact space S which is the union of two closed subsets 
S, and S, such that ind, Ind S, 1, indS, = IndS, = 1, and 


ind S Ind S — 2. Hence, by [1.7], loeIndS, — loe Ind 8, 1, and 
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locind S = 2. 
loc Ind, and Ind. 

Since dim S,; < IndS, = | and dimS, < Ind, 


the sum theorem, dim S < 1. 


1, therefore, by 
Also, S contains a closed set homeo- 
morphic to a line segment; hence locdim S > 1. Therefore 
locdim S = dimS = 1. 


[7.4] Vo relations between ind, locdim, loc Ind, dim, and Ind, other 
than those listed in [1.7] above, hold for all normal regular spaces. 

Proof. This is shown by the properties of Examples M, P 
above, as is more clearly seen in the following table: 


, and § 








Space | ind |loc dim} loc Ind] dim | Ind 
M 0 0 0 l ] 
P 0 l l ] I 
S 2 414 2 
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ASSOCIATED STURM-LIOUVILLE SYSTEMS 
sy M. M. CRUM (Oxford) 
[Received 7 September 1954] 


1. Let the regular Sturm—Liouville system 
( y"+A—q(x)\y=0 (0<e <1), (A) 
Ly(0) = Ay(0), (1) = hy(1) (B) 
have eigenvalues A, < A, < Ag, ete., and eigenfunctions ¢, corresponding 
| to A,. Let g(a) be repeatedly differentiable in (0,1); then the 4, also 


are repeatedly differentiable; let W,, be the Wronskian of the n+1 


ns 


functions po, 4y,..., ¢,-;, 6, and let W, be the Wronskian of the n fune- 
tions do, $4,..., ¢,-,- Then, ifn > 1 and 
Pns = Wns! WW, 


the functions ¢,,, (s = n) are the eigenfunctions, with eigenvalues A,, 
of the system 


(y” +{A—q,(x)jy = 9 (0<e< ]), (A,,) 
| lim y(x) = 0, lim y(a2) = 0, (B,,) 
zr—0 rl 
d? , 
where q,(x) = q(x) —2 — log W.. (C,) 
dx? 
For n 1, the system (A, B,,) is regular; but, for xn > 1, 
n(n—1)a-? (x > 0), 
q,,(%) ~ 


| n(m—1)(l—a)-? (a > 1). 


Inside (0,1), W, is non-zero and q,, is continuous. For s < n, ¢,, = 0; 
for s > n, ,,, has exactly s—n zeros inside (0,1). The family ¢,,, (s > n) 
is L?-closed and complete over (0, 1). 

The system (A,,, B,,) may be called the ‘nth system associated with the 
system (A, B)’. In this note the above statements are established, and 
examples are given of systems associated with non-regular Sturm— 
Liouville systems. 

If g(a) is continuous but not differentiable, the ¢, are differentiable 
twice only, and the Wronskians do not exist; however, when the 
Wronskians W,,, W, exist, they are equal to the modified Wronskians 
W*., W* obtained by replacing 62") by (—A,)*¢,, and 6?**” by (—A,)*d;; 
the W* are at least twice differentiable, and the statements above are 


Quart. J. Math. Oxford (2), 6 (1955), 121-7. 
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true for non-differentiable continuous q provided that the W are replaced 
by W*. 


2. The case » ] 


We have Wi = dy, of constant signt for 0 < x < 1: and 
er aT ee ae en (D,) 
$o 
where v’+v? = q—A). (E) 
an d ‘ . . 
Then Jy (Po Ps) by $;— bos (Ap —A,) bo by. (F,) 
Since d,,(0) = 0 = ¢,,(1), (G) 
we have sa 1 
godis = (Ayo—Ax) | Pol(E)b(E) dE = —(Ap—A,) | dod, dé. (G’ 
0 x 
Hence 


p15 = (Ap—A,)b,— UF 4,, 
pis = (Ayp—A,)b,— 0b, — (Ay —A,)b, — 0945} 
= (Ag—A,—v’ + v*)9d,, 
(1 —Ay)Pr55 


where Gy = Ag +e? = q—20’ q—2= (log M). 
dx? 
. ; d 
Now from (D,), p15 Po j (4,/b9): 
ax 


since ¢, has exactly s zeros} inside (0), 1), by Rolle’s theorem, ¢,, has at 
least s—1. But from (F,) and (G) and Rolle’s theorem, ¢,, has at most 
s—1 zeros inside (0,1); hence it has s—1 exactly. It follows} that the 
¢,, (8 > 1) are all the eigenfunctions of the regular system (A,, B,). 
For A + A, the general solution of (A,) is 

X, W(do,x)/M,, 
where x is the general solution of (A). For A = Ay, W(d,, x) is constant 


and one solution of (A,) is 1/4): two independent solutions are 
r 1 
a I . 
euerde, | xe) ae. 
Po : po . 


It is easily verified that the only solutions of (A,) which satisfy (G) are 
the ¢,, (s > 1). 


+ E. L. Ince, Ordinary Differential Equations (London, 1927), § 10.61, 235. 
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3. The case n > 1 
Applying Jacobi’s theorem to the determinant W,,, we have, for n > 1, 


w ow ww. 


n-1 n dx n-ls "'n- LS dy " 


with a similar relation with W* for W. Hence 





W. i = ld 
oo = — (W_,¢,-1.)—¢ = W 
Pns Ww. W _ dx n-l n is) n—-l1,s W. dx n 
, l ; 
$n 1,8 v, 1Pn 1,8 y ¥y W (}, ln 1: Pn-1,8)> (D,,) 
n-ln-l 
where v,, DanlPnns v,., = W,/W,—W,-_1/W,-1- 
Hence, by steps similar to those of § 2, and by induction on n, 
Un T v2 —_ Tn , as (E,,) 
d . 
7, (Pm ln 1Prs) : (A, 1—A,)¢, 1.” i, 1,s° (F,) 
a 
Pns (7, A)bnss Gn Cn 1 - 20, 1» 
7) = 
os d (* ) ae d Wn 7 q. 
dx\ W, dx\ W,_, 
We now prove by induction on v the following: 
n- 1 
Dns = Cas [] (A —A,)a"{1+ O(2?)}}  (C,, = 9), (G,,) 
ft 0 
dno = nad, {1+ O(a? )}, (H,,) 
v, nx 1+ O(x*)}, (J,,) 
all as a > 0, with similar relations as x > I: 
¢,,, has s—n zeros inside (0), 1). (K,,) 


By (K,,), ¢,,,,, and so also W, ,,, is non-zero inside (0, 1), so that q,,,, and 
$,,41. are continuous inside (0,1). First, by (G) and (G’), as x > 0, 
Di (X) ~ (Agp—A,)O(O)2: 
also 1(9) = (q,—A,)b.(0) = 0, 
which together imply (G,): (H,) follows from (G,) and (F,), together with 
d, = 6,(0){1+hOxr+ O(2?)}: 
and (J,) is a case of (H,). It remains to deduce (G,,,,) to (IX,,,,) from 


(G,) to (K,,). First, by (D,,.,), (H,,), (J,,). 


,,.| -+ O(x4) ——-+ O(z) o(l) (#>0). 
Zz 
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Hence Py, n d, +1,8 (A, ae A,) | Pnn Pns dé, 
0 
whence we have (G,,,,) with 
Cr+is a Ons (2n-+1) = U. 


By differentiating this last we obtain (H,,,,), of which (J,,,,) is a special 
case. 

From (D,,,,) and (K,,), $,4;,, has at least s—n—1 zeros inside (0, 1); 
from (F,,,,), (K,,), (G,,), it has at most s—n—1 zeros inside (0,1); hence 
(K,,,,) is deduced. 

Lastly we may prove that, as 2 > 0, 

q,(%) = n(n—1)a-?+O(1), (L,) 
with a similar relation as «> 1. For, given (L,,) and (J,,), 
Invi = In—2Uy = 2A, +202—G, = O(1)+n(n+ 1)x-2, 
which is (L,,,,). 
For A + A, (s < n) the general solution of (A,,) is 


¥y : Xn 2 W (ho, P55, 4X) W,, 


where x is the general solution of (A). For A = A,,_, a solution is 


n 


“o- — a a ee ( _C W (go; 1 li $n-2) 
, ¢,, lvw-l W (ho, $y grees $y-1) 
For A = A,, s < n—1, a solution is 
y= ¢,. W/W, 


where W'‘*) is the Wronskian of the n—1 functions 








d@ (O<t<n—1;tF:3). 


4. Since the system (A,, B,,) is not regular for n > 1, it remains to 
prove that the family ¢,,, (s > n) is L?-complete over (0, 1); this implies 
incidentally that the ¢ 
(A,, B,) is regular, it is sufficient to verify that the completeness of the 
family ¢ 

Let f(x) be of L£7(0,1); then, given « > 0, there exists g(x) such that 


are the only bounded solutions of (A,,). Since 


“us 


implies that of the family ¢,, ,, ,. 


ns 


(i) gz) = 90 (O<2< 58; 1-8 <2z< 1; 8 >0), 
(ii) g’(a#) is continuous in (0, 1), 
1 
(iii) | \f—g2dé <e. 
0 


Then, if h=g'+v, 9, $,,% ($,,,9); 


dx 
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his of L7(0,1); also 
1 


[ hd, dé 


lg, ” 


so that, assuming the completeness of the family ¢ 
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125 


1 
lo 0, 


we have 


rns? 
N 
h > C.Png F > 
s=n+1 
1 
where yn? dx <e 
0 
Now 
. v - 4 
Pn g Pun h dé > Cy } Pin Pie dé ; | Pin 7) dé 
0 s=n+l 46 0 
N 
Pin p 3 ( 8s $,, + ret Pan S, 
s=n+1 
where C, = c,(A, —A,)~}, and 
r 1 
mq . | . 
6 db ,, ” 7) dé i | Pin 7) dé; 
uvnHiee vine 
0 r 


since, by (G,,) and its analogue for x > 1 
| Pin de 
0 


when x > 0, 1, respectively, we have by 


, 


1 
O(b5.n); Pin dx O(4;,») 


Schwarz’s inequality 


1 1 
2} << M, | |n?| dx < M,«, | C? da Me 
0 0 
Hence the result. 
5. Examples 
(1) If g(jz) = 0, A =0=h®, then A, = (278)?, $, = cos 2782 


(s = 0, 1, 2,...). Since v 


pis = Ps 


is obtainable as in Exam 


0, 7, = q and 
278 sin 27sx 
For n > 1, ¢,. 
(2) If q(x) x* and the interval is ( 
with dy = e-!**, Ay - = 2, q 
A,4, = A, +2, Pi. 


A. M. Dirac, Quantum Meche 


Since v 


Tt Compare P. 
136-9, 


2, %), (A) is y”+ 


(s 
ple 3. 
(A—2x?)y = 0, 
2: hencet 


kb, 


9 
a” 


mics (3rd ed., Oxford, 1947), § 34, 
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The associated systems are all identical, A, = 2s+1, and, since 


1 ad kd 
boo. , os 9 Ja (Po Pr) De Ta (Po Ps -1)s 
it follows that 
, = K,65(£) 43 = Kee(E) e. 
dx dx 


(3) The Legendre functionst 


Ys (sin @)! P(cos@) (0 << 0< z) 


satisfy y" +(A+} cosec?@)y = 0, 
where A, = (+3)? (s = 9,1, 2,...). 


Writing « = cos@, and W,, for the Wronskians with respect to ., we 


get 
: r 1 sn(n—1) A 
W,, = WY, Y4>+--> Yn—1) (7) We(Yor Yr ree Y,-1) 
du’ jn(n—1) ; ; S 
(5) (sin 0)?" W,,,(Po, Py, «++» Pat) 
A, (sin 0)”, 
and similarly W,, = A,,(sin 6)" +" € F P(). 
du 
Hencet % (sin 6)” (ey Pp) = (sin @)! PLY(n). 


(4) For the Hankel system§ of order v, 
Y (2) c,(ka)? J (kx), bo(x) ls - 
= 
\ A 
Here v = do dy = (v+4)/x, whence 


(v +1)? i 


“= 








9 
a 


and the first associated system is the Hankel system of order v+1. 


6. As a corollary of the main theorem, if 
ne 

S(x) > C, d(x), 
0 


+ E. C. Titchmarsh, Kigenfunction Expansions (Oxford, 1946), § 4.5, 64. 

; E. T. Whittaker and G. N. Watson, Modern Analysis (3rd ed., Cambridge, 
1927), § 15.5, 323. 

§ 


Titchmarsh, op. cit. § 4.8, 70, and § 4.11, 75. 
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then S(x) has at most » zeros in (0,1). This result is due to Kellogg.+ 
For, if S(x) has k zeros, then by Rolle’s theorem 

Si (2) dy 

tf 


d 
lx | | > 8s Is 


n 
ls i . 
c.$(x)' = Sed 
0 io c 
0 
has at least kK—1 zeros inside (0,1); by induction 


S,,(x) = d ed 


m 
has at least kK—m zeros, and S, (x) = c, ¢,,,, has at least k—n; since 4,,,, 
is non-zero, either k < n orc, 0; but, if ¢,, 0, then k < n--1 <n. 

This proof of the corollary depends only on the fact that the Wron- 
skians W, are non-zero. If d, = e%*, where the «a, are any distinct real 


8 


ms 


numbers, then the W, are all non-zero, and so S(x#) has at most 7 real 


zeros. 


7. If (A,B) is given, the associated systems (A, B,,) are uniquely 
defined; but to a given (A,,B,) belong an infinity of (A,B). For 
example, given (A,, B,) we may solve for v 

Aj—v'’+v? = q, 
with any A, such that A, < A,; then, if 


r 


m4 d 
do exp v aé), (Ap—A, bo $, 7, (Po Pas)» 


0 
it will follow that the 4, are the eigenfunctions of (A, B) with 
q = 4,+20’, h® = v(0), hA® = v(1). 
For example, if 


g, = @, A, = (22s)?, $1, = sin 2z7s2, 
we can take 
ro p”, dy = sech p(a—a), v p tanh p(a— x). 
q(x) 2p” sech*p(2—.«), 
f,(v) —= 228 cos 27sx—p tanh p(a—.«)sin 27sx. 


Starting from a given (A,,, B,,) we can similarly construct an (A, B) 
with arbitrary Ap, A,,..., A,,, (provided only that A,,, > A,). Thus there 
exists a regular Sturm—Liouville system with any finite set of real 
numbers as eigenvalues. 


r 


t O. D. Kellogg, American Journal of Mathematics, (i) “Oscillations of functions 


fan orthogonal set > (1916) 1, (ii) “Orthogonal sets arising from integral equations’ 
(1918) 145, (iii) ‘Interpolation properties of orthogonal sets of solutions of differen- 
tial equations’ (1918) 225. Kellogg uses the functional determinants det{},(2,)%, 
not the Wronskians W. ol W,... 











SOME REMARKS ON TAUBERIAN 


CONDITIONS 
By R. C. BUCK (University of Wisconsin) 
[Received 14 September 1954] 
THE following is a familiar property of positive series. 


THEOREM A. /f > a,, converges and {a,}\ 0, then limna, = 0. 


n—->x 


In this note, we examine the role played by the condition ‘{a,,} | 0’. 
Szasz (5) showed that Theorem A holds if this condition is weakened 
to the requirement that {a,} be quasi-monotonic, i.e. that {a,,} obey 


ns ns 


<4. 5 (1+2)a, (1) 
n 


for some constant a > Oandalln = 1, 2,.... Clunie (2) showed recently 
that the condition (1) is best-possible in the sense that, if « is replaced 
by an increasing function of n, ¥ a, may converge without lim na, = 0. 
nx 
However, condition (1) can be generalized in a different way to preserve 
Theorem A. Let us first observe that, if {a,} obeys (1), then, for any 


a) 
k>n, 


<8 di 8 le. < alin 
ay, ( *\ a (1 ia)” ylog jt 


In particular, whenever {a,,} is quasi-monotonic and A > 1, there is a 
number M such that 
0<a, < Ma, (2) 


whenever n < k < An. 


DEFINITION. A sequence {a,} is of ‘bounded increase’ if it obeys con- 
dition (2) for some choice of M and A > 1. 


Any quasi-monotonic sequence has bounded increase, but not con- 
versely; if 0 <b <a, < B for all n, then {a,} has bounded increase. 
So also for the sequences a, = n” for any real number p. If {a,} and {b,} 
have bounded increase, so does {a,, b,,}. 


The generalization of Theorem A is 


THEOREM B. /f Sa, converges and {a,\ has bounded increase, then 
lim na, = 0. 


n--x 


Quart. J. Math. Oxford (2), 6 (1955), 128-31. 





nat 


con 


Th 
rel: 
ob 
) wh 


the 


de 
Ph 
de 
be 
lit 


of 
le 

w 
fA 


e 





0’, 


‘ned 


dn- 


4/ 





rr 


—- 





SOME REMARKS ON TAUBERIAN CONDITIONS 129 
Rather than give the simple and direct proof of this, I prefer to 
approach it from a different direction which will cast more light on the 
We first observe that, if ¥ a, 
converges, then (with no restriction on {a,}) 


nature of the restriction imposed on {a,}. 


' _ le 
(C’,1)-lim na, = lim S ka, = 0. 
n-+-x n—>o Il i 


This suggests that we are actually dealing with a Tauberian situation 
relating to Cesaro summability. Put S, = na,. Then, if {S,} were to 
obey the proper Tauberian condition, we might conclude that limS, = 0, 
which is the conelusion of Theorems A and B. 


THeoreM ©. Jf (C,1)-limS, = 0 and {S)} is of bounded increase, 


then lim S,, 0, 


n 

The condition on {S! is not a standard one, and the theorem itself is 
deceptive, for 0 cannot be replaced by any other value. For example, 
§ = 2+(—1)” is Cesaro-summable to 2 and is of bounded increase, but 
does not converge. The reason for the special nature of the limit is to 
be found in the following result, whose proof appears elsewhere (1): if 
lim inf S, 0 and (C,1)-limS, = 0, then {S,} converges to 0 on a set 
n> 


of indices of unit density. 


Using this result, we reduce our considerations to the following prob- 
lem. Suppose that a sequence {S,,} is known to have a sub-sequence {S, } 


ni 
which converges toa limit L. What additional conditions on the sequence 
{S,} and on the mode of distribution of the terms of the sub-sequence will 
ensure that lim S, L? Wesay that L is a strong limit point for {S,} if 
there is a sub-sequence {S, } convergent to L for which r, ,,/r,, = O(1). 


THEOREM D. I/f 0 is a strong limit point for {S ' has bounded 


ns 


’ 6 
‘ and iS 


n 


increase, then limS,, 0. 


Proof. Assume that r,,.,/r, <A for all n. Since {S,} has bounded 


“ 


increase, we may choose M and A > A so that 0 < S, < MS, whenever 
n<k <n. Given e, choose NV so that S, < « whenever n > N. Take 
any / r, and choose n > N so that 
) k Vn 4:3 Ar, Ar, 
Then, 0O<S, < MS, < Me, 
proving that lim S, = 0. 
k= 


At this point, we have completed the proof of Theorems B and C., 


3695.2.6 K 











R. C. BUCK 
Other conditions may also be used in Theorem D. Let us say that L 
is a very strong limit point for {S,,} if limS, = L where limr, ,,/r, = 1. 
rn== nx 
This includes the case of a sub-sequence of positive density, as well as 
more sparsely distributed sub-sequences such as 7, = n? or r, = nlo%", 
THEOREM E. /f {S,} has Las a very strong limit point and {S,} is slowly 


ns 


oscillating, then limS, = L. 


The property of being ‘slowly oscillating’ [(3) 125] means that for 
any « > 0 there exist numbers V and A > 1 such that |S,—S,| < e for 
all nm > N and all k with n < k < An, Choose N so that |S,—L) <e 


and r,,,,/", < A whenever n > .\. As before, if k > Ary and 


“n : : "n +1 ~ < Ar, 


then S.—L| < |S,—S, |+ |S, —L| < 2e, 


t 


proving that limS, = L. 
kao 
A one-sided condition may also be used. 
THEOREM F. If {S,} has L as a very strong limit point and obeys the 
U t { } y 


ns 


condition (n+1)S,,,,—nS, > —B for all n, then limS, = L. 


nx 


Ifn < k < m, then 


mS,,+(m—k)B > kS,, > nS, —(k—n)B, 


so that, choosing n = r; and m = r;,,, we have 
ist 9 P34 ’ "i 9 r; 
jg (" —1)B > s,—(1- 1) B. 
j "j "jel jet 
“° . Y . V3 . ° y . 
Since lim S, = L and lim-** = 1, the conclusion lim S, = L follows 
j-=« joan 7; kx 


J 
at once. 


Such ‘density’ Tauberian theorems have application outside the 
immediate area of series. 
THEOREM G. Let f be an entire function of exponential type ¢ <x 


which is bounded on the real axis, or, more generally, which obeys the 


condition ' 


[ 2-*log | f(x)f(—a)| dx < a. (3) 


Suppose that f has no zero among the positive integers, and obeys the 
inequality |f(n-+-1)| > 8) f(n)| for n = 1, 2,..., where & is a fixed positive 


number. Then, 


lim n-! log f(n) 0. 


n->« 
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SOME REMARKS ON TAUBERIAN CONDITIONS 131 
By the theorem due to Levinson (4), a function obeying (3) must 
satisfy |f(m)| > e-€” on a set of integers of positive density, for each 
« > 0. The sequence {S,}, where S, n-log'f(n)|, has then a sub- 
sequence of positive density which converges to zero. Since 
f(n+1)| > 8/f(n)|, 
we see that (n+1)S,.,—nS, > logs = —B. 
Applying the previous theorem, we have limS, = 0. 
nx 
| conclude with an observation made by the referee, which shows 
again that ‘bounded increase’ is a natural extension of ‘monotonic’, 


and ‘quasi-monotonic’. 


THEOREM H. Let {a,} have bounded increase, and let {r,,\ be an increasing 


n) 


sequence of integers such that 
a O(1). 


Then, > a, and > (r,,—r,,_1)a,, are either both convergent, or both divergent. 


nt 
I omit the proof, which follows the usual lines of the standard con- 
densation test. 
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A HYPERGEOMETRIC [IDENTITY 
By T. W. CHAUNDY (Ozford) 
[Received 22 December 1954] 
1. INa brief note? printed a few years ago I gave the formula [loc. cit. (4)} 


F(a,b:c:2) 


a e (€),(h tan—n-+1),_, RIT & b, 1+h/a (—2)" > 
a n'(e),, eS e,htan—n-+ 1, h/a 





n=0 
< K(et+tn,h+an:e+n;2), (1) 
where I now replace my original « by 1—«. I want to give here first a 
simplification and then an extension of this formula (1). 
The simplification is that, when eh = ab, we can reduce the order of th 
ils by the formula 
,j—n, a, 6b, 1+h/a 
(e+1)(h+an—n+1) ,F, 
e,h+na—n+1,h/x 
» 
,{/2—n, a+l1, 6+1 
(n—1)kh% " 
e+2,h+na—n+2 _ 
where ek = (e—a)(e—b). 

To prove this, notice that, for any 7 (which will in fact be an integer, 
positive or zero), the condition on h and the definition of / together give 
(a+r)(b+r)+kr = (e+r)(h+7r), 

while, evidently, 
rh+an—n+r)—n(h+ra) = (r—n)(h-+r). 
Multiplying these two identities by r—n, e+, respectively, subtracting, 
and rearranging, we get 
r(e+r)(h+an—n+r)—(r—n)(a+r)(b+r) 
= k(r—n)r+n(e+r)(h+ra). (3) 
Now multiply the first member of this equation by 


(l—n),_,(a+1),_,(b+1) 











aot § 4) 
r!(e+2),_,(h+an—n-+2),_, ( 
and sum from 7 = 0 tor = n. We get 
“ (l1—n),_,(a+1),_,(b+1),_, S (l1—n),(a+-1),(b+- 1), 
— (r—1)! (e+2),_.(ht+an—n-+-2),_, Hor! (e+2),_(h+-an—n-+ 2), ‘: 


0 
+ T. W. Chaundy, ‘Some hypergeometric identities’, J. of London Math. Soe. 
26 (1951), 42-4. 


Quart. J. Math. Oxford (2), 6 (1955), 132-4. 
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A HYPERGEOMETRIC IDENTITY 133 
which vanishes since there is zig-zag cancellation and the end-terms are 
zero. Thus, multiplying the second member of (3) by (4) and summing, 
we have 
, n),4(a+1),_,(b+1),_, 


o(1—2) are AE. so. 3 lied 
; (e+2), (k+an—n-+2),_, 





Mz: 


r 


SS (=n) (a +)),-(0-+ Dah +ra) 


7 5) re | a 
<~ ri (e+2), (h+an—n-+2),_, 








(e+1)\(h+an— n+1) Ss (—n),(a),(b),(A+-re) 
5 Sl th’ ms. he Bit a Bis | 
h <r! (€)(h+-an—n-+ 1), 
since ab = eh. This is the required identity. 

2. The extension of (1) is to hypergeometric functions in two variables. 
The elementary F on the left is replaced by an Appell’s function 
FY (a; b,b’;¢;x,y); that on the right by 

FYX(e+m+n,h+am,h'+Bn;c+m+n; x,y). 
The ,/, on the right I need to extend into the analogous function in two 
variables (which are each given the value unity). For this I use the 
notation 


Pr a; by, by, bg: by, be, bs: ny 


~ ~ (2) mn in(91) (Oe in (O- snl bi), (Bg), (03), 


. . "ie wa (5) 
(C)m +n m (¢ )m(C2)m n Cy) n(Co)p 





m=0n=0 
in which the semicolons separate the parameters with respective suffixes 
m+n, m,n (and I have displaced m!, n! to preserve the pattern). In this 
notation I should write, for instance, 


Fl® b,b ms y| 


c 





for Appell’s F(a; b,b':c; x,y). The extension of (1) is, then, 
° } ° ie 
r|* vst ‘en | 
‘ 


ah’ S ~ ((€)m+n(h+am—m-+ 1),,_1(h' + Bn—n+ n-1y, 


nin! ie 





cae cae 
m On 0 
ta: m, 6, I+h&/a: —nx, 86’, 


e h+am—m-+l,h/x h’+Bn—n- - - 


e+m+n:h+ amin reel. (6) 


cC+m-—-n 














134 A HYPERGEOMETRIC IDENTITY 
The proof is on all fours with that given originally for (1). Picking out | 

the coefficient of (a) 51 - (b) (b’) x M! N! 

on the two sides of (6) we need to prove that 


aMyN/(c) yy (h+aM)(h'+-BN) > 


x 


< ((E)mn(h Fam —m-- 1), (h'+ Bn—n+1), ly 
wh i m! n! (C)n tn ’ 
. (=) (2) 
(€) ypa.n(h+am—m-+1),,(A'+Bn—n+ 1), 
plete +n:h-+-am:h'+-Bn: ae 
c+m+n ite) | i 
Write m M-+r,n = N+s. Then we want 
l (ht+aM)(h'’+BN) x 
J y = [(C+M+N),.fh+0(M+r)—r+1},_{h'+P(N+8)—8+ lh, , 
— >, r!s!(c+M--N),,, 
: Je+M+N+r+s:h+a(M-+r):h'+B(V +s): 1) 
Vv —y) . 8 f x, e 
| ry(—Yy) we 1.N+t7r+gs iad | 


When we take the terms independent of y or independent of x in this, 
we get the corresponding formula in one variable already proved in the 
original note. We thus need only to pick out on the right the coefficient 
of any x”y5 (R, S > 0) and to prove for it that 


rk S ‘he y . 
o= YY tert Uaath'+ BW +8)—8+ Ys 
a r!s!(R—r)!(S—s)! 





— 
r=0s=0 
But the double sum on the right is the coefficient of 2”-1y5-! in the 
expansion in ascending powers of x, y of 
(RS)-(1—a)-h +a] — y) BN] — (1 — xl] — (1 —y) 1-8 


is 
' 


and this is evidently zero since the lowest power on the right is «“y’. 
It is fairly obvious that by an analogous proof we could extend 
(6). mutatis mutandis, to hypergeometric functions in any number of 
variables. 
I do not see in these extended cases any possibility of simplification 
in the hypergeometric factor on the right similar to that given in § 1. 
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ON LIMITS OF THE AREA OF A POLYGON 
INSCRIBED IN A SIMPLE CLOSED CURVE 


By A. 8. BESICOVITCH (Cambridge) 
[Received 3 January 1955] 


GIVEN a simple closed curve [ we shall call a finite sequence Cj, C,..., C,, 
of points on it monotone if the points are met in order of increasing or 
decreasing suffixes when we describe [ in a constant direction. The 


polygon ©, C)...C,, C, will be called inscribed in T if the points C,, C4,..., C,, 
form a monotone sequence on [. If [ is convex, then any inscribed 
polygon is simple, i.e. has no double points, but in the general case this 
isnot true. The points C,, C4,..., C,, divide T into n ares subtended by 
the sides of the polygon. When we speak about an inscribed polygon 
with small sides, then we always mean that all the arcs subtended by 
the sides of the polygon are also small, i.e. of small diameter. 

We prove the existence of inscribed simple polygons all of whose 
sides are small as follows. Given a positive « there is a positive 5 such 
that any chord of the curve whose length is less than 6 subtends an are of 
the curve of diameter less than e. Suppose that the sides of an inscribed 
polygon ©, C)...C,,C, are all less than 8, and that two sides C;C;,, and 
C;C;.,(j > t+-1) meet. Then at least one of the two chords C; C;, C; ., Cj. 
isless than 6, say C;C;. Then for small 4 only one of the two ares C; C; ,;...C; 
and C; C; ,,...C;issmall, say the first one. Then all the sides of the inscribed 
polygon C\...C;C;...C,, C, are less than 6, the ares subtended by the sides 
have diameter less than e, and the number of sides is less than n. If the 
sides of this polygon do not meet, then it is what we want; otherwise we 
apply the same argument as before to the new polygon and we shall 
arrive ultimately at a required polygon. 

Our problem is to find the limits of the area of a simple polygon 
inscribed in a simple closed curve T as all the sides tend to zero. We 
shall need two lemmas. Given a plane set & and 6 > 0, the symbol {3, &} 
will denote the set of points of the plane distant less than 6 from é, but 
not belonging to 6. The Lebesgue two-dimensional measure of a set U’ 
is denoted by |U 

LemMa 1. Given a bounded closed set &, \{5,E6}| is small for small 3. 

We shall want this lemma only for the case when ¢ is a simple are or 
asimple closed curve. 


Quart. J. Math. Oxford (2), 6 (1955), 135-42. 
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BESICOVITCH 
LEMMA 2. A small chord of a simple closed curve divides it into two arcs, 
one of which is small. 


The two lemmas are well known and we have already used the second 


one. 
Let [ be a simple curve. Denote by G the domain interior to [ and 
by G the closure of G, i.e. the set G+T. Similarly @’, G’; @’,..., are 


defined corresponding to the curves [’, [”,..... Denote by II(A) any 
simple polygon inscribed in T all of whose sides are of length less than A, 

THEOREM 1. limsup I(A)| < !G@|,  liminf |II(A)| > |@|. 

A—0 A—0 

Proof. Given « > 0, let 6 > 0 be such that |{6, 0}! < «. Further let 
A > 0 be such that the smaller are of [ subtended by a chord of length 
less than A is of diameter less than 6. The points, if any, of G that do not 
belong to II(A) lie between sides of II(A) and ares subtended by these 
sides and consequently are all within 6 from [. Hence the part of @ 


belonging to II(A) has area exceeding |G|—e. Thus II(A)) > G@ —~e. 
Similarly |I(A)| < |@ +e. 


CoroLuary. Jf |) = 0, then the limit of \I1(A)|, as A + 0, exists and is 
equal to |G G). 


Remark. When I contains linear segments, then II(A) may have 
several consecutive sides lying on the same segment. The vertex between 
two such sides will be called a nominal vertex, and any other vertex a 
genuine vertex. 


Suppose that I’, always a simple closed curve, consists of the arcs 
A, Ag, A, As,..., A, A, 


each of them convex outwards or each of them convex inwards. We 
say that [ is arc-wise convex outwards or inwards respectively. Such 
curves are obviously of finite length. We call the points A,, Ay,..., A, 
the junctions. I shall show that for any A > 0 there exists a IT(A) such 
that none of its genuine vertices is an interior point of any segment 
belonging to [ if such segments exist, and that all junctions are among 
its vertices. On every arc A; A;,, (A,,,, being A,) take a pair of points 
A’, A;., so that A;, Aj, Aj, A;., is a monotone sequence and the ares 
A, A‘, A;,,A;,, are of length less than A. If, for all i, the points 4%, 4; 
are sufficiently near A;, then there exists a 6 > 0 such that for any i the 
distance between the arc A; A; , and the sum-set of the are A ;,,...A,,...4; 


and the chords A;,,Aj.1, Aj. 2Aj.2, Aig Aji 9,---, 4; A; exceeds 5. Let 
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ON THE AREA OF A POLYGON 137 
C4 A; Cias-0e9 Cp x, A. 


i> “i,2 i+ 


, be a monotone sequence of points of the 
arc A? A’. , dividing it into sub-ares of length less than min(46, A). Then 
the sequence of n sets of points A;,C;,,C;9,.-., C4, (¢ = 1, 2,...,m) form 
a monotone sequence on I’, and the polygon II(A) whose vertices are the 
points of this sequence is simple. If any of its genuine vertices are inner 
points of linear segments belonging to I’, then add the end-points of all 
such intervals to the vertices of II(A), and the new polygon will satisfy 
the required conditions. 

For the general case, when |G! > |G|, we shall construct an ‘inner 
arcwise convex envelope’ and an ‘outer arewise convex envelope’ of I’. 
Take 6 > 0 such that the diameter of one of the two ares subtended by 
any chord of length not exceeding 48 is less than ;4dl°.t Denote by C(8) 
the set of all circles of radius 5 whose interior belongs to G and whose 
boundaries meet [ in at least one point. An open arc of [ of diameter 
less than ,4dl whose end-points are on the same circle of C(5) is called 
a circumscribed arc. If a pair of points of a circle of C(5) belongs to I, 
then, by the definition of 5, one of the ares of [ between these points is 
a circumscribed are. The set of centres of circles of C(8) coincides with 
the set of points of G distant 8 from T. 


LemMA 3. If no circle of C(d) passes through a point P of 1, then P 


belongs to a circumscribed are. 
Take on [ points P,, P, from two different sides of P such that 
duPP, = dvPP, = ;,ar. 


Let E,, FE, be the domains of points of @ distant less than 6 from —vPP,, 
vPP, respectively, and F,, F, be their outer boundaries (£,, £, need not 
be simply connected). Further let F,, F be the components of F, G, F, G 
respectively running from the are PP, to the are PP,. Since F has 
points inside F, and outside it, there is a common point O of F4, F; 
0 is distant 5 from each of the ares PP,, PP,:; let P, P be points of 
PP,, PP, respectively distant 6 from O. Obviously OP, > 6, for other- 
wise the are P, P P, would be subtended by a chord of length not exceeding 


28, which is inconsistent with the fact that 
duP, PP, > dP, P iar. 
Similarly OP, > 6 and OP, > 6 for any P, on T outside the are P, PP. 


Thus the circle c(O, 5) (of centre O and radius 8) belongs to C(8) and passes 


d stands for ‘diameter’. t vu stands for ‘are’. 

















138 A. S. BESICOVITCH 
through P}, P3. Since P is not on c(O,5), each of the points P}, P% is 
different from P, and thus P is an interior point of the circumscribed 


are P, PP3. 


Lemna 4. [facircumscribed arc P, PP, subtends an arc of angle exceeding 
7 of a circle of C(8), then either it subtends an arc not exceeding 7 of another 
circle of C(d) or it is a true part of another circumscribed arc. 


We take the ares P, P, and P, P, of diameter jd0 outside P, PP, and 
consider the inner domains F,, £, of points of G distant less than 6 from 
P, P,, P, P; respectively. Then by an argument similar to one employed 
in Lemma 3 we arrive at the proof. 

It is easy to see that, if two circumscribed arcs overlap partly: that is, 
so that no one of them is included in the other one, then they are circum- 
scribed about the same circle of C(5), and thus their sum is itself a 
circumscribed are. From this it follows that, if the are P, P, is the sum 
of a set of circumscribed ares, then P, P, is itself a circumscribed are. 
For obviously P, P, is an open are. Let PP) be any closed are included 
in P, P,. Then by the Heine—Borel theorem it can be covered by a finite 
sequence of partly overlapping circumscribed arcs belonging to P, P,. 
Hence P{ P3 is included in a single circumscribed are which itself is 
included in P, P;. We arrive finally at the required conclusion by a 
limiting argument. Write now I’ = A,+<A,, where A, is the sum of all 
circumscribed arcs and A, the rest of [. The set A,, being the sum of 
open sets on I’, is itself an open set and can be represented as the sum 
of disjoint open ares of [. By what has just been shown, each of these 
ares is itself a circumscribed arc. Thus I is represented as the sum A, of 
disjoint circumscribed arcs each subtended by an arc of a circle of C(&) of 
angle not exceeding 7, and the set A, through each point of which passes a 

circle of C(8). 

We shall now construct an inner arc-wise convex envelope of [’. Define 
7» > 0 so that the chord of any are of [ of diameter not less than 6 and 
less than dl exceeds 4n. Obviously 7 < }6. 

We shall now divide [ into a finite number of sub-ares. First, all the 
ares of A, of diameter not less than 7» are taken for such sub-ares, and 
then the rest of [ is divided into sub-ares of diameter less than 7» by 
points of A,. Suppose that the subdivision points form a monotone 
sequence A,, Ag,..., A,, A,.,; = A,;. From every point A; draw the 
radius A; B; of a circle of C(d) passing through A;: in the case when 
A; A;,, is a circumscribed are the radii from A; and A;,, are those of 
the circle whose are of angle not exceeding z is subtended by A; A;,,, 








80 
are 


rac 


Ps is 


‘ibed 


ding 
athe rT 


and 
rom 


ved 





ON THE AREA OF A POLYGON 139 


so that B;, B;,, coincide. If A;_, A; and A; A;,, are both circumscribed 
arcs, then from A, two different radii A; B;, A; Bj are drawn. A pair of 
radii A; B;, A; B; (i <j) do not meet unless j = i+1 and 4;4;,, is 
a circumscribed arc, for otherwise at least one of the inequalities 
A, B; < 6, A; B; < 8 would be true, which would mean that at least one 
of the points A,;, A; is inside a circle of C(5). We shall now define the 
convex hull of the are A; A;,, from inside T. If A; A;,, is not a cireum- 
scribed arc, then consider the simple are B; A; A;., B;., formed by the 
radius B;A,;, the are A; A;,,, and the radius A;,, B;,,. The set 
th, vA;Aj;.,} (O< h <8) 

of points of the plane whose distance from the are A; A;,, is less than h 
is divided by B, A;A;., B;,, into two domains. One of them contains 
points of @ in any neighbourhood of every interior point of vA; A;,,, 
and the other does not; denote by (hk, vA; A;,,) the first one. For h < 4y 
we have (h,A;A;.,)c G. For suppose a point A’ of T° belongs to 
(h, A; A;,,) and let A” be the point of A; A;,, nearest to A’. Since the 
radii A, B;, A;,, B;., are met by T only at points A;, A;,,,, each of 
the two ares into which [ is divided by points A’A” embraces one of the 
radii A; B;, A;,, B;,,, and thus the diameter of each of them exceeds 6. 


Hence the chord A’A” > 4y, which is a contradiction. An immediate 
corollary is that, when h < 2n, the sets (h,vA;Aj;,,), (h,vA; Aj.) 
have no points in common for i # j. Consider the set consisting of the 


are A, A,,, and of the chords joining any pair of points of the are A; A;,, 
and totally belonging (the chords) to G. The boundary of this set from 
the inner side of B; A; A;.,, B;., is the convex hull of A; A;,,. If the are 
A ;A;., is itself convex inwards, then it coincides with its hull. If the 
chord A, A;,, is included in G, then it is the convex hull. If neither of 
these two cases takes place, then the convex hull consists of some straight 
segments and of some points of the are A; A;,,. In all cases A;, A;,, are 
the end-points of the hull. Since dvA;A;,, < 9 and vA; A,,, is outside 
c(B;,8), we have, for any point A of the are A; A;,,. 
angle(A; B;,A;A) > are cos 1 ~ are cos i. 
20 

Thus the inner one-sided tangents of the convex hull at the points A ;, 4; ,, 
form angles exceeding are cos } with the radii A; B;, A;,, B;,, respec- 
tively. Obviously the convex hull of A; A;,, is included in (9, vA; A;,,) 
and consequently convex hulls of any pair of ares that are not circum- 
scribed ares have no common interior points and, if the arcs are not 


adjacent, no common points at all. 
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If A; A;,, is a circumscribed are, then the chord A; A;,, is its convex| of 





hull. Thus convex hulls of all ares A; A;,, have been defined: they are } ch 
all convex inwards. The convex hulls of all the ares A, Ay, A, Ag,..., A, A; (T, 
form a simple arewise convex (inwards) curve I’ called an inner 5-envelope | an 
of [. We have G’c G. All the junctions A,,..., A | 
of T and I” and so are all the points of I’ that are not inner points of | 


straight segments possibly belonging to convex hulls of ares | 


(or o 


are common points 


n 


We see that I’ is obtained from T° by replacing certain sub-ares of [ by 
their chords which totally belong to G and are of length not exceeding 


as 6 > 0. Similarly an outer 5-envelope [” of T’ is defined as an arewise 


25. T’ is always of finite length. By Lemma | and Lemma 2, |G’ > Gj, | 
convex (outwards) simple curve which satisfies the condition G” > G and | 


is obtained from [ by replacing some of its sub-ares by their chords which 


are totally outside G and are of length not exceeding 25. [” is of finite 
length and |G” Cl => 16). an 8 > 6. 
Given « > 0, choose 6 > 0 so that 


G—G'| < He, G"—G E 


for an inner 6-envelope I’ and an outer 6-envelope [°”. It was shown 

before that for any A > 0 simple polygons I1’(A), I1”(A) can be inscribed 

into I’, !” respectively so that none of their genuine vertices is an interior 

point of a linear segment belonging to I’, [”. For A small enough 
I’(A)| < |G’|+4e, I1”(A)| > |@"|—e. 

Hence IT’(A)| < |@\+e, I”’(A)| > |Gl—e. 


But all the genuine vertices of I1’(A), IL"(A) are on I’. Thus II’(A), II"(A) 
are inscribed in T too, and their sides are of length not exceeding 28. 
Thus we have that for a polygon II(A) inscribed in [ 


liminf |M(A)| < |@!, — limsup |II(A)| > | 4, in: 

A-0 A+0 ' on 

which together with Theorem | leads to Tl 
ae ‘ a 1 

THEOREM 2. liminf |IT(A) G\ and limsup |II(A) G). 2 

r ‘ ry ra ¥ ° bis i of 
THEOREM 3. Any number Gi+a(0<a< |G G)) is a limit value ye 
of the area of an inscribed simple polygon. al 
( 


The idea of the proof is this. Divide [ into two ares ABC and CDA so | px 
that |\-A BC x and form Ij, of the outer arewise convex envelope ofthe | or 
are A’ BC" included in A BC and nearly equal to it, of the inner envelope 
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vex| of the are C”DA” included in CDA and nearly equal to it, and of the 
are chords A’A”, B’B”. For a proper choice of the points A’, A", C’, C” 
A, |[, is a simple curve. Then we find a polygon I1,(A) inscribed in both [;, 


ope | and T’ and of area nearly equal to G+a. 
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In conclusion, consider limits of the area of polygons C,C,...C,,C, 
inscribed in a simple curve T’, where C,, C4,..., C,, is a monotone sequence 
on I but the polygons are not restricted by the condition to be simple. 
The area of such polygons will be defined by the value of the integral 
1 | (xdy—y dx) taken along the boundary of the polygon in the direction 

: of increasing suffixes of vertices assuming that this direction coincides 
ue 


with the positive direction on T'. Then there are simple curves for which 
all the real numbers from —cx to +c are limits of the area of an inscribed 
80 polygon. That can be seen from the following phenomenon represented 
he on the diagram. Suppose that T has a large number of thin horns of 
pe | considerable convexity very close to each other and ‘almost parallel’, 
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such as C, C, C0; O,, C;...C,,... and that the points C,, C,,... are consecutive 
vertices of an inscribed polygon. This polygon is not simple and the 
integral $ | (a dy—y dx) along sets of three consecutive sides C, C, C; C,, 
C,; Cy C; C,,... is approximately equal to the area of the triangle C, C, C;C,, 
so that, if there are many such horns, their contribution to the area 
will be large. If we have sets of such horns of decreasing diameters in 
sufficient numbers and also sets of horns with convexity directed to the 


opposite side, then there are inscribed polygons of sides as small as we 


please whose area is any given real number. 
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A NOTE ON THE VARIETY OF GHERARDELLI 
By A. ZOBEL (London) 
keceived 21 January 1955] 


1. [nN this note we shall be concerned with the irreducible non-singular 
variety W whose points represent unexceptionally the oof second-order 
curve elements (F,) in the plane as defined by E. Study (1). W was first 
constructed by G. Gherardelli (2), and again from a somewhat different 
point of view by J. G. Semple (3). Algebraic bases for curves and three- 
folds, but not for surfaces, on W were found by Gherardelli [(2), 824]; 
I propose here to employ the method of degenerate collineations, in the 
manner of B. van der Waerden (4) and W. V. D. Hodge and D. Pedoe 
((5), 141 ff., 197 ff., 337 ff.], to obtain a base also for surfaces on W. 

I am much indebted to Professor J. G. Semple, whose lecture to the 
1954 British Mathematical Colloquium provided the stimulus for this 
investigation, and to Dr. D. B. Scott, whose constructive criticism 


assisted greatly in its completion. 


2. The following results, relevant to our purpose, are due to the first 
three authors quoted above and to F. Severi [(6), § 59]: 

(i) The line elements (£,) of the plane can be represented by a non- 
singular threefold U’ on which algebraic bases for curves and surfaces 
are for > "AS »etively r aire ‘ y y - “rea 
are formed respectively by the pairs g,, g, and G,, G,, where 

q, represents the FE, with fixed origin, 

g, represents the £, with fixed tangent, 

G, represents the £, whose tangents pass through a fixed point, 
G,, represents the £, whose origins lie on a fixed line. 

(ii) On W, the threefolds C, representing the cuspidal F,, and F, repre- 
senting the inflexional F,, are each a model of U. Hence an algebraic base 
for surfaces on F is formed by Q and L, defined in terms of inflexional F, 
as G. and G, are, respectively, in terms of F,. 

(iii) W consists of 0 lines ¢ joining points on C and F whose (respec- 
tively cuspidal and inflexional) associated #, have the same origin and 
tangent; the points of a line ¢ represent all £, with a given origin and 
tangent: that is, all , based on a given £,. The aggregate of the ¢ is 
thus birationally equivalent to U’. In the correspondence between LU 
and W relating each point of U to the appropriate ¢, g, and g, on U 


Quart. J. Math. Oxford (2), 6 (1955), 143-6. 
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correspond respectively to P, representing the /, with given origin, and 
R, representing the £, with given tangent, on W. Hence it follows from 
(i) above that P and R form an algebraic base for surfaces on W com- 
posed of lines ¢. 

(iv) The coordinates in the space of W can be, as a matter of con- 
venience, divided into two sets X and Y which can be parametrized on 
W in the form 


z } TL, Up, XL. LZY ° 
atytetaYe | (a, b,c, d, e, j, m,n, p. g = 0, 1, 2), 
} ’ SY:Y,, Y, Y, 2 
7 JJ ImMIn. pa 
x.¥ 0 
where X = (2%, 2,2) and y = (¥, ¥;, Yo) are respectively the origin and 


tangent of the £, represented, and 7:s is a position parameter on the 
appropriate ¢ such that r = 0 on F and s = 0 on C. The pair (X,Y) 
forms a single set of homogeneous coordinates which is also, on W, 
separately homogeneous in (r,s) and in the pair (x,y), but not in x or 
y alone: in this sense the parametrization is improper.t 

3. If (X’. Y’) isa point of W, the point (kX’, Y’) also lies on W, what- 
ever the value of /: in fact, unless X’ = 0 or Y’ = 0, the totality of 
such points forms the linet through (X’, Y’). Consequently the equations 

(yy — 
g;(X, Y) © {j= I, 3....) 
of W are homogeneous in X and Y separately. Thus a collineation A (kh) 
of the form , , , 
X* = EE, ¥* = ¥ 
leaves W invariant unless k = 0 or ~, i.e. provided that A(k) is non 
singular. 

If (X", Y’) satisfies the (homogeneous algebraic) equation f(X, Y) = 9, 
then (£X’, Y’) satisfies f(X,kY) = 0. Thus a variety S on W with 
equations py . 

" g(X,¥) =f(X,Y¥)=0 (i = 1, 2...) 
is, for fh 0 or «, transformed by A(k) into a variety S(k), also lying 
on W and given by 

g( X,Y) = f{X,kY) = 0. 

Suppose now that S is an irreducible surface not lying on C, and let 
AK be a straight line with generic point («,1). Since S S(1) is irre 
ducible, so is S(«) with generic point, say, § — (E,H). Let 7' be the 
correspondence between W and & determined by the pair (€, «); since 


4 full account of the derivation and properties of this parametrization 1s 
given by J. G. Semple [(3), 29-31]. 
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nd ° ° o. * P ° ° —s 
T has a generic point, it is necessarily irreducible. By definition of S(x), 
ym .- : 
, «K) satisfies ons - 
m- 4 g(=,H) = f(E,«H) = 0: 
hence, if z = (X, Y), any proper specialization (z,k) of (0, «) satisfies 
wl g,(X, ¥) = f,(X, k¥) = 0. 


°F |In particular, if S’(0) is the variety of points z such that (z, 0) is a proper 
specialization of (§,«), ie. the variety on W corresponding under 7’ to 





the specialization « — 0, then S’(0) satisfies the equations 
g,(X, Y) = f,(X,0) = 0. 

Also, following an argument due to Hodge and Pedoe [ (5) Ch. XT, § 6], 
nd | the Cayley image of S(«) is a generic point, with coordinates t which are 
he |by definition of S(«) rational functions of «, of a curve J whose points 
Y) | are given by the specializations of x. Thus in the correspondence between 
W’,| J and K defined by the pair (t,«) a unique point of J corresponds to 
or jevery point of A, and in particular to the point (0,1) of A. For k = 0 
r 0, the point of J corresponding to (k, 1) on A is the Cayley image of 


t the surface S(k), and in particular k 1 gives rise to the Cayley image 
of if S; we write S(0) for the surface whose Cayley image is the point of / 

corresponding to k 0. 
ns . 

Then owing to a theorem proved by Hodge and Pedoe [| (5) 115, Th. II 

S(0) = S’(0):; thus S(0) is a surface on W, equivalent there to S, and 
k) | satisfyi 
-) | satisfying — — 

sfyiny g(X.¥) = f,(X,0) = 0. 
| 4, Suppose now that X’ = 0, and that 

n 


g;(X’, Y’) = f,(X’, 0) = 0; 

). | then, taking into account the separate homogeneity of the g; in X and Y, 
th | we see that the point (X’, 0) satisties 

g;(X, ¥) = f,( X.Y) = 0. 





- | Thus, if (X’, Y’) lies on S(O) but not on F, then (X’,0) lies on S. Since 
| X’,0) is the point of C on the line ¢ passing through (X’, Y’), it follows 
that all points of S(0) not on F lie on the oo! lines ¢ meeting the inter- 

. | section curve of S and C; hence and since S(0) is a surface, any compo 
. | nent of S(0) not on F is composed of lines f. S(O) being equivalent to S, 
al it follows now from (ii), (iii) of § 2 that S can be expressed, by means 


of an algebraic equivalence on W, in terms of P, R, Y, L. 

The only restriction on S, apart from its irreducibility, was that it 
should not lie on C. Suppose then that S does lie on C; and let 8S’, S+S8 
be the respective intersections of W with two pairs of primals of order » 


3695,2.6 I 
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such that each member of the second pair passes through S. Then, since 
W is non-singular, S’ and S” are irreducible and do not lie on C if n is 
taken large enough and the primals are chosen with sufficient generality, 
Thus, even if S does lie on C, it is equivalent on W to the difference of 
two irreducible surfaces neither of which lies on C; and taking into 
account the previous result we conclude that 


P, R, Q, L form an algebraic base for surfaces on W. 


5. It is easy to show by means of the intersection determinant that . 
the base just found is minimal in Severi’s sense | (6), § 6]. For, if (V, V’) 
is the virtual intersection number of V and V’ on W, and v is used to wee 
denote purely virtual numbers, then ee 

(P,P) (7.2) OQ tPF.) | 0 0 1 Of son 
| (R,P) (R,R) (RQ) (RL) i |9 0 0 l = the 
1(Q@,P) (QR) (Q.Q) (Q,L)| [1 Ov v \ 

(L,P) (£,R) (L,Q) (L,L) 0 1lviv ma 


which proves the result. The numbers given represent actual inter-| "lf 
sections, and can thus be verified without difficulty. It can also be 


shown that (Q, Q@) = —3,(Q, L) = 0,(L, L) = 3; but, since these results} by 
are not required for our purpose, the rather lengthy proof would be out] cor 
of place in the present context. pre 


It should finally be mentioned that, as an alternative to Gherardelli’s} for 
approach, the method employed here could be used equally well to find} of 


the bases for threefolds and curves on W. pre 
sul 
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VAN DER CORPUT’S METHOD AND THE 
THEORY OF EXPONENT PAIRS 


By R. A. RANKIN (Glasgow) 
[Received 25 January 1955] 


1. THE results given in this paper were obtained in 1945+ during the 
course of some work done on van der Corput’s method. Since there has 
been a revival of interest in the method recently and since the results I 
give are easily applicable to a variety of problems in the theory of 
numbers, it may be of interest to put them on record. The proofs are 
somewhat long and involve much rather heavy algebra; for these reasons 
they are omitted. 

Van der Corput’s method of approximating to trigonometric sums 
makes use of two processes A and B. Each process replaces a given 
trigonometric sum S = FF e2mifin) 


1 _ 
acn<b 


by another sum S, involving a different function. In effect, process A 
consists of a suitably chosen application of Schwarz’s inequality, while 
process B corresponds to an application of the Poisson summation- 
formula and yields an approximate functional equation for S, in terms 
of S,. Process B when applied twice transforms S, back into S,, but 
process A can be applied as many times as desired and yields a different 
sum at each application. 

Many of the estimates of error terms in problems in the theory of 
numbers arise from a suitably chosen sequence of applications of the 
two processes to a certain trigonometric sum. In work of this type 
the actual sequence chosen by the author may seem haphazard, and 
the reader may suspect that a different sequence might give a sharper 
estimate. I show that this is, in fact, the case and that any estimate 
obtainable by a finite number of applications of the processes A and B 
can be improved by choice of a different sequence. On the other hand, 
there does exist, as a limiting case, a best possible estimate for the method 
which cannot be improved upon. 

Van der Corput’s theory of exponent pairs (15), or exponent systems, 
as originally developed, replaced a given exponent pair by a number of 

+ With the exception of V and VI of § 4, which relate to more recent applica- 
tions of the method. 


Quart. J. Math. Oxford (2), 6 (1955), 147-53. 
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others so that, at each application of the processes A and B, the number 
of exponent pairs increased and the predominating exponent pair might 
not be discovered until the final stages of the investigation. Phillips (5) 
introduced a great simplification in the theory, without lessening the 
power of the method, by showing that only one exponent pair need be 
retained at each stage. For this reason I use his form of the theory. It 
may be noted here that Phillips’s process A%, obtained by iterating A 
q times, is more powerful than van der Corput’s process A, (which is not 
an iteration) for g > 1, the two processes being identical for gq = 1. 
This means that there is no advantage in using A, rather than A’. 

A more recent form of the method is due to Titchmarsh (11, 12, 13) 
and makes use of two-dimensional sums. In the problems where it has 
been applied, Titchmarsh’s method provides sharper estimates than 
those given by the results obtained here. However, the method has not 
yet been formulated into a readily applicable theory of exponent triples, 
so that each problem has to be considered on its own merits, and the 
special properties of the functions f occurring in the sums at each applica- 
tion of the various processes have to be considered. 


2. Definitions and notation 
A pair (k,/) of real numbers is called an exponent pair if 
0<k<}h, tale 1, 
and if, corresponding to every positive number s, there exist two numbers 
r and ¢ depending only on s (r an integer greater than 4 and 0 < ¢ < }) 
such that the inequality 


Y eri) = O(zkal) 
n 


a b 


holds with respect tot s and wu when the following conditions are satisfied: 


u> 0, l<a<b<au, y>o z= ys" > I, 


f(n) being any real function with differential coefficients of the first r 
orders in the interval a < n < b (a, b are integers), and 
f?+Y(n)—(—1)’ys(s+-1)...(s+-p—l)n-*-") < cys(s+-1)...(s+-p—l)n? 
fora<n<b,0<pcr-l. 
It follows immediately that (0,1) is an exponent pair since 
> et) < b—a < au = uz"a. 
acn<bh 
It may be noted that z is effectively f’(a). 


i.e. the constant implied by the O notation depends only on s and wu, 
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By an application of the A-process Phillips (5) showed that, if (x, A) 
is an exponent pair, so is (k,/), where 


K : A 


2(1+-K) 27 2(1+«)' 


By applying the B-process he showed that, if («,A) is an exponent pair 
and if 2A+-« > 3, then so is (k,1), where 


k = A—1, l= «+4. 
We write these results as 


z a a. A A(«,A), (A—4,«+4) = B(«,A). 
2(1+K«) 2 2(1+«) . ‘ 
The operators A and B always act towards the right. Iterates of A we 
denote by A*, A, ete. The restriction 2A+« > 3 is unimportant as it 
is always satisfied by exponent pairs to which the process B is applied. 
In several problems to which van der Corput’s method can be applied, 
the best estimates of error terms arise when an exponent pair (4,/) is 
chosen for which /+/ is as small as possible. Thus, in the circle and 
} and the 


sy 


divisor problems, the exponent in the error term is k+/— 


familiar indices 4, 33; (actually 483), 23, and 32° arise from the sequences 
A B, 


ABA,BABAB_ [van der Corputt (15)], 
A BAB  [Nieland (4), Titchmarsh? (10, IT)], 
A BA® BA*BA*B [Phillips (5)]. 


3. Statement of results 

We regard each exponent pair as a point (4,/) in two-dimensional 
Euclidean space and investigate the set of all points obtainable by 
applying the processes A and B to (0,1). We make use of a further 
‘convexity’ process C which asserts that, if (4,,/,) and (A4,,/,) are exponent 


pairs, so is («,A), where 


Kk = th,+(1—bhk,, A= tl,+(l—dl, 


and ¢ is any number satisfying 0 <¢ < 1. The proof of this is obvious. 


+ The operator A, is van der Corput’s variant mentioned earlier. If A* is 
substituted, a lower index ,%) arises. Similarly, Titchmarsh’s operator Aj is less 
powerful than A‘, but in this particular sequence gives a lower index than A‘ 


would give. 
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Let S, denote the set of all exponent pairs (4,1) which can be obtained 
from (0, 1) by use of a finite number of the processes A, B, and C. Then 
Sp contains the straight line segment [, joining (0, 1) to (4,3) = B(0, 1). 
The set of those points of S, which do not lie on I, we denote by S. Then 

(i) S is a convex, open set of points. 

(ii) S is symmetrical about the line L whose equation is 

y= 2x+4. 

(iii) the boundary of S consists of [, and a curve [ which joins 
(0, 1) to (4, $) and lies in the triangle formed by the lines [), x = 0, y = }; 

(iv) the curve T° is composed partly of segments of straight lines. 
One such segment, o say, crosses the line Z and contains the two points 
Q (ko,A9) and Q* (Aj—4,« 9+4) which are images in L (Ay > «,+}). 
Here (xg, Ap) is the limit of a sequence of operations A, B applied to (0, 1), 


or, what is the same thing, to (},#) = AB(0,1) or any other point of 
S,. In fact, 
(Kg, Ag) 


= ABA?.ABA.AB.AB.ABA.AB.AB.ABA.ABA.AB....(}, }). 


Here the operations have been separated into groups of the form A BA’, 
as in evaluating the limit a method was developed which, at each stage, 
replaced an operator P, by P,,, = P, ABA’; here r = 0, 1, or 2, and can 
be determined uniquely at each stage. If we stop at the tenth stage, we 
obtain 


(Ky9; Ajo) 
= ABA*.ABA.AB.AB.ABA.AB.AB.ABA.ABA.AB(}, §) 


141841 703527 
1019718? io19718): (1) 


(v) The segment o, which is part of ’, forms part of the line 


arty = }-+a, (2) 

where x = 0-32902 13568... . (3) 
More precisely, 

0-32902 13568 4 < a < 0-32902 13568 8... = Ky9+Ayo—}. (4) 


The line (2) is a tac-line to S. 
(vi) In particular, 
inf (k+l) = $+-4, (5) 
(k,1LES 
and, for any « > 0, (Ja+e, }x+ 4+) belongs to S and is an exponent 
pair. 
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Finally, we note that, where above we have stated that a method, MZ 

say, isnot so powerful as that used here, we mean that the set of exponent 
pairs (/,/) obtainable by M forms a subset of Sy. 


4. Applications 

The results stated in § 3 show that a limiting process can be applied 
to van der Corput’s method and in this way estimates can be obtained 
which are not improvable by choosing different combinations of the two 
processes while retaining the essential features of the one-dimensional 
method. 

I mention here various problems to which the results can be applied. 
The symbol e denotes any positive constant. 


(1) The circle problem. The method gives 


> 1=72+O(x%**), 
m?+nr<r 


which is inferior to Hua’s result (2) obtained by the two-dimensional 


method, 4 
> = 7#+0(x3 4 log® 8x), 
m?*+ni2<7r 


(Il) The divisor problem. The method gives 


> 1 = xlogr+(2y—1)r+O(x2**), 


— 
mn Tr 


which is inferior to Richert’s result (7) obtained by the two-dimensional 


method, . ; a - 
> 1 = rlogr+(2y—1)r+ O(a "6 log?*3z), 
mnawT 


but superior to the previous best estimate due to Nieland (4). 

(111) The order of ((4+-it). The method gives 

C(4+it) = O(\t/!2+) 
for large t. This is inferior to S. H. Min’s result (3) 
C(4+it) = O(|t|!592+¢), 

(IV) Piltz’s divisor problem for k = 3 

If d,(n) denotes the number of ways in which n can be expressed as 
a product of three factors, then 


> d,(n) = xf,(log x)+-A,(2), 

n r 

where f,(logx) is a quadratic polynomial in log x, being the residue of 
(3(s)a3-1/s at s 1. Atkinson (1) has shown that 


A;(2) O(x37'75+¢), 
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It is easy to show that his index 37 can be replaced by 


fe) 


M+k+I 
B= 0p’ 


where (k,/) is an exponent pair, provided that 101+19k > 9. Fo 
. e7 -¢ , atl, 
(k,l) = A(4, 3), B = 32; however, if we take (4,1) = A(3-+« ae } 
we get the better estimate 
7a+10 ‘ - 
Bp = —— + « = 0°49314 66...+-€. 
3(4 X-T 4 ) 
This can probably be reduced still further by choosing 8 so that the 
, ' 21+-k+1. ; 
straight line B = BRILL) is a tac-line to the curve I. 

(V) The number of abelian groups of a given order. If a(n) denotes the 
number of different abelian groups of order n, then Richert (6) has shown 
that A(x) = S a(n) = c,x+ce,2!+¢, 2) + O(a?" log? x). 

now 
Here the exponent ,§; arises as (k-+-1)/(k+-4), where (4,1) is an exponent 
pair such that / = 2k, and for the choice 
(k,l) = (2,4) = BA?B(0, 1). (6) 
We can now replace this by 
y+] P ” a+ 1 ” fc: = l | U i | 
——____ + ¢”, —"__1 2e”| — BA(4a+e’, Ja+4+€’) (7) 
2(a+2) x+2 2 ors 


and so replace the error term O(x*! log) 


by O(a +), 
3a+5 ae 
where B= ~ = (29993 519... 
9a+-17 


(VI) The distribution of square-free numbers. If q,, is the nth square- 
free number, K. F. Roth (9) has shown that 


__ f3/13 4/13) 
Gnai—An = Otn (log n)*}3} 


by using a result of van der Corput’s [(17) (II), Satz 3]. By using the 
theory of exponent pairs, Richert (8) has improved this to 


Insi—In = O(n?* log n). (8) 
Actually Richert’s method shows that 


Gnt+i— Gn _ O(n? log n), 
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where p = k/(k-+-1), and (k,/) is an exponent pair such that 1 = 2k. By 
taking the exponent pair (6) he obtains his result (8). If the exponent 
pair (7) is used instead of (6) in (9), we get the slightly better estimate 


Gn+1— dn — O(n7**), 


r+ 1 " 
where y = —— = 0-22198 216.... 


3a+5 
The results of § 3 can also be applied to estimate ((o+-it) for } < ¢ <1 
and to various mean-value problems for the zeta-function. 
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THE FUNDAMENTAL GROUP OF TWO 
SPACES WITH A COMMON POINT: (a 


} 
A CORRECTION 
By H. B. GRIFFITHS (Bristol) B 
al 
[Received 31 January 1955] hi 


8 

IN my paper “The fundamental group of two spaces with a common 
point’ [this Journal, 5 (1954), 175-90] the proof of Lemma 3.1 contains | ™ 
a fault on p. 184, line 21, where the use of Zoretti’s theorem presupposes fe 
that the set F there is connected. The correct procedure is as follows 
(with the same notation as before). 

The vertex v of the cone A has A—A as open neighbourhood. Hence 
there exists 5 > 0 such that U(F,5)<¢ A—A. Let the sets 


V, = U(z,,8/2), ae F (1 <i <n) 


be a finite covering of the compact set F and let the components of } 
K,UW,U...U, be Wi, Wy,..., W, where r <n and each W, is the union 
of certain of the J. Let d > 0 be the minimum distance between the W,, 
and let 7 = min(4d,}5). Applying Zoretti’s theorem to each connected 
set W;, let J; be a Jordan curve in U(W,,7) such that W, ¢ int J, = J,. 
Then J, ¢ U(F,8), so that ~J, < A—A—v. Orient J; like E?. 


7 ys ° - a 
In £?, we had previously chosen c € £? with ¢(c) = xe A as base 


point of homotopy groups. Let yu; be an are joining c to d; € J, and lying 
in E2—(J J, (1 <i <r), and let 6: E? + E? be the identity mapping. 
Then, by induction on r, we obtain 
0 = (uy A, pr \pedomg*)...(u,J,u, 4) rele in E?—Y J, 
so that 
f = PO = (A, DL, Ay )(Ag Le Az')...(A, L.A; 4) relx in Y—v, 
where 
A; = P(u,;), L;= #J;) (1 <i <r). 
We now apply the mapping ¢: Y—v > X, to get 
f = of = dbf ~ (4, Myrvy?)...(v, Mz!) relax in X, 
where 


$(A;) = v;, o(L)=—=M, (l<i<r). 


Quart, J. Math. Oxford (2), 6 (1955), 154-5. 
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Since A is path-wise connected, there is a path x;< A from ¢(d;) to x; 
whence, in X, 
(a) (v,M,vy?)...(v, Mv-1) = (vy, K,)Kz tM, «(v1 «,) ia 
...(v,«,)K, | M,«,(v,«,)— rel x. 

But (v;«;) is a loop in X, through x; while «;.M;«;* is a loop through 2, 
and in A since x; ¢ A and M, = dx(J;) < d(A—v) = A. Therefore the 
homotopy class of f in 7,(X) contains the right-hand member of (a), and 
so is in {j,7,(A)}’. The proof now proceeds as in the original. 

The sentence forming footnote { on p. 187 should be added to foot- 
note § on the same page; footnote { should be replaced by ‘See 


footnote { on p. 186’. 











SOME RAPIDLY CONVERGENT SERIES FOR | ” 
THE RIEMANN €-FUNCTION ” 


By A. P. GUINAND (Shrivenham) | ? 

[Received 9 March 1955] Pe 

‘ | 

1. Introduction a 

Iv is known that there exists a summation formulat } 

¥ n-'¥o,(n)f(n)—C(1—s) [ a-*8f(x) dx — ((1+s) ( x8f(a) dx 

adits 0 0 | 
= > n-¥o,(n)g(n)—f(1—s) | x-89(x) dx — ((1+8) ( xsg(x) dx, (1) 
n=1 0 0 


where o,(n) is the sum of the sth powers of the divisors of n, f(x) satisfies 
appropriate conditions, and g(x) is the transform of f(x) with respect to | 
' 
the Fourier kernel 
— 27 sin $s J,(4ax!)—cos bs7f{2nY,(4rx!)—4K,(472')}. 
If we choose f(x) so that both f(x) and g(a) decrease rapidly as zx : 
increases, then (1) gives a formula connecting ¢(1-+-s) and ¢(1—s) with 
rapidly convergent series. In this paper I give several such results, which 
can then be combined to give a formula for the Riemann é-function, in 
&(s) = 43(s—1)n-#8T'(}8)E(s). 


The formula is 


&(s) = 4n(1—s) s n\—i8q.(n) Ky .4,(2n7)+ 
n=1 


L 16733-1 s n3-48q.(n){(s—7)Ky ,4.(2n)+-(s+-7)Ky_),(2n7)}, (2) 


n=1 
and is valid for s + 0. T 
—_ i - dio\4 
Now n-'8o.(n) = O(n''+*), ) 
where o = res, and, for fixed p, 
K,,(2n7) ~ 3n-te-2n7 
as n> 0. Also e?7 = 535-5, 


Hence the series (2) converges at least as rapidly as the series 
a 
¥ niloi+9+€(535-5)-", 
n=1 


+ A. P. Guinand, Quart. J. of Math. (Oxford) 10 (1939), 104-18, Theorem 6. fi 
Quart. J. Math. Oxford (2), 6 (1955), 156-60. 
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As the summation formula (1) is not very well known, independent 
/R | proofs of the results are given. Some simpler formulae corresponding 
to s = 3, 5, 7,... are given in § 4. 
) 
| 2. The basic formula 
The formula from which the result (2) is derived is given by the 
theorem: 


THEOREM. For rez > 0 and for all s except 0 or +1, 


x x 
‘ hs ¢ Dy ~ ~—1 hs r (Duane lo 
¥ n-o,(n)K,,(22nz)—2-1 ¥ n-a,(n)K,,(27/z) 
n 1 n 1 
&(s) oS sey _£ 8) (z is-1 -z38) (3) 
(1) } 2s(s—1) ' 28(8+-1) 
es To prove this result, consider the formulat 
Ss 
to | ws me ee aie ’ 
1D (4s)(zy)-8+- > ni8K,.(2any) 
n=1 
x 
8—}),-18-11 is—IplsT(1_1 le 21 »2)-3-1: 
= fo-!8-hy-ts-1P' (4 + 48) 4 dopts-tyls (4-48) YS (y?-+-n?)-)-3, 
37 n=1 
ith f valid for res > 0, rey > 0. 
ch If we put y = mz, multiply throughout by m~!’, and sum over positive 
‘ integral m, then, for res 1, 
x x x 
% . ls. is 8 e ks ls , » a= 
1D (4s)a-§8z-¥8§ ¥ m+ Y SY m-n!*K,,(227mnz) 
m=1 m=1n=1 
x 
11(4-+ 38)ar-t#-4z-18-1 SF m-*-!4 
. i? m=1 
“) 1j~/(1 1 js—i~4s . : 242 | >\—1-Is 
L($+-4s8)z 23 > YS (m?z?+-n?) 
m=L_n=1 


That is, 


where S(z) = 2! y 


m=1n 


x 
2.2 2 1 ls 
ps (m?z? +-n?)—3-38, 
0, 


and all the series concerned converge absolutely for res > 1, rez * 


+ This can be derived from Poisson’s summation formula. Cf. G. N. Watson, 
Quart. J. of Math. (Oxford) 2 (1931), 298-309. 





































158 . P. GUINAND 


Further, 


1 
> Bz). (5) | 
Substituting the left-hand side of (4) in (5), we obtain (3) for res > 1, 
rez > 0. Since all the series in (3) are uniformly convergent series of 
analytic functionst of s in any finite region of values of s, it follows by 
analytic continuation that the result is true for all s except s = 0, +1.) 
If we make s approach 0, we obtain Koshliakov’s formula, Fin 


s d(n)K,(22nz)—2z- >) d(n)K,(22n/z) | 
n=1 n=1 4, 
= Hlog(4m/z)—y}— }z-Ylog(4xz)—y}. | 


If we make s approach +1, we obtain the formulas sir 


=e x 
> o_,(n)e?*"*— SY o_,(n)e-27"* = An(z-1—z)+ } logz. (6) 
a=1 n 


? 1 


3. Formulae for é(s) ) 

Formulae for €(s) can obviously be derived from (3) by taking two 
different values of z in (3) and eliminating the terms in é(—s) from the 
two formulae. However, more symmetrical results with more rapidly | w 
convergent series are obtained by differentiating (3) an odd number) | (J 
of times with respect to z and then putting z = 1. The differentiation 
of the series is justified by the absolute and uniform convergence of the 
differentiated series. 

Differentiating (3) once and putting z = 1, we find that H 








Lé(s)—4£(—s) = 2n(1—8) > n'—'8q.(n) Ky ,\,(2n7)— 


—2n(1+s) ) n'—'8q.(n)Ky_\,(2n7). (7) f 
n=1 ( 


E. C. Titchmarsh, Theory of Functions (Oxford, 1939), 95. 
N.S. Koshliakov, Messenger of Math. (2) 58 (1928), 30—32. 
This is equivalent to the well-known result 


Mn e+ 





x x 
Il (1 e272) cal texp ist (z— : 1) Il (1 e727 7), 
n=1 n=1 
If we differentiate an even number of times and put z 1, then both sides 
vanish. 
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Differentiating (3) thrice and putting z = 1, we find that 


1€(s)+4€(—s) 27(1—s) 4 n'—'8o.(n) Ky ,.,(2n7)+- 


) n 
-2n(1+s) ¥ n'-¥0,(n)K,_),(2n7)+ 
(5 n=1 ° 
1) + 1673s-(s—7) ¥ n3-0,(n) Ky .;,(2n7) +4 
3 of n=1 
by -1623s-1(s+-7) > n>—'8o.(n)Ky_,,(2n7). (8) 


eg A “ 


Finally, adding (7) and (8), we obtain the formula (2). 


' 


4, Series for ((2n-+-1) 


In an earlier paper? I noted that it is possible to derive formulae 


| similar to (6) which involve values of €(s) for s = 3, 5, 7,.... 
These formulae can be written 
(6) 
> o ap +1\2)e 2anz_t/ 1 )P22p 2 > o ap +1im)e 2an/z 
n n 
\ ( 1)P* ‘(22 77)? (B RB’ B)jp — 17( 1S] ] )P22p-1t 9 
V0 | neem oF eX + iz BY 3C(2p—1){1+(—1)Pz tr (9) 
he | 22(2p)! 


lly | where rez > 0, p is an integer greater than 1, and terms of the form 
r| | (B’y"(B)" are to be interpreted{ as B,, B,,. 





on x 
; : pif | 
he Now > F~ap+i(ne~2""* = 7 ————— « 
a= Ln 1(e27n=z__]) 
n=1 
Hence, if p is even, p = 2k say, and we put z = | in (9), we have§ 
(2z)4*-1 k = ] 
t(4k—1) = — ny (B’+iB)*—2 > amma, (00 
. 2(4k)! nik-l(e2n7_]) 
7) n=1 
for positive integral k. 
+ A. P. Guinand, Quart. J. of Math. (Oxford) 15 (1944), 11-23, Theorem 9 (iv). 
+ The use of this notation in a similar case is due to H. F. Sandham, Proc. 
American Math. Soc. 5 (1954), 430-6. B,, is defined by 
ve _ > B,, yr" 
¢ 1 Zn! 
Ss n=0 


§ An equivalent formula is given by H. F. Sandham, loc. cit. 6.32. 
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If p is odd, p = 2k+-1 say, this method fails. If we first differentiate 
(9) with respect to z and then put z = 1, we find that 





(2r)**#+1 : 
¢(4k+1) = — ——— 1 B( B’+iB)*— 
4k(4k+-1)! 
x x 
l on << e2nT 
—2) sae S wegen, == (15) 
ntieemr@_ 1) & Ly n*(e2*7—1)* 
n=1 n=1 1. 
for positive integral k. iF 
A few terms of the series (10) and (11) suffice to compute numerical } ¢ 
values of {(s) for positive odd s if e?7 and 7 are known to sufficient } y 
accuracy.t [( 
- P i fe 
5. Allied results = 
. ‘ ‘ ‘ _ ee 
A formula which can also be regarded as a special case of (1) is dis- { 
; : wath | w 
cussed by Atkinson,{ but the series involved are not convergent. 4 
Formulae connected with £(s) which involve Bessel functions in much 
a ; : ¢ 
the same way as (2) have been discussed by several writers.§ 
“dP , ‘ ' 0 
A generalization of (9) in which the term corresponding to ¢(2p—1) 
does not occur is given by Apostol. ) 
+ @7 535-54916 55524 76473 65030 49326 to twenty-five places of decimals. } T 
F. V. Atkinson, Duke Math. J. 17 (1950), 63-68. 


Cf. E. C. Titchmarsh, The Theory of the Riemann Zeta-function (Oxford, 1951), 
213-14 and 237-40. b 
T. M. Apostol, Duke Math. J. 17 (1950), 147-57, Theorem 2. 
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THE ANALYSIS OF OBSERVATIONS (II) 
By C. W. KILMISTER (London) 
[Received 29 April 1954] 


1. Introduction 

Iy a recent paper (1) a new approach to Eddington’s wave-tensor 
calculus was suggested. The basis of it was the concept of scale in- 
variance. It was found that, when certain simplifying assumptions 
(1) § 5] are made, corresponding to those made in quantum theory, 
familiar results appear. In the present paper these simplifying assump- 
tions are not made. One of the applications of the more general theory 
which results is to the proof of Eddington’s result [(3) (15.51)] on the 
division of a property between particles and field. Eddington’s dis- 
cussion of this is not satisfactory. The result is needed in the deduction 
of his equation | (3) (16.5)] 


u 
- 


m, ik, 


mM, k. 


This depends also on other matters to be investigated. 

Since the appearance of (1) a more fundamental investigation has 
been made (2). It should be made clear that the present paper is strictly 
a continuation of the ideas of (1), and that its only connexion with the 
later work is indirect. 

It is found that the ideas involved are logically complex. As a result, 
some formalization of the argument is essential. This is also an advan- 
tage in ensuring that no implicit assumptions enter the theory. 


2. Discreteness 

The subject-matter of the present paper may be differentiated roughly 
from that of (1) by remarking that the observables considered in (1) are 
constant, but here I intend to consider variables. Before we can do 
this we have therefore to deal with a problem which arises in any theory 
of measurement, but of which no discussion suitable for our needs has 
been given. Consider, for example, a real variable x representing part 
of the result of an observation. Since physical results are expressed 
to a finite number of decimal places, x is a discrete variable. We wish 
to try to distinguish two kinds of discreteness. If x is expressed to n 
decimal places, let X(n) be the number of values of x in a range (a,b). In 


Quart. J. Math. Oxford (2), 6 (1955), 161-72. 
3695.2.6 M 
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mathematics we should say that ‘x is discrete in (a, b)’ if X(n) is bounded 
above as n > ©. 

If X(n) is not bounded, then x is continuous at one point at least of 
(a,b). We notice, however, that this gives no means of determining 
experimentally whether x is discrete or continuous. The usual assump- 
tion in physics seems to be that all variables are continuous until evidence 
to the contrary is produced. Accordingly we make the definition 

[2.1] Derrnition. If x is a real variable, expressed to n decimal places, 
X(n) the number of values of x in a range (a,b), and if we know that X(n) 
is bounded above, x is called ‘discrete’ in (a,b). 

(Note: I shall number definitions, axioms, and theorems consecutively.) 

[2.2] Derryition. With the notation of [2.1], if we know of no upper 
bound to X(n), x is called *pseudo-continuous’ in (a,b). 


The property of pseudo-continuity is a property of the whole interval } 


(a,b). Hence we make the definition: 

[2.3] Derrnition. If xis pseudo-continuous in every sub-interval of (a,b), 
it is called continuous in (a,b). 

The following theorems follow at once: 

[2.4] THEoreM. Discreteness in the sense of [2.1] implies analytical 
discreteness. 

2.5] THEOREM. Analytical continuity implies continuity in the sense 
of {2.3}. 

In virtue of these two results it is usual to approximate to a con- 
tinuous variable by one which is continuous in the analytic sense. 


3. Notation: measurement conditions 
As we need to formalize the theory somewhat in order to make it clear, 
the following notations, familiar in algebra, will be used: 


(a) for all x 

(az) there exists an x 
=> implies 

xeA x belongs to A 


A = S(x|P) Ais the set of all x satisfying P. 

In (1) 559-66 a discussion of measurement conditions was given. 
Reference should be made to this for a discussion of the physical basis 
of this portion of the theory. However, for the purposes of this paper 
the following weaker form of the definitions and results of (1) is sufficient: 
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[3.1] Derinttion. An observable is the result of a physical observation. 


[3.2] Axtom. An observable of order n can be represented by an element 
of an algebra © of order n over the real field. This algebra has a basis 


i] 
I 


such that e? = 1. The automorphisms leaving e, invariant represent changes 


of the reference system. 


[3.3] Derrition. The scale o of an observable ¢ is defined by 


n 

d Zz a a(¢) $y. 
r=1 

4. Variables 

In this paragraph we consider a further condition imposed on ob- 
servables. It derives from the paradox that ‘the system measured must 
be at the same time an isolated whole and a part interacting with other 
parts’ [Temple (4)]. Since the operation of measurement may change 
the observable, we cannot expect that two successive determinations 
of an observable ¢ will give the same result. The axiom [3.2] will still 
be true in the sense that the result of any one observation is an element 
of €. In (1) a special device (that of ‘simultaneous particles’) was 
employed to simplify the analysis. This device is equivalent to the 
usual assumptions of quantum theory and so leads to results of a familiar 
form. In the present paper I shall not restrict the analysis in this way. 

We consider the set 4* (say) of all observations of ¢. Now ¢4* is an 
entity which transcends our actual observation. By its introduction 
the theory is formally extended. It will appear from the results that 
such an extension is implicit in Eddington’s work. It seems that his 
failure to state it explicitly is responsible for some of the difficulty of 
‘Fundamental Theory’. We define, taking into account scale-conditions 
as in (1) 567: 

[4.1] Derrxition. ¢* S{h' | a(p') = A}. 

Here A is the common scale of all the observables ¢’. It is thus con- 
venient to write 

[4.2] DEFINITION. o(f*) = o(¢') = A. 

In these definitions the 4‘ belong to some set of observations. In general 
itis false that 4* is observable, in the sense of [3.1], [3.2]. (It is true only 
ifd* is a finite set.) On the other hand ¢* does correspond to our intuitive 
idea of an observable which can have a number of values. Accordingly 
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we detine entities like ¢* to be observables of the first kind. If we 
introduce the notations 

[4.3] Derrition. O(¢) = [¢ is observable] (in the sense of [3.1], [3.2]), 

[4.4] Derrnition, O'(6*) = [¢* is an observable of the first kind], 
these two will be related by 

4.5] THEoREM. O'(¢*) = [6* = S{d! | o(d') = A; O(¢')}]. 

Observables of the first kind correspond to variables in the analysis; 
but they can obviously have only an enumerable number of values, for 
a set of experiments can be infinite only by virtue of future repetition. 

We can introduce the idea of discreteness for these observables. 

[4.6] Derryition. Let r<¢*; if 

o'er => (nu) [d). is discrete |, 
we call d* ‘discrete in tr’. But, if 
gier=> (Az) [¢i, is continuous |, 

we call d* ‘continuous in 7’. 

Thus ‘discrete’ and ‘continuous’, applied to observables, are mutually 
exclusive properties. In particular 

[4.7] Derrsition. If +r = $*, we say simply that $* is ‘discrete’, or 
‘continuous . 
5. Observables of the second kind 

From [3.2], [3.3], [4.5] we have 

n 
g - . @) i __ = i\ | 
O'($*) = [4* = S| & $i. | di = A; O($'))]. 

We now define a set of such observables of the first kind. 

[5.1] Derrnition. ~* = S{d'+2ze, | di = A; O(¢')}, 

[5.2] Derrsition. ¥ = S{y¥* | O'(Y*)}. 

We shall call ‘¥ an ‘observable of the second kind’. For, although it 
is not an observable either in the sense of [3.1], [3.2] or in that of [4.5], 


it corresponds to our idea of an observable system which may have 
more than one value of the scale. In the same way as in [4.6] we define 


[5.3] Derrnition. Let Tc; if 
Pte T => Y* is discrete, 
we call VY ‘discrete in T’. But, if 
b* e T => p* is continuous, 


we call V ‘continuous in T’. 
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In particular 

[5.4] Derrsition. Jf T = ¥, we say simply that ¥ is ‘discrete’ or 
‘continuous . 

Eddington has considered quantities which he calls ‘scale-fixed’ and 
‘scale-free’ [(3) 17]. Of the quantities defined in this paper, these 
properties could be predicted only of observables of the second kind. 
We conclude that Eddington is, in fact, dealing with such observables. 
Following Eddington we define: 

[5.5] DEFINITION. Y= S{p* | O'(p*)} 
is scale-free if 

, * : ~ , * 
O'(p% ) => (48)[ |w—ay| << 8 > O'(p*)]. 
Ww =f)* 11, )% 
P= Spi | O'r)} 
is scale-fixed if x is discrete. 

We notice that one of these definitions is given in terms of analytic 
continuity. This is necessary in what follows. The loss in physical con- 
nexion is small since observables of the second kind are not directly 
observable. We shall not be able to determine experimentally whether 
a given observable is or is not scale-free. But, since the definition by 
physical continuity would have settled this by assuming an observable 
scale-free unless contrary evidence was known, it really provides no more. 

Eddington | (3) §§ 14, 15] divides observables into discrete ones, which 
are by implication seale-fixed, and scale-free ones, which are continuous. 
The following results justify this division: 

[5.6] THeoreM. Jf ¥ is scale-free, it is continuous (in itself ). 

Proof. To prove that ‘Y is continuous we have, by [5.3], to prove J 
continuous: that is, by [5.1], that 

S{d'+2xe, | o(d') = A; O(¢')} 
is continuous. Thus, by [4.6], we have to prove that 
(3 2) [¢/,+-24,, is continuous]. 
Such a value is » = 1, for, in fact, d+ is analytically continuous by 


[5.5] since ’ is scale-free, and the result follows by [2.5]. 
[5.7] THeoreM. Jf ‘V is discrete (in itself), it is scale-fixed. 
Proof. By [5.3], %* is discrete. Hence, by [4.6], 

(x) [¢), +8, 2 is discrete]. 


Hence x is discrete, which proves the result, by [5.5]. 
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Eddington’s division between discrete and scale-free observables 
leaves out of account the class of scale-fixed continuous observables, 
These are mathematically possible. However, they correspond to a 
physically uncommon state of affairs. For, if we take a as fixed (for 
example x = x), we must have J* continuous. Thus S(4,) is con- 
tinuous: that is, we have a sequence whose points are continuous. Such 
sequences do not seem to occur in physics. 


6. Phase-space 

Although observables of the second kind are physically quite different 
from those of the first, the mathematical difference is slight. Those of 
the first kind correspond to a set of simultaneous observables; those of 
the second kind to a set without the restriction of simultaneity. This 
difference is clear in a geometrical picture. Let EF, be a space of n 
dimensions. Any simple observable ¢, of order n, can be represented 
by a point (¢,) in £, referred (say) to a Cartesian cooidinate system. 
An observable of the first kind ¢* is then represented by a set of points 
all Ilving in an (n—1)-flat 4, = constant. The set Y of observables is 
represented by a set of points in a family of parallel (n—1)-flats. If ¥ 
is scale-fixed, these (n—1)-flats are discrete. If V’ is scale-free, they 
may fill a volume. 

In (1) ‘rotations’ in the set of observables were defined [(1) 560] as 
transformations corresponding only to changes in the reference system. 
Such rotations induce transformations of the space E,, into itself. 
Further, these transformations leave the scale invariant [(1) 561); 
accordingly a different phase-space is more convenient. If E,_, is a 
space of n—1 dimensions, an observable ¢ of order n can be represented 
by the point $ 

i 


tw 
an 


except for its scale. An observable of the first kind ¢* is then represented 


(yp == 2; S...:,:0), 


by a general set of points in Z,,_,. The sets representing %* are derived 
from that representing ¢* by expansion about the origin. 

We have thus a set of points in Z,_, representing any observable of 
the first kind. It is now natural to introduce a probability view. This 
may be done in the usual way; only some care is necessary in order to 
avoid overstepping the limits of experimental knowledge. Let V bea 
given volume in £,,_,, let the number of points in V after V measurements 


be n(V’). and define P(V,N) = n(V)/VN. 
Then P(V,N+1) = (n+a)/V(N+ 1), 
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where x = Oor 1. Hence 
P(V,N+1)—P(V,N) = (aN—n)/VN(N+1). 
Thus P(V,N-+-1)—P(V,N)| < 1/V(N+1). 


Hence, for fixed V, the sequence P(V, NV) is convergent, toa limit P(V), 
say. It should be noted that the convergence is proved in the usual 
analytical sense, although P is the result of observation. We can now 


find a sequence P(V), P(V,),..., P(V.), where (V,) is a sequence of volumes 
with a common point (€,), and 

y V y V. 

= sa-7° s+ = Fa 


But we have in this case no guarantee of convergence. If the sequence 
is convergent, we can write for its limit p(§,). Thus we make the definition 
[6.1] DeFrnition. A point at which P(V,) converges is a regular point. 
[6.2] TueoreEm. (£€, is regular) = [lim P(V,) = plg,.)]. 
[6.3] THrorEM. The probability that a measurement of ¢ gives a result 
in dé, dé,...dEé,, 18 
“re ” P(E.) 1&2 dE...dé,,. 


The position is now this: we have an observable ¢. Any measurement 
of ¢ vields a point in the set ¢*, but we have no information as to which 
point. Any value of the observable is particular information, in the 
sense that it is knowledge of the result of a past experiment, but is 
not useful in predicting the result of a future one. None the less, we 
can define the probability function p. This gives general information 
about the observable since it is useful in predicting the result of a future 
experiment. 

Consider now two observables, both of order n, whose probability 
functions are equal everywhere. If we perform single measurements of 
both these observables, the results will not in general be equal. But, if 
we perform a number of measurements of each, the two sets of results 
will have the same probability distributions. Thus the two observables 
cannot be said to be physically unequal. It follows that the probability 
distribution gives all the general information possible about an 
observable. Explicitly: 

[6.4] Derrition. Two observables of the first kind $*, $'* are 
equivalent, b* ~ '*, 
if they have the same probability distribution. 


It is obvious that [6.4] defines an equivalence relation. 
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[6.5] Axiom. Equivalent observables with the same scales are physically 
indistinguishable. 


We can now define a special class of observables of the second kind. 
Starting with {* defined as in [5.1], we define 


| 6.6] Derrsitioy. Y° = S{W* | O'(h*): LE ~ H*}. 


Thus, by [6.5], ‘Y° represents a set of observables which are physically 
distinguishable only by their having different scales. 


[6.7] Derrnition. With the notation of [6.6], ¥° is a reducible observable 
of the second kind. 


There is no doubt from the context that Eddington is considering 
only reducible observables when he uses scale-free as contrasted with 
scale-fixed properties. In § 5 we had not formulated enough properties 
to be able to define his concept completely. The form of [5.5] corresponds 
exactly to his explicit statement |(3) 17], when taken with reducibility, 

The definitions above have been made assuming that possible values 
of ¢* form an (n—1)-dimensional set. It may happen that they form 
only a k-dimensional set, where k < n—1. The definitions of proba- 
bility must then be modified in the usual way, by taking a k-dimensional 
volume-element for V. 

Let ’ be a scale-free observable of the second kind. Let ¢* € ¥' define 
the phase-space #,,_, and probability distribution p of 4* as above. 
Consider now the observable of the first kind ~* (w + 0). For a given z, 
there is a value ys, corresponding to each value ¢. The result of the 
scale-change, however, is to cause an expansion of E,,_, about the origin, 
so that the volume element dz for ¢ becomes A"~' dr for y,, where 


o(b,) = o(¢)/A, 


if the possible values of * form an (n—1)-dimensional set. If they form 
only a k-dimensional set, the new volume element will be A* dz. Since 
values of #*, d* are in (1:1) correspondence, the probability of finding 
a value ¢ in a volume dz is the same as that of finding a value y%, in a 
volume dr’ = A* dr. 

Hence p’ = A*g., 


But p’ = p'(,) = p’(Ag,)- 
Thus we have established, for scale-free systems, 


p'(Aé,,) = A*p(,). 
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We deduce 


[6.8] THzorem. If V is scale-free and reducible, p is a homogeneous 
function of the &, of degree —k, where k is the number of dimensions of the 


set representing ‘Y’. 


A 


For, if ¥ is reducible, then 
vr ~ $*, 

and so p'(A&,.) = P(AE,,) - A-*p(E,,)- 
7. Functions of observables 

We wish now to define the concept of a scalar function of an observable 
in such a way as to be physically significant. If this is to be so, the 
function must have the same value for two values of the argument which 
are physically indistinguishable. Thus, from [6.5] we have 


[7.1] Derrition. [¢* ~ ¢'*; o(6*) = o(¢’*)| > F(d*) = F(¢’*), 
where F is such a function of observables. 


It follows from [7.1], with [6.4], that F(¢*) depends only on the scale 
and probability distribution of d*. It is convenient to limit the definition 
[7.1] somewhat. With the notation of [5.1], [5.2], we define: 


[7.2] Derrnition. F is separable if 
F(t) = g(x)H($*), 
where g(x) is an ordinary function of x. 
[7.3] Turorem. If F is separable, we can write 
F(pt) = G(x) F($*), G(0) = 1. 
For, in fact, from [7.2], putting « = 0, we have 
F($*) = g(0)H(9*), 


and then [7.3] follows with G(x) = g(x)/g(0). It follows at once, by 
Taylor’s theorem, that 


[7.4] THEoremM. Jf (a) F is separable, 
(b) ‘V is scale-free and reducible, 
(c) G is continuous and differentiable twice, 
then F(pt) = {1+¢,2+O(x*)} F($*), 


where ce, = G'(0). 
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However, we still have a very large class of functions. In order to 
deduce further results, some particular cases must be chosen. One such 
case is provided by 


element of the dimensions of the set E,. representing $*, p is the probability 
distribution of *, and 

cp op 
~ 06," BE a, 

It is natural to start by considering such functions for the physical 
reason that, if f depends on all the differential coefficients of p of arbi- 
trarily high order, then its value at &, can be regarded, in a sense, as 
depending on the value of p at all points. 

If F is separable, [7.4] must be satisfied. 
Now we have 

[7.6] TozoreM. If [6* > ¢*] = [f > {l+ce,a¢+O(2")}f], then [7.4] is 


satisfied. 


Pu etc. 


For then 
dr > dr’ = Mdr = {1+c,x+O(x*)} dr, 
which proves the result. 

The restriction of [7.6] is the most convenient way of satisfying | 7.4], 
and we accordingly define 

[7.7] Derrition. If [6* > £*] = [f > {l+e,¢+ O(a) f], f is said to 
‘generate, by [7.5], a Hamiltonian property F’. 

Consider two observables with Hamiltonian properties in which 
¢, = ¢;, so that the properties of the whole sets of points change in a 
similar manner for a small scale-change. We make the definition 

[7.8] Deruyition. Jf c, = ci, F, F’ are extrinsically equivalent. 

This is obviously an equivalence relation. If, however, c, = c), so 
that f, f’ change similarly, then properties of each point of the sets 
change in the same way. We make the definition 

[7.9] Derryttion. If c, = ch, F, F’ are intrinsically equivalent. 

Since dr is a homogeneous function of the scale of degree k, we have 

[7.10] THEoreM. If and only if the two observables have the same dimen- 
sionality, intrinsic equivalence implies extrinsic. 

The above definitions deal with scalar functions of observables. 
However, exactly similar results apply to finite sets of such scalar 
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functions. It follows that if we are given some 4-dimensional space- 
time, we can define tensor functions of observables in this space-time. 
(There is no question here of transformation properties.) 


8. Carriers: fields 

If we are given a set of variables (e.g. an observable) which occur 
together, it is an assistance in considering the theory to postulate a 
carrier of the set. This is harmless so long as we introduce no other 
properties of the carrier. For the carrier of a set is only a convenient 
name for the set itself. Any carrier is called a ‘particle’ by Eddington 
[(3) 30]. It should be noticed that these definitions of ‘carrier’ and 
‘particle ‘are more general than those given in (1) [568, 570]. The restricted 
definitions are appropriate to the special theory given there. We have 
to consider the more general ones. This use of the word ‘particle’ is 
justified since it is equivalent, as near as can be judged, to the use in 
contemporary quantum theory. 

We consider an observable of the first kind as a set of particles, each 
value of the observable being one particle. The function p then gives 
a probability distribution of the particles in the phase-space E,,_,. 
The definition [7.5] gives a property of the set of particles. It is possible 
to allot this property to the individual particles on a quasi-additive 
basis, in the following manner. Consider a variation of the probability 
distribution which does not change p or its derivatives on the boundary 
of the region of integration. We then have 


sr = (2 spar 
J op 


by the usual calculus-of-variations treatment, where 6f/5p is the Hamil- 
tonian derivative. Thus a small increase 5p in p produces an increase 
(8f 5p) dp in F per unit volume. It is therefore natural to define 5f/dp as 
the ‘F per particle per unit volume’. Hence 

[8.1] Derrition. The total particle-F is F, = pil dr. 

J” op 

The fact that F + F, can then be attributed to further F residing in 
the field, and this forms a definition of the concept of field corresponding 
to the concept of particle which we have used. Thus 


[8.2] Derrsition. The total field-F is F, = F—F,. 


If. however, F is a Hamiltonian property and is scale-free and 
reducible, F, is easily found in terms of F. We must now consider a 

















172 THE ANALYSIS OF OBSERVATIONS 


change in scale. This changes the volume metric of the space, as well 
as the coordinates, so that 








A 
éF = ( dp + Ff y+) dr +- | s31ae). B" 
J \éep CPy 
Since ¥ is scale-free, we can consider the scale-change 
ao’ = a/(1+e). 
Then dr’ = (1 +e)F dr | 


if the particles are k-dimensional. Hence, by the usual treatment and |1. 
substitution, 


SF = | D Sp dr + keF, | 
op 


for « small. This last step is justified provided that this variation does p 
not change p and its derivatives on the boundary. Now '¥ is reducible; - 
hence, by [6.8], So a: hep, | 
and so, by [8.1], dF = ke(F—F)). | Le 
On the other hand, F is a Hamiltonian property so that \ of 
df = lef (for some 2), 
and d5F= 8 ( fdr = (l+k)eF. : 
Comparing these results gives en 
[8.3] THEOREM. F=- :  * " 
Hence also is 
[8.4] THEOREM. F,= - an 3 : 


These are the results given by Eddington | (3) (5.51)|. The restrictions 
under which they have been proved are that Y’ should be scale-free and 
reducible, and F should be a Hamiltonian property. Only the scale-free 
condition was stated by Eddington. 

The author wishes to express his thanks to Dr. N. B. Slater for dis- | » 
cussion during the preparation of the paper for the press, which resulted 
in its material improvement. 


REFERENCES 
E. W. Bastin and C. W. Kilmister, Proc. Royal Soc. A, 212 (1952), 559. 
‘ Proc. Cambridge Phil. Soc. 50 (1954), 439. 
. A. S. Eddington, Fundamental Theory (Cambridge, 1946). 
G. Temple, General Principles of the Quantum Theory (London, 1934). 


i. 
2 
3 
4. 





well 
A NOTE ON ENTIRE FUNCTIONS (DEFINED 
BY DIRICHLET’S SERIES) OF PERFECTLY 
REGULAR GROWTH 
By Q. I. RAHMAN (Aligarh) 





[Received 23 September 1954] 
and |1. CONSIDER the Dirichlet’s series 


f(s) = Ya, em, 
1 


n 


| where A,a3 > A, ASO, mA, =e, #¢=c+#, 
loes | nx 
ible: | ‘ log n 
le; and lim sup —-— = 0. (1) 
n—-x n 


It defines in its half-plane of convergence a holomorphic function. 
Let o, and o,, be respectively the abscissa of convergence and the abscissa 


of absolute convergence of f(s). 


Let (oc) be the maximum of ja, \e%» (n = 1, 2,...), and M(a) the l.u.b. 
of (f(a+it)| (—o <t< o), where o is a constant smaller than o,. 
If o, = 0, o, = ©, f(s) defines an entire function. Let A,,) be the A,, 


corresponding to the maximum term of the series for res = o. Then 


evidently A,,,) is a non-decreasing function of o. 

Let L(x) be a ‘slowly changing’ function: that is, L(x) > 0 and 
| iscontinuous for 2 > e® and L(cx) ~ L(x) as x > o, for every constant 
c>0. I compare log M(c) with the function e’L(e’) (p being the 

‘itt order of the entire function f(s)) and establish the following result. 


ns 2. When 0 < p < @, let 


nd iis jsup|log M(o) _(T, lim (sup) Ayo) _ {7 
ree o—« | inf | e?? L(e?) |r: ox | inf | e?? L(e°’) \8. 

| THEOREM. (i) If0<7r<T<o, then 0<8 <y<@ and con- 
‘is- verse ly. 


ed (ii) If (i) holds, then 
lim (sup) log M(o) 7a (2) 
pe* ox | inf | Ako) * p . 
| where x = « is that root of the equation eTx = e*r—eT which lies in the 
interval (1,00). 
(ii) If log M(c) ~ Tee? Lie?) (0 < T < aw), then 
Avo) ~ pT er? Le’), 
and conversely. 


Quart. J. Math. Oxford (2), 6 (1955), 173-5. 
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Proof (i) Ifa > 0, y < o, then, if 











log n 
lim sup —2— = 0, 
n—->=x 
i " an 
we have [(2) 73] 
mi 
a a 
log M(o+ ~ log (0-4 a 
\ P; P 
a a+alp - | 
Oy+] f+ | |r dt, by (2) 67, 
do o 
we 
r | Ovjo+a p) 
< O(1)+(y+e) eP? Lie?) dao - | 
3 P 
0 
; | 
> OD koa 
OL) +(y+e) | aP-2L(a) da“? 
gue pP 
or an . 
~ (y+e) L(e?) + —“etel) by (1) Lemma 5 
p 
Hence pe'T < y+yae"," pe'r < y+éae", (3) | 
which holds also when y = 00. Similarly we get 4H 
pe*T > 8+-ya, pe“r > &(1+a). (4) 0 w 
Suppose now that 0 <7 < 7 < ow. From (4) we get y < o. Further, 
56 > 0. For, if 5 = 0, we get from (3) 7 < y/pe*, and, since a is arbitrary, | 
it follows that tr = 0. Hence we have a contradiction, and so 6 > 0. B 
If0 <8 <y < ©, then from (3) we have T' < wand, from (4),7 > 0. | 
= — - r) = 
(ii) Take a—Y-°, y <pl exp(1— )< pTe, 
er Y, 
i al 
and hence, from (3), pe'r < pTe+be%a. 
Consider now the equation 
eTx = e'r—eT. 
[It has one and only one root in the interval (1,00). Let it be «. Then 1. 
taking a = x we get 2. 


ple*r—Te) < de%« 


i.e pT'e 5 i>= 4 
eX 
Hence . < s <= ; tin (sup| log M(c) < on (5) 


-olinf) Ay 5p ~ p 





ON ENTIRE FUNCTIONS 175 
+ (iii) From (3) and (4) we get 
8< pT <y, 6 < pray, 
and hence, if 8 = y, T = + = y/p. Suppose now that 7’ = 7, which we 


may take to be unity without loss of generality. I shall show that 
| y= 6. If 0 < » < 1, then, if 


| lim np" ) 
4 
we have log M(c) ~ I(c) = | Ayp dU, 
Oo 
o+7 
| Ne - 3 Ap dt Tio n) - I(c) 


— ero+m) [)(e%+) —eP? Le?) ! o }eP? Li(e®)! 


= €P?$1 + pn+ O(n?) 1+-0(1)} Le?) —eP? L(e?) 4 


+o {eP? L(e?)} 
ef? L(e)§ pn + Hn? +0(1)!. 
(3) 
Hence lim sup —“2— < p+Hn, 
ox eP? Le?) =F ] 
(4) | where H is a constant. Since 7 is arbitrary, we get 
er , ” : 
im sup = - 
ry, sds I eP? L(e*) :F 
ae ie. ee 
| By considering the integral [(¢)— 1(o—7), we get 
0), , 
es A, 
lim iaf =. > », 
on EP? L(e*) © 
| and hence Avo) ™ per7 L(e?). 
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THE MAXIMUM MODULUS OF AN 
INTEGRAL FUNCTION OF AN 
INTEGRAL FUNCTION 
By J. CLUNIE (Keele) 

[Received 8 October 1954] 

1. WHEN considering the problem of what conditions two integral 


functions g(z) and h(z) must satisfy in order that g{h(z)} be of finite 
order, Pélya (2) used the following result. 


Suppose f(z), g(z), A(z) to be three integral functions connected by the 
relation ; 
f(z) = g{h(z)}. 
Suppose further that h(0) = 0. 


Let F(r), G(r), H(r) denote the maximum moduli of f(z), g(z), A(z) respec- 


= 


tively in the circle |z| <r. Then there is a finite number c, greater than 


zero and less than 1, and such that 
F(r) > G{cH(4r)}. 


His method of proof was based on a theorem of Bohr which left the 
constant c undetermined. 
In this paper I shall prove the theorem: 


THEOREM. Outside an exceptional set of intervals of r, within which the 
variation of logr is finite, we have, for sufficiently large r, 
fy ay . 7 SAT)? 
F{rexp(k, N-! log! N)} > G{H(r)}, 


where N = N(r) is the central index of h(z) for \z| = r and k, is a constant 
depending on h(z). 
If r lies in an exceptional interval and is sufficiently large, then 


Fir exp{k, Nj! log! N, —y(r,)/log N,}] > GLA{r exp(—p(r,)/log N,)}}, 
where k, is the same constant as before, u(x) is a function such that, as «>, 
lim sup p(x) < 1, 
and N, = N(r,) is the central index of h(z) for |\z| = r,, with 


ee , . yy 
r = r,exp{u(r,)/log N,}. 
Quart. J. Math. Oxford (2), 6 (1955), 176-8. 
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2. The proof of the theorem requires the following lemma [(1) 38]. 

Lemma. Any integral function h(z), outside a set of intervals within 
| which the variation of log \z| is finite, satisfies 
h(ze) = eXth(z){1+w(r)}, N= N(r), 
at points where \h(z)| = H(\z|) with |w(r)| < k, N“logiN provided that 
7| < 2/N; k, is a constant depending on h(z). 

Values of \z! for which the above lemma is true are called ordinary 
and other values exceptional. 

[ shall first of all deal with the case when |z| is an ordinary value. 


ral | {t follows that for such a value, with |z rand N(r) > 1, 
Lite 





h(ze7) = eXt+'$H(r){14+-w(7)}, 
where 7 and w(r) satisfy the conditions of the lemma and ¢ = argh(z), 
the} hz) H(r). Let H(r)e be a point such that 
g{H(r)e%}| = O{H(r)}. 
For 7 = i(b—¢)/N = 79, say, we have 


eNt+ibH(r) = H(r)e. 





Consider now 


h(ze7) eNTo ‘@H(r) eNt OH (rfl — eN(t0 1 eNt+ibH (r)w(r), 


Lan 


When 7+ describes a small circle about 7, so that 


1—T) = k,N-HogiNe® (0 <6 < 2m), 


the | 

then eNt+iPH(r){1—eN@o-| S |e |H(r)k, N-* login. 

On this circle |r| = N{1-+-0(1)}, which means that, if r is large enough, 
, then w(r)| < ky N-logiN. 


Hence we can choose k, > k, and then it follows that on the circle, 
provided that r is large enough, 
oNr+ iPH(r)f1 — eN(to- mr . |eNr4 i$H (r)w(r)\, 
and so, by Rouché’s theorem, h(ze7) takes the value H(r)e'/ somewhere 
in the circle. Hence 
F{rexp(k, N-!logiN)} > G{H(r)}. 

We now consider the case when |z| = r is an exceptional value. Take 
rso large that the previous result holds for r,, the largest ordinary value 
not exceeding r. The variation of logr in the exceptional intervals for 
r > R does not exceed A(R)/log N(R), where A(R) > 1 as R -> oo [(2) 37]. 
Hence 


unt 


ad 


r = r,exp{u(r,)/log N(r,)}, 


3695.2.6 N 
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where, as x -> 0, limsup p(x) < 1, and so 
Firexp{k, Nj! logiN, —p(r,)/log N,}] > G[ Afr exp(—p(7,)/log ,)}}. 


3. It is of interest to see how the above theorem compares with the| 
similar one that can be deduced from Theorem 29 of Valiron’s Lectures, 
By means of the same reasoning as used above we can show tha 
provided that r is large enough, for ordinary values 

F{rexp(k, N-"""*)} > G{H(r) | 
and for exceptional values 
F{rexp(k, Nj 17'®—v(r,)Ny""*)} > GLAf{r exp(—v(r,) Nz! *)}], 
where k, is a constant depending on h(z) and ba is a function such that | 
as x > 0, limsupy(x) < 4, with r = r,exp{r-(r,) Ny '"}. 

The theorem, and the result obtained Pili ae A on Valiron’s| 
Theorem 29, can both be expressed in the oe but weaker form 


F[r{1+o(1)}] > G{H(r) 


4. When g(z) and A(z) are complete integral functions, i.e. not - 
nomials, then, as pointed out by Pélya, g(z) is necessarily of zero order 
if f(z) is of finite order. In addition the following results can be deduced 
from the theorem and the obvious inequality F(r) < G{H(r)} if f(z) is| 
of finite order: 





(i) when A(z) is of lower non-zero order A and upper order ,, then, | 
for some finite 8, log G(r)/(logr)? + 0; if B is the lower bound of such 
numbers f, then 1 < B < , and f(z) is of lower order not less than AB 
and upper order not greater than »B; 

(ii) when f(z) and A(z) are of the same order, then f(z) is of infinite 
type if h(z) is of finite non-zero type. (“Type’ is assumed to have its 
usual meaning.) 


These two conclusions also follow from Pélya’s result. 


REFERENCES 
1, J. Clunie, ‘The determination of an integral function from its Taylor series’, 
J. London Math. Soc. 30 (1955), 32—42. 


2. G. Pélya, ‘On an integral function of an integral function’, J. London Math. 
Soc. 1 (1926), 12-15. 
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INDEFINITELY ISOMETRIC LINEAR 
OPERATORS IN A REFLEXIVE BANACH 
SPACE 
By F. F. BONSALL (Newcastle-on-Tyne) 

[Received 7 December 1954] 


1. Ler V be a reflexive Banach space over the real field, ¢ a non-zero 
continuous linear functional on V, and e a point of V such that ¢(e) a 
The linear operator P defined by 
Px = d(xje (xe V) 
is a projection, i.e. P? P. Let 
Q = I-P, 

where J is the identity operator. Plainly, Q is a projection orthogonal 
to P, i.e. Q? = Qand PQ = QP = 0. Let v be a positive real number. 
I introduce into V the ‘indefinite norm’ q, given by 

q(x) Qa\!”— |d(x)\”, (1) 
and consider linear operators 7’ in V that are ‘isometric’ with respect 
to q, i.e. those that satisfy 

q( Tx) giz) (we V). 
More generally, I consider linear operators 7' that are ‘bounded’ with 
respect to g, in the sense that there exists a positive constant .V for 


which 


q(Tx) < Mq(x) (we V). 

Except for a certain homogeneity [q(Ax) A\*q(x)|, q does not in 
general possess norm-like properties. Moreover, q is, on the face of it, 
a rather artificial and unnatural object. I therefore feel obliged to give 
some justification for considering the present problem and for using the 


term ‘indefinite norm’ for q. 


As a special case, we may consider the space (/), with 1 << p < 2%, 
of all real sequences 
x 
x= {€,}--, with > |£,|" < a, 
Ko1 
x 
and take q,(%) — |&,|?-+ 2 €,|”. 
-— 9 


This is of the form (1) if we take 
é Orxt (On 1d, =O(kAl)) O@)=&, v=p. 


Quart. J. Math. Oxford (2), 6 (1955), 175-87. 
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The use of the term ‘indefinite norm’ for the functional q, seems not 
unnatural. My only justification for making public a study of linear 
operators bounded or isometric with respect to an indefinite norm is 
that I am able to establish some rather precise, and I think interesting, 
properties of their spectra. 

The main idea of the present article is derived from the work of 
M. G. Krein and M. A. Rutman on Lorentz transformations of a sequen- 
tial Hilbert space (4). Krein and Rutman consider the indefinite bilinear 
form in (/®) defined by 


[vy] = fm oe Ek Nee 


where 4 {E,}, y = {y,}. They study the spectra of (1-1) mappings 7 
of (/) on to itself that satisfy | 7'x, Ty] = [x,y] for all x, y € (I), by 
applying their theory of linear operators that map the interior of a cone 
into itself. The results of Krein and Rutman in this field are related to 
those of L. Pontrjagin (5) on operators in complex (/) that are Hermitian 
with respect to a similar (though more general) bilinear form: see also 
the paper (3) by I. 8S. Iohvidov. 

After some preliminaries, I consider a linear operator 7 that is 
bounded with respect to an indefinite norm. I show that 7' is bounded 
with respect to the usual norm and that, if p is its spectral radius, then 
either p or —p is a characteristic number. Since no condition of com- 
plete continuity has been imposed on 7’, this does not seem to be a trivial 
result. In § 4 I slightly restrict the generality of V and gq and suppose 
that 7 is isometric with respect to g. For such isometric 7’, much more 
precise properties of the spectrum are established. These properties are 
set out in Theorem 2. 

The proofs depend on a theorem concerning endomorphisms of a 
partially ordered vector space that is proved in (1). An account of the 
terminology and elementary properties of partially ordered vector spaces 
is to be found in (2). 


2. Preliminary lemmas 


We note first that each x € V may be written in the form 
x= d(x)e+Qz, (2) 
and that Ge = 0, Q*¢ = 0. We denote by V* the set of all x € V that 


satisfy 
: P(x) > |\Qx\. 
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ON OPERATORS IN A REFLEXIVE BANACH SPACE ISI 
LEMMA 1. V+ is a closed cone of which e is an interior point. More 
generally, x is an interior point of V+ if and only if d(x) > Qa. 
Proof. If x;EV> (i 1, 2), then 
d(x, +22) h(x,)+-(%.) > '!Qx,\|+|!Qae|| > \\Q(a1 +22)! 


and therefore x,+2, € V*. Obviously, ifx ¢ V+ anda > 0, thenar< V 


Using (2), it is equally easy to prove that, if 2, —xe V*, then x = 0. 
That V is closed is an obvious consequence of the continuity of é and Q. 
For the same reason, if 4(.x) Qx', then x is an interior point of V~. 
In particular, e is an interior point of V+. 
On the other hand, if d(x) Qx', then, for every « 0. 
d(x — ee) Qx Q(x —ee)||, 
and therefore x is not an interior point of V+. This completes the proof 


of the lemma. 

With V’* as the set of non-negative elements, V is a partially ordered 
vector space with an order unit. I write, as usual, x > y to denote 
that (x—y)e¢ V*. The set of linear functionals non-negative on }'~ is 
denoted by V **. Since V’* has interior points, each ys €¢ V** is continuous; 
also V*+ is a closed cone in )*. Let K denote the set of all continuous 
linear functionals % € V* such that #(e) > | Q*s!!, Q* being the adjoint 
of Q [i.e. (Q*b)(x) = f(Qxr), re V]. 

LEMMA 2. (i) Kc V* 

(ii) Hach BE V* with ble) > \Q*db\| is an interior point of AK and 
therefore of V**. In particular, ¢ is an interior point of V* 

(iti) Jf \Q 1, then K V*+, 

Proof. (i) Let 4e K and xe V+. Then, using (2), we have 

p(x) = d(x)pb(e)+y(Qz) 
b(x)ys(e)+-b(Q2x) 
P(x )eb(e) + (Q*b)(Qx) 
b(a)ub(e) —|\Q*dhl| . || Qa 


0. 


(ii) Since each y ¢ V* may be written in the form % = d(e)d6+ Q*W, 
and since Q*¢ = 0, it follows just as in the proof of Lemma | that K is 
a cone in V* having as interior points all those 4 € V* with ys(e) > |!Q*u , 
including, in particular, ¢. 

(iii) Suppose now that | Q 1, and that % ¢ V**. Since V is reflexive, 
we may choose y € V with |y)) = 1 and (Q*%)(y) = |\Q*d\|. Let 


Z Qy|\e— Qy. 


































F. 





F. BONSALL 
We have Q: —Qy, o(z) = ||\Qy|| = ||\Qz'|. This shows that z > 0 and 
therefore Y(z) > 0. Now 

0 < d(z) = || Qy\¥(e)—P(Qy) = ||Qy\\s(e)—||O* ||. 
Since Q = 1, we have |\Qy) < 1 and therefore %(e) > |\Q*y\|; Le. w € K, 
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Lemma 3. The given norm in V is equivalent to the norm |.| defined by 
x inf[é: —fe <a < €e]. 
Proof. Since V~ has interior points, there is a constant » such that 
x <x x),xeV. An inequality in the opposite direction is a simple 
consequence of the fact that V** has interior points. 
In the present case a direct proof is available, which the author owes 


to the referee. It is easily verified that |x| = |d(x)|+|\Qa||. Thus 

x <(¢\+ Q@ ) x)|. On the other hand, since Px = d(x)e and 
Pxr+Qr = 2, 

we have x| = |lel|-2. || Pall +i@x 


> min(1, |\e||-*)(|| Par||+||a— P2'|) 
> min(1, |\e|-!)|\a)). 

We say that the closed unit sphere in V is strictly convex if the 
equations | x; 1,i¢ = 1,2, imply that ||}(a,+2,)|) < 1 unless x, = 2. 

Lemma 4. Let fe V* be non-zero and satisfy p(e) = ||\Q*d\|. If the 
closed unit sphere in V is strictly convex and (u;) = 0, d(u;) = |!Qu,| 
(i 1, 2), then uy, Uy are linearly dependent. 

Proof. If either of u,, uz is zero, there is nothing to prove. Suppose 
then that u; = 0 (i= 1, 2). This implies that also Qu; 4 0; for, if 
Qu; = 0, then u; = d(u;)e. But, since % is a non-zero element of V**, 
we have ¢(e) « 0, and we therefore obtain 4(u,;) = 0, u; = 0, contrary 
to hypothesis. We have 

0 = b(u;) = (ube) +¥(Qu,) 
P(u;)yp(e) +-(Q?u,) 
= P(U, ble) +-(Q*p)(Qu;). 


It follows that 

(Q*%)(—Qu;) = d(u,)ple) = ||Q*p) . ||Qu,)|, 
i.e, the functional Q*% attains its bound at —(Qu,)/|\Qu,||. But, owing 
to the strict convexity of the closed unit sphere, a linear functional 
attains its bound at exactly one point of the closed unit sphere. Conse- 


quently, (Qu,) Qu, (Quy) Qu.) 
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Since 4(u;) Qu; , it follows from the equations u; = d(u;)e+ Qu, that 


ty /||Quy)| = Uyg/\|Quy)). 


3. Indefinitely bounded linear operators 

Definition. An additive and real-homogeneous mapping 7' of V into 
itself is called an indefinitely bounded linear operator if there exists a 
constant M > 0, called an indefinite bound, such that 

q(Tx) < Mq(x) (xe V). 

Lemma 5. Jf T' is an indefinitely bounded linear operator, then T is 
hounded and either T or —T is an endomorphism of the partially ordered 
vector space V. 

Proof. lf > 0, then d(x) > ||Qx\|, g(x) < 0, and therefore q(7'x) < 0. 
This implies that |4(7'x)| > ||\QTx\|; hence T'x > 0 or Tx < 0 according 
as 6( T'x) 0 or d(Tx) < 0. In particular, 4(7'x) = 0 implies Tx = 0. 

Suppose that w. v are order units of V and that Tu > 0 while Tv < 0. 
Then ¢(7Tu) > 0 and 4(7'v) < 0; therefore, we may choose positive 
numbers A, » such that (7(Au+-pv)) = 0. As we have seen, this implies 
that T(Au+-pv) = 0. But Au+ypv is an order unit of V and therefore 

q( T(Au+pr)) < Mq(Autpvr) < 0. 
We have now proved that either 7’ or —7’ maps the order units of V 
into ~. Since a+-ee is an order unit whenever x € V+ and e > 0, it 
follows that either 7’ or — 7’ is an endomorphism of the partially ordered 
vector space V. 

The boundedness of 7' with respect to the usual norm in V is now an 
immediate consequence of Lemma 3. 

Definition. An indefinitely bounded linear operator T is said to be of 
the first or second kind according as T' or —T is an endomorphism of V’. 

We recall that the spectral radius of a bounded linear operator 7’ is 
the maximum modulus of the complex numbers in the spectrum of 7’, 
and is given by the formula 

p = lim ||7™||"". 
n—-=x 

The following lemma, which strengthens a result given by the author, 
is due to the referee. 

LemMaA 6. If T' is an indefinitely bounded linear operator, then 

p> M, 


where p is the spectral radius of T and M is an indefinite bound. 
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Proof. Since M (> 0) is an indefinite bound and g(e) = —1, we have 
q(T"e) < —M": ie. 

QT"e\|"— |\o( Te) |” < —M". 
Thus |¢(7"e)| > M”, ||} ||7""| \le|| > Mer”, ||P y2" > MU\\h)\-Wrjje||—1n, 
Letting n tend to infinity, we obtain p > M”. 

THEOREM |. Let T be an indefinitely bounded linear operator of the first 
kind. Then T is a bounded linear operator with a non-zero spectral radius p, 
which is a characteristic number of T and of T*: in fact, there exist non-zero 
elements u € V~, b © V*+ such that 


Tu = pu, T*s = pi. 

Proof. We have proved in the last lemma that p + 0. Since 7’ is an 
indefinitely bounded linear operator of the first kind, it is an endo- 
morphism of the partially ordered vector space V. V being a reflexive 
space such that + and V’** are closed cones with interior points, the 
theorem follows at once from Theorem 3 in (1). 


4. Indefinitely isometric linear operators 

Definition. A linear operator T mapping V (1-1) on to itself is called 
an indefinitely isometric linear operator if 

q(Tx) = q(x) (eV). 

An indefinitely isometric linear operator is, of course, indefinitely 
bounded, as is also its inverse 7'~!; thus Theorem | is applicable to T 
and to 7-!. Moreover it is plain that, if 7’ is of the first kind, then so is 7. 

AssumPTION. Throughout the remainder of this article, I shall suppose 
that the closed unit sphere in V is strictly convex and that \Q 1. 

I now state the main theorem. 

THEOREM 2. Let T be an indefinitely isometric linear operator of the 
first kind in V. Then T, T~ are bounded linear operators with spectral 
radit p, o satisfying oa! < 1 < p, and there are two possible cases. 

Case 1: o-! = p. The spectrum of T lies on the circumference of the 
unit circle and \ is a characteristic number of T and of T*. 

Case 2: o 1 < p. The numbers p, a are characteristic numbers of T 
and of T*, and the rest of the spectrum lies on the circumference of the unit 
circle. In more detail, there exist non-zero elements u,, U, © V*, py, by © V*" 
such that 

Tu, pu, Tu, ote, T* ys, pb, T* hy a's, 


is (O uftif), 
A) = tg aj. 











T : 
lie: 


nu 


Su 


ex 


ave 


fi) ‘st 
> p 


eax) 


an 
do- 
ive 


the 


led 


)Sé 





ON OPERATORS IN A REFLEXIVE BANACH SPACE 185 


If W denotes the intersection of the null manifolds of , and bo, then each 
a é V ts expressible in the form 


x= ,(x)u,+4f(x)untw (we W); 


T maps W into itself and, when regarded as an operator in W, its spectrum 
lies on the circumference of the unit circle. 

If either p or a is different from 1, then it is a simple characteristic 
number. 

Proof. Applying Lemma 6 with M = 1 to both T and 7'-!, we have 
p>lando>1. Case | is an immediate consequence of Theorem 1. 
Suppose now that a! < p. Applying Theorem 1, we know that there 
exist non-zero elements w,, uw, € V~, J, #. € V** such that 


Tu, = puy, T*, = ph, Tu, = ots, T'-t¢4, = ov. 
The last two equations may be rewritten in the form 
Tu, = ote, T'*$, = a. 
We have pub (Ug) = T*b, (Ug) = ¥,(Tuy) = oY, (uy), 


and, since p ~ ao", it follows that ¥,(u,) = 0. Similarly, %,(u,) = 0. 
We note also that u,, uw, are linearly independent. 

Let M,; denote the null manifold of %; (¢ = 1, 2). Since M;, is a proper 
ideal of the partially ordered vector space V and a proper ideal does not 
contain any order units, we see that u,, wu, are frontier points of V+. 
Similarly ,, ¥, are frontier points of V**. This proves that 

Y Yi Ye I 
(u;) Qu,|\, ble) = \|O*p;! (a mm 
By Lemma 4, we see that, if 2 € M, and ¢(x) Qx , then x is linearly 
dependent on u,. In particular it follows that u, ¢ M,, and similarly 
ue ¢ M,. By a normalization, we may therefore arrange that 
us, (u,) Ybo(Uy) a 
Let W = M,N M,. Each x € V is evidently expressible in the form 
x (xu, ! Yig(x)Uy te (we W). 

Moreover, since y; is a characteristic vector of 7'*, we have 7M, c WM; 
(i = 1, 2), and therefore 7W c W. Similarly 7-'W c W. 

We prove next that q(x) > 0 for all x e W, with equality if and only 
ifx = 0. In fact, if g(x) < 0, then either x or —. is an order unit; but 
this is impossible for an element of W. If q(x) = 0, then, by Lemma 4, 
xis linearly dependent on u, and on uy. This is impossible unless x = 0. 
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We prove that there exists a positive number y such that 


{q(x)}" > ylla|| (we W). (3) 
Since {q¢(x)}!” is positive homogeneous, it is enough to prove that 
inf {g(z)}}"=y>0. (4) 
rew ,\\z\|=1 


Suppose, on the contrary, that 
inf g(x) = 0. 
xrew , |x| =1 
Then there exists a sequence {x,} (x, € W) such that |\a,|| = 1, while 


lim q(x,) = 0. The closed unit sphere in a reflexive space being sequen- 


n-—->2O 
tially compact in the weak topology, there exists x € V with |\x|| <1 
and a subsequence {x,} converging weakly to x. In particular, 


u'ng 
lim P(X,,,) _ p(x). (5) 
k-—>o0 
Since lim q(z,,,) = 0, we have 
k—>oo 
lim ||Q2,,,|| = |b(x)). (6) 
k-—>oo 


Now closed spheres are weakly closed and {Qx 
It follows that 


ni converges weakly to Qe. 


Qr'| < lim |iQx,,\| = |$(2)), 


and therefore q(x) <0. But W, being a closed subspace, is weakly 

closed and therefore xe W. Since q(x) < 0, this implies that 2 = 0. 

It now follows from (5) and (6) that lim ¢(x,,) = 0 and lim |Qz,,,|| = 0. 
ko kn 


Since 


Ln, ow P(X, )e T V2, 


this implies that lim x,,, = 0, contrary to hypothesis. This contradiction 


kao 
establishes (4) and hence (3). 

We are now in a position to prove that, regarded as an operator in 
W, T has its spectrum on the unit circumference. In fact, let py, oy 
denote the spectral radii of 7’ and 7'-! respectively, regarded as operators 
in W, and let ||A|\;,- denote the bound of an operator A on the unit sphere 
of W. We have p,,- = lim ||7"\\}/", and, for x e W, we have 


n> 
yllall < {a(x)}” < lal. 
Thus, for n = 1, 2,..., and x € W, we have 
yall < {q( Tex)” = fala)” < |, 
from which ||/7""||,,, < y~!, py <1. On the other hand, we also have 
y\|el| S {q(e)pe” = {q(Trx) ph" < Ta, 
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which shows that py, > 1; therefore py- = 1. Similarly, og, = 1. It is 
now Clear that, when 7’ is regarded as an operator in W, its spectrum lies 
on the unit circumference. 

[t remains only to prove the final assertion in the theorem. We note 
first that, if wu € V is a characteristic vector of 7’ with real characteristic 
number A such that |A| + 1, then q(u) 0. In fact, 

q(u) = q(Tu) A ¥q(u). 
Suppose now that p > 1, and that (for some n = 1, 2,...) v satisfies the 
conditions _ 
(T'—pl)"v = 0, (T—pl)"—v $ 0. 
We prove that in this case n = 1, and v is linearly dependent on 2. 
Let v’ = (T'—pl)"—'v. Then (T'—pl)v’ = Oand v’ + 0. Since ao! ¥ p, 
we have w&,(v’) = 0. Since, as we have noted above, |4(v’)| = ||Qv’||, it 
now follows from Lemma 4 that v’ is linearly dependent on 1,; i.e. 
vy = xu,. Writing 
v= ud, (v)u,+y(vjuntw (we W), 


we have 
f n-1 
KU, (T'— pI)"—v ( — e) o(v)u,+(T'—pl)"—w, (7) 
te 


provided that (n—1) > 0. Since «x ~ 0, equation (7) is impossible; 
therefore n = 1 and p is a simple characteristic number. 
Similar considerations may be applied to co! if o > 1. This completes 


the proof of the theorem. 
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ON ROTATIONS IN HILBERT SPACE 
By C. R. PUTNAM (Purdue University) 
[Received 23 December 1954] 


1. Let @ denote the metric space the points of which are infinite 
orthogonal (real, unitary) matrices O and on which the distance between 
any two points O, and O, is O,—O,|. Here the symbol |A’ (also A)) 
denotes the usual norm of a bounded operator on a (real) Hilbert space. 
The subset of 2 consisting of those orthogonal matrices O admitting 
the representation O = e*, where S is a real, bounded, skew-symmetric 
matrix, will be denoted by Q,. A point O of Q will be called a rotation 
or a reflection according as O lies in Q, or in Q—Q, [ef. (1), 591-2: for 
the terminology of this paper see (2) and (3)]. 

Various connectedness properties of the above-mentioned, as well as 
other, subsets of 2 have been obtained in (2) and (3). The proofs 
involved certain results on orthogonal matrices which were obtained 
in (1) and which were based on the spectral resolution of an arbitrary 
unitary matrix {(4) 268-77]. Furthermore, characterizations of the 
sets Q, and (2—, in terms of the spectra of the matrices contained in 
these sets were obtained in (3). It was shown there that O is in Q, if 
and only if —1 occurs in the point spectrum of O with an infinite or 
with a finite but even multiplicity (possibly zero). 

Many topological questions relating to Q, and Q2—Q, remain open. 
For instance, it is not known whether these two sets are topologically 
equivalent, as are the corresponding sets in the case of a finite number 
of dimensions | cf. (3) 55]. Also, corresponding to the fact that, in the 
finite n-dimensional case (n > 1), the set of rotations is doubly con- 
nected, nothing seems to be known about the connectivity of Q). It 
will be shown, however, in §§ 2—4 below, that the set Q, is locally arcwise 
connected: that is. for every point A of Q, and for every neighbourhood 
of A in Q, 


N= Ny: O-A <e (e sufficiently small), 
there exists a neighbourhood 


M = M,: O—A| <4, 


Quart. J. Math. Oxford (2), 6 (1955), 188-92. 
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contained in .V, such that any two rotations in Mt can be connected by 
a continuous path lying in N and in Q,. (Incidentally, it will remain 
undecided whether the set of reflections (2— Q, is also locally connected.) 
The complications arising in the proof of the above assertion stem from 
the fact that, unlike the situation in the corresponding finite-dimensional 
case, the space Q is arewise connected and the sets Q, and Q—Q, are 
neither open nor closed in the space Q [see (2) and (3)|. Moreover, the 
intersection of the closures of Q, and Q—{Q, is non-vacuous and, in fact, 
consists of those rotations and reflections for which — 1 is in the essential 
spectrum |(3) 58]. (A number J is said to be in the essential spectrum 
of O if it is either a cluster point of the spectrum of O or is in the point 
spectrum of O with an infinite multiplicity [ef. (3) 59].) 


2. Let 4A denote any orthogonal matrix with an e-neighbourhood 
N,: |O—A! <e (< 2). 
It will first be shown that any two points of N, can be joined in 2 by 
a path lying entirely in N,. The transformation O > OA-!, where O 
isin N,. is a homeomorphism of N, onto an e-neighbourhood, say MN’, 
of the unit matrix J (of Q). Clearly, it is enough to show that any 
point O of MN’ can be connected to J by a path in NM’. Since « < 2, the 
point — | is not in the spectrum of any point O of M’; hence +-1 is not 
in the spectrum (in particular, not in the point spectrum) of —O. In 
terms of the spectral resolution of —O, namely 


27-0 
O | eA dB(A), 
+0 
define for every ton 0 < ft | a matrix O, by 
27-0 
0, | pit(A—7m) dB(A). 
0 


Here the E(A) satisfy the conditions obtained in (1) [see 598 9| for an 
orthogonal matrix, and O, for 0 <t < 1 is a continuous path in Q 
joining J (— O,) to the given O (= O,) [see (3) 71]. It is to be noted 
that the normalization is such that the E(A) are continuous from the left 
lef. (3) 60, for a fuller explanation of terminology]. It is clear that 
I—O max/|1-+-e! = max|eA-7)— 1] 

and that I—O, max |e“A-7) — ] 

where, in each case, only those values on 0 < A < 27 are considered 
for which ¢ is in the spectrum of —O [ef. (3) 66]. It follows that 

f—O I—O| (0<t<\}), 


f 
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and so the path O, lies in N’. The assertion at the beginning of this 
section now follows. 


3. Next, let A be a point of Q, which does not have — 1 in its essential 
spectrum, so that A is an ‘isolated rotation’ [ef. (3) 58]. Then every 
neighbourhood of A in Q, 

Ny: |;O—A| <e (e sufficiently small) 
consists only of points O belonging to Q,. The result of the preceding 
section then implies that any two points of N, can be joined by a path 
lying in %, (and hence also in Q,). 

Next, let A be a point of Q, which has —1 in its essential spectrum 

and consider any neighbourhood of A in Q, 
N,:|O—A| <e. 
It will be shown that any two rotations of N, can be connected by a 
path lying in a (Ce)-neighbourhood of A (‘sphere’ of radius Ce) and 
also in Q,, where C denotes a positive constant independent of « and of 
the particular pair of points in N, considered, thus completing the 
proof of the italicized assertion of § 1. In order to show this, let R be 
any rotation of Jt,. Then, as was shown in § 2, there exists a continuous 
path, say 
27 
O,= [ e®dE,A) (0<s <1) (1) 
0 
in Q joining A (= O,) to R (= O,) and lying in N,. It will be shown 
that the path O, can be modified so as to produce a path joining A to R 
and so as to lie also in Q, and in a (Ce)-neighbourhood of A. 


To this end, let a function ¢(s,A) be defined for 0 <s <1 and 
0<A< 27 as follows. If s=0 or s=1, let t = t(s,d) 1 for 
0<A<2z. Let h = h(s) be a continuous function on 0 <s <1 


satisfying 0 < h(s) < $n for 0 < s < land h(0) = A(1) = 0. Let t(s,A) 
be the continuous function on 0 < A < 27 (s fixed) whose graph consists 
of the five segments joining the successive points, in the (A, f)-plane: 
(0,1), (w—2h, 1), (7—h, 0), (7#-+-h, 0), (7+2h, 1), and (27,1). It is clear 
that t(s,A) = t(s,27—A) for 0 <s <1 and 0 <A < 2z. Define for 
every son 0 <s < 1a matrix 
27 
T. ae | ela ms) dE (2). (2) 
0 
As a consequence of the definition of ¢(s,A) and the properties of 
the projections £,(A) [ef. (3), 60 and 71], the locus 7, (0 <s < l)isa 
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continuous path lying in Q and joining A (= 7) to R (= 7). Note that 
f(s, A) ei(A—m)lis,A) 


is a continuous function of the two variables s and A on 0 <s <1, 
0 <A < 2z, and satisfies f(s,0) = f(s, 27) (= —1). Clearly, the con- 
tinuity of O, implies that of 7... 


4. Two cases will be considered. Suppose first that —1 is in the 
essential spectrum of FR (as well as of A). Let k(s) = min'z—A(s)!, 
where e’® is in the essential spectrum of O,. As a consequence of the 
definition of the essential spectrum given at the end of § 1, the continuity 
of O, implies that of the function k(s) also. In view of the equalities 
k(0) = k(1) = 0 and the fact that O, lies in the e-neighbourhood %,, 
one can define the above-mentioned h(s) so that h(s) > k(s)for0 <s <1 
and so that je’’—1| <« for 0 <s <1 [ef. (3) 60-1 and 66]. Since 
t(s,A) = 0 for 0 < s < land z—A(s) <A < 7+-A(s), it is clear that —1 
is in the point spectrum of 7, (0 < s < 1) with an infinite multiplicity. 
Thus, every 7. (0 < s < 1) is in Q,. Moreover, it is clear that 

T.—O,|< Ke (0<8< 1), (3) 
where A denotes a constant independent of « and of s. Consequently 
A can be joined to & by a path lying in Q, and in some (Ce)-neighbour- 
hood (C K-+-1) of A. 

The second case to be considered is that in which R does not have — | 
in its essential spectrum. Hence, R# is an isolated rotation; thus, all O 
of 2 sufficiently close to R lie in Q,. Let s* < 1 be chosen so that all 
elements O, of the path (1) for which s* < s < 1 are isolated rotations. 
Then define h = h(s) as above for 0 < s < s*, so that every 7, of (2) on 


this s-domain lies in Q,. On s* <s < 1, it is only necessary to define 
h(s) so as to be positive on 0 <s <1, be continuous and satisfy 
e*—]| < € on the entire interval 0 < s < 1, and satisfy A(1) = 0. As 


long as h(s) > k(s), it is clear that —1 is an eigenvalue of 7, with an 
infinite multiplicity, and so 7) is a rotation. On the other hand, k(s) has 
a positive lower bound on s* < s < 1 and for s sufficiently close to 1, 
h(s) < k(s) (since h is continuous and A(1) = 0). Nevertheless, even for 
these values of s, 7. is still a rotation. 

In order to see this, note that, if s* < s < 1, then —1 occurs in the 
point spectrum of O, with a (finite) even multiplicity, say m [ef. (3) 58]. 
Moreover, if eis in the spectrum of O,, so also is e~* [ef. (1) 698-700]. 
Consequently, if h(s) < k(s), there exist either an infinity or a finite even 
number, say n, of eigenvalues e’4 of O, whenever 7—h < A < 7+h (and 
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no points e* of the essential spectrum for 7—h < A <a+h). To each 
of these eigenvalues, there corresponds an eigenvalue — 1 in the spectrum 
of T,. (In fact, if x 4 0 is any element of the Hilbert space, it is clear 
that 
27 
(7.+-1)x\? = ( | —et\A—wMis,d|2 dq) E(d)ar|2 
0 

[ef. (3) 71-2]. Hence, z is an eigenfunction of 7, belonging to the eigen- 
value —1 if and only if zx is in the range of the projection 


B(n-++h)—E,(n—h).) 


Thus, whenever h(s) < k(s), T, has —1 inits spectrum with a multiplicity | 
which is either 0 or m+n, and hence even, and consequently is a 
rotation. Thus the entire path 7, (0 <s < 1) is in Q, and, as before, 


satisfies (3). Hence 7), also lies in a (Ce)-neighbourhood of A, and the | ie 
a 


8s 


proof of the italicized assertion of § 1 is now complete.t 


} This work was supported by the National Science Foundation research grant 
NSF-G481. 
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A SIMPLE PROOF OF SOME PARTITION 
FORMULAE OF RAMANUJAN’S 


by J. M. DOBBIE (Cambridge, Mass.) 





teceived 27 January 1955] 


| 1. Introduction 
| BarLEy (2) showed that two of Ramanujan’s formulae+ 


> p(sn-+4) jan — ‘liao (1.1) 


. ] an 5 = 22 n nar 
and | [: 2 = (1.2) 
1—2 4 \5] 1—a" 


can be obtained from a well-known formula in elliptic functions. Formula 





(1.1) is deduced by Bailey in an earlier paper (1) from 


x | | - — Sy F a vn anit : 1.3) 


/ __ pdn+1)\2 ___ pon+2)2 
— a ) (l—a ) 





by an argument of Ramanujan’s (4), while (1.2) and (1.3) are special 











cases of 
= —_ yq" (x—y)(1—ay) 
s| = ~ = 
= -aq")® = (1—yq")? (1—x)*(1—y)? 
[| (l—ayq")(1 yz ty” ‘g")(1— ary” 1g”)(1 _ a-lyq”)(1—q”)4 a 4) 
(1 2g" )2(1 — 28g" (1 — yg" (1 — yg"? 


Formula (1.4) is obtained from the well-known formula 


o(u- -v)o (u+-v) (1.5) 
——— ma) 

o*(u)a*(v) 

when the functions are replaced by their Fourier series. I show how 

(1.4) can be obtained by a very simple method which does not require 





e(uj)—Ol(v) = — 


the use of an identity from another source. 


+ In (1.2) the symbol (7 ‘) is the Legendre—Jacobi symbol. 


Quart. J. Math. Oxford (2), 6 (1955), 193-6. 
3695,2.6 Oo 
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Carlitz (3) treats the formula 


> 
@'(w) etre (1.6) 


in a similar way to derive the formulat 


ae ah n°q (a"—a-") 
(l—zx)3 © 1—q" 





a om r2q" eflt = n\6 
= tie nie i dea de i. ic. (1.7) 
‘iw 


(1- aq")A(1 —7 ig*)* 


Although (1.7) can be derived from (1.4) by dividing by x—y and then 
letting y > x, as Carlitz observes, we begin with a derivation of (1.7) to 
illustrate the method. 


2. Proof of Carlitz’s formula 
Suppose that 0 < |g) < 1 and denote by f(x) the second member of 


5). Sam f(x) = af(qx) = af (q'2). (2.1) 
Now f(z) has poles of order three at the points 

z=q@ (k= 0, +1, +2....). 
By direct computation the principal part of f(2) at x = 1 is found to be 


2 l 0 l+-2 
(l—z)® (l—z)? 'l—z (l—z) 


From (2.1) the principal part of f(x) at « = q-* (k i eee 


q*(1+aq") 
(1—ag*) 


and at x = q* (k = 1, 2....) is 


q-*(1+aq-*) 2 CH (+2-14") 


(1—aq-*)3 (Lar 3gk 





Subtract the sum of the principal parts at the poles from f(a) and 
define the remainder as h(2z): that is, 


tIl+a —« gk ‘(I+ ag* ‘) — qg*(1+a-!q*) 
x h xv) he ™ ul x? ‘. é 1 2° 
f(x) 2(2¢) (l—x) he = kp x Fs : 2) 


+ IT have replaced 4? by q and multiplied by (1-+-.r)/(1—.)® for convenience. 
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From (2.1) we have h(a) qh(qz). (2.3) 
Also, A(x) is analytic everywhere, except possibly at 0 and 2%. Hence it 
has a (unique) Laurent expansion. Substituting in (2.3) and equating 
coefficients we find that h(x) reduces to the form ax. But it is evident 
thata = 0 by putting x lin (2.2). Therefore h(x) is identically zero. 
Formula (2.2) with h(x) 0 is equivalent to (1.7), which becomes 
evident from the simple formula 


. an SL agk x x 3 2,0 
a (.- 2g") YY n2gkrr ~~ 72 om 1 
_ (1—agq*)* K-1n=1 — 1—gq" 
A ” 


3. Proof of Bailey’s formula 

Let F(x, y) denote the second member of (1.4). To apply the method 
of § 2 we first treat y as a parameter (not equal to an integral power of q). 
Then F(x, y), as a function of x, has poles of order two at 


= ¢q" 0, +1, +2.,...) 
and F(x, y) = F(qx,y) = F(q-'2, y). (3.1) 
The principal part at x = | is 
l l i 


The fact that this expression is independent of y suggests that F(x. y) 
can be written as g(a)+A(y): I find it shorter to refuse this gambit. 


Using (3.1) and the principal part at x | we can write 


F(x, y) H(x,y)+G(a) 


G2) ad S ag* 4 z q' : (3.2) 
(1—x)? a a (1 xrq*)* (l—z 1h)? 


where H(2,y) has a Laurent expansion 
H (x, y) ¥ a,(y)a", 0 a<ca 


and satisfies the equation 
H (x,y) = H(qx,y). (3.3) 


On using (3.3), H(a, y) reduces to a,(y), which is easily found to be —G(y) 
from (3.2) and the obvious relation 


F(a, y) F(y, 2). 


This completes the proof of (1.4). 
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4. Remarks 

The proof of (1.4) given in § 3, together with the elementary arguments 

given by Bailey (1,2) to deduce (1.2) and (1.3) from (1.4) and by 
Ramanujan (4) to deduce (1.1) from (1.3), constitutes the simplest 
known proof of Ramanujan’s famous identities. This proof is both 
elementary and self-contained. 

The method used in § 3 to prove (1.4) has been used by many investi- 
gators since Jacobi. It was used often by Cauchy. Although elementary, 
the method seems to be very useful in deriving additive-type identities, 
especially partition identities. 
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ON THE PARSEVAL FORMULA IN THE 
THEORY OF EIGENFUNCTION EXPANSIONS 
ARISING FROM DIFFERENTIAL EQUATIONS 


By A. Il. MARTIN and E. C. TITCHMARSH (Oxford) 


[Received 29 January 1955] 


1. CONSIDER a differential equation 
V2yh(x)+-{A—q(X)}(x) = 0, (1.1) 


where x stands for a finite number of variables z, y,..., each‘ taking all 
real values, and ee eee 
V2 = 0?/6x?+6?/éy*?+.... 
Let G(x, &.A) be the Green’s function of the problem, and let 

be 

H(x,€.) = lim | im G(x, €, w+-i8) du. 
2.04 

0 
Let {(x) be an arbitrary real function of L* (integrable square) over the 
whole space, and let 


x 
. 


, ] 
f(x) = — ‘H (x, €, 2) —H(x,€, —p)}f(€) dé. (1.2) 


7 
. 


-~o 
Then the expansion formula related to the problem is 


f(x) lim f,,(X). (1.3) 
pre 
This was proved by Titchmarsh (3) in the two-dimensional case. If the 
Green’s function is unique, the conditions assumed are that f and 
(g—V*)f are L* over the whole plane. If the Green’s function is not 
unique, the additional restriction is to be imposed that 
eG of l 
pg tof’) 
er or r, 
as r*= = x*-+-y* oo. The result, under similar conditions, was extended 
by Martin (1) to higher dimensions. 


Quart. J. Math. Oxford (2), 6 (1955), 197-206. 
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To obtain the corresponding Parseval formula, multiply (1.3) by a 
function g(x) of L* and integrate. We obtain formally 


( fg dx = lim [ fig ax 


pres, 
lim | {H(x, &, w)—H(x, 8, —)}f(B)g(x) dxd& 
pout J 
lim {J(f.9g.4)—J(f.9g. —p)}, (1.4) 
px 
where J(f.g. h) | | H(x,&, w)f(x)g(§) dxd&. 
7 . * 


In particular, if g = f, the formula is 
s 
| f? dx J(f.0)—J(f, —o), (1.5) 
y 

where J(f, 1) J (ff, p). 

In the case of a discrete spectrum, J(f,) is a step-function. If f has 
the Fourier coefficient c, = | fy, dx, where y, is the eigenfunction 
corresponding to the eigenvalue A,,, then J(f,) has the saltus c% at X,, 
(or a sum of such terms in the case of “‘degeneracy’). Hence (1.5) becomes 

| f2dx = de, (1.6) 
& i—0 
the ordinary Parseval formula. 
We shall now investigate the conditions under which these formulae 


hold. 


2. Let G,,. H,, denote the Green’s function, ete., for the problem for 
a finite region, e.g. —R <2 < R.,..., with the eigenfunctions vanishing 
on the boundary of the region. Let A,, , denote the eigenvalues in this 
problem, and ¢,, », d,, 2 the “Fourier coefficients’ of two functions f and 
qg of L?. Then the Parseval theorem for the finite region givest 


x 
oP —¢ nd 
Y = Be ans MR R 
[ [ Gels, 8, dfx) dxde = SY Seen, 
} mam 
RR n=0 "it 
+ For the case of two dimensions, see Titchmarsh (3), § 10. The proof in three 
dimensions is similar. In the case of more than three dimensions, treated by 
Martin, we appear to require that either f or g is bounded. This condition can be 
removed when we arrive at (2.2) since H is L?. 
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Hence, if « and § are real, and v > 0, 


*] 


B 
im G p(X, §.u+iw)f(x)g(&) dxdEdu 
RR a 
00 B 
> aT a | a. (2.1) 
n=0 . (A, r—pv)? +H 


The integral on the right-hand side does not exceed 7. Hence, by using 
Schwarz’s inequality for sums, together with the Bessel inequality 
appropriate to the finite region, we see that the absolute value of the 
right-hand side does not exceed 


x Z a " 1 
m| p 3 Cn.R 2, dir)? ca ( f*? dx | gq? dx)° < o( [rp dx J g? ax)? 
. ie 
Assuming temporarily that f and g are outside finite regions R’ and 


R" respectively, we obtain on making R > 0, v > 0, 


| (H(x,8,B)—H(x, &, w)}f(x)g(&) dxdb| 


R’ R* 
< a [ f? dx ( g? dx)". (2.2) 


Now, for any real pu, 


{ H2(x,€, 4) dé < K(x, |u|). 
x 
In the two-dimensional case, this follows from Lemma é of Titchmarsh 
(3), by making v + 0 and using Fatou’s theorem; and a similar argument 
is valid generally. Hence, if f is L* over the whole space, the integral 


F(x,n) = [ H(x,€, u)f(&) dé 


—x 


is convergent for all x and ». Hence, making R’ — © in (2.2), we obtain 
‘ | - “4 1 
[ (FEA) —FE. ayiol6) a) <a{ { seax f g@ ax}. 
R “a a 


Let g(&) F(E, 8)—F(E, x) in R”, and zero elsewhere. Then 
| {F(E, 8)— F(E, «)}? dB < 7* { f* dx, 
or, since R” is stdin. ; 
ft {F(€,B)—F(E, x)? dB < 7? {yr dx. (2.3) 


x —--« 
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In particular, taking « = 0, F(E,«) = 0, we see that F(§,8) is L* for 
every 8. Hence J(f,g,) exists, as a repeated integral, for every pu, and 


a 


' ft w@ 
I(fgou) =— | F(x, w)g(x) dx. (2.4) 
Also ; 
, ae 
J (f.9.B)—J(f.g,«)| = = | | {F(x, B)—F(x, «)}g(x) dx| 
Y i 
< ( | f2 dx | # ax)! (2.5) 
by (2.3). os i 
On taking g = f, d, zp = C,,p in (2.1), we obtain 
a 
| | im Gp. f(x)f(§) dxdEdu > 0. 


RR «a 
Hence, as before, 


| [ {H(x, €,8)—H(x, , «)} f(x) f(€) dxd& > 0. 





Rk’ 
Making R’ > o0, we see that, for any f of L?, 
J(f,B)—J(f,«) > 9, (2.6) 
ie. J(f,) is a non-decreasing function of p. Also 
I(f,B)—I(f,x) < | f? ax, 
as a particular case of (2.5). Thus 
J(f,0)—J(f, —2) < | f? dx. (2.7) 


This is the generalization of the Bessel inequality. 

3. If f satisfies the conditions assumed for the validity of (1.3), then 
f,(X) is bounded for all real », and x in a bounded region; e.g. in the 
case of two dimensions this follows from Lemma p of Titchmarsh (3), on 
making imA > 0. Hence, if g is any function of L?, 


lim {fig éx = [fg dx. (3.1) 
ee k 
Now, on taking f -x = p in (2.3), we obtain, for any f of L?, 


| fi dx < | f? dx. (3.2) 
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nd 
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Hence, if CR denotes the set complementary to R, 


| [ fag ax| < ( 


| 
| 


© . 1 
f? dx | he ax)’ 


CR CR CR 
AF \4 
< ( | f? dx | g dx)" (3.3) 
x CR 


which can be made arbitrarily small by choice of R. Hence, if f satisfies 
the special conditions, (3.1) and (3.3) give 


lim ( fig ax | fg ax. (3.4) 
eee 2 
Since If.m—J(f.—w) = | ff ax, (3.5) 


the Parseval formula (1.5) holds in this case. 

To prove it for any function f of L’, let f™ be a sequence of functions, 
each of which satisfies the special conditions, and such that f™ converges 
in mean square to f over the whole space. Then we can choose k so large 
that : 
( (f—f™)? dx < eé?. (3.6) 


D 
Let g be any function of L*. Then, by the Schwarz inequality, 
g? ax. 


—x 





| (f—f)g dx) <e 


By the Schwarz inequality, (3.2) applied to f—f™, and (3.6), 





ff )g dx| <e [ gt dx. 
By (3.4), lim [ (f—f@P)g dx = 0. 


pe > 
Altogether lim sup [ (f—f,)g ax| < 2 [ g*? ax, 


and so in fact the left-hand side is zero. This proves (3.4), and so also 
(1.4) and (1.5), for any f and g of L?. 

































202 





A. I. MARTIN AND E. C. TITCHMARSH 


The above argument shows that f,, converges weakly to f, if f is L*. 
But, by (3.2), 


x 


[ nedx = [ fzax+ [ ftdx—2 f 


L 





ff Ax 








x 
2 dx —2 | 
f dx —2 | fuf x, 
—<« — 
which tends to zero, by the weak convergence. Hence in fact f,, converges 
to fin mean square over the whole space. 


4. A related formula 
Let Difg= | (22+ 7 44.4 afg) ax (4.1) 
J \Oxr Ox dy oy 
for any functions f and g for which the integral exists. If we can integrate | 
by parts, and the terms at the limits vanish, we obtain 


D(f,9g) = | (—fV*9+qfg) dx = | fg* ax, (4.2) 


where g* = qg—V°g. 
In the case of a discrete spectrum, with eigenvalues and eigenfunctions 
A, %,; if g = ws, then g* = X,, %,,, so that 





nen 


Dif.va) = Ax { file OX =A, C,- (4.3) | 


Taking f = u%,,, we obtain 


Dib, %,) =A, (m= n), Dib, %,) =O (m ~n). (4.4) | 
Let D(f) = D(f,f). Then, by (4.2) and the Parseval formula, 


x 


D(f)= ls ff* dx = : = Senet n 


x 


where 


= | ft, dx = | fuhdx=d, | fy dx =A,c,. 
Hence we obtain formally 
D(f) pA A, Ch: (4.5) 


[For the case of a finite two-dimensional region, see Courant and Hilbert, 
Methoden der math. Physik, i, 2 Aufl., vi, § 7 (53). | 
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The generalization of (4.5) to the case of possibly continuous spectra 
will clearly be ‘ 
D(f) = | Ad I(f,A). (4.6) 
_s 
We next consider the conditions under which this formula holds. 
Consider for example the two-dimensional case, and suppose that f 
satisfies the conditions, stated in § 1, for the validity of the expansion 
formula. Let 


(x,A) = @(x,A,f) | G(x, €,A)f(E) d&, 


x 


and ®*(x, A) ®(x.A,f*). Then, by Lemma z of Titchmarsh (3), 
@*(x,A) = A®(x, A)—f(X). 
Put A = w+ iv, take imaginary parts, and integrate with respect to ju 


over (0,u). This gives 


u uv “ 
| im O* dy | nim ® du +v | re dy. 
0 0 0 


Multiplying by f(x) and integrating with respect to each variable over 
(—X,X), we obtain 


\ u u x 
J (xX) dx im @* dy | ph du | fim ® dx 
\ 0 0 NX 
x u 
+v | f(x) dx | reOdp. (4.7) 
NX 0 
Now let v-> 0. The left-hand side tends to 
x 
| f(x) F*(x,u) dx, 
s 
where F*(x,u) = F(x,u,f*). The process is justified since, by Lemma & 


of Titchmarsh (3), if fis L’, 

fim @® du — F(x, u) 

0 
boundedly over finite ranges of x and u. Similarly, on integrating the 
first term on the right by parts, we obtain 


u X u t x 
u| du | fim® dx— | dt| dp | fim® dx 
0 X 0 0 Zz 
\ u X 


-u [ f(x) F(x, u) dx ( dt ( f(x) F(x, t) dx. 


NX 0 X 











204 A. I. MARTIN AND E. C. TITCHMARSH 


The last term on the right of (4.7) tends to zero. Considering first the 
case of a finite region, we have 
u 2 
. du | 
a 
n— -—W 
0 


u 
. 


| ee 


[ | [ ©, du ! ax 


R 0 


Me 


i 
° 





M: 
ais 


= 


0 0 


_ Tu 9 wu 
S ye > « on Rk = | | ia dx. 


Making R - , we obtain 


co, u 


[| [oq éx<= | fax. 


» '0 


Hence the absolute value of the last term on the right of (4.7) does not 
exceed 


( {sax} 


x \ x u 


" cr es 2 l 
“ ( | f? ax)'( | | P du dx) < (zuv) | f? ax, 
x , t 0 ; 4 


{ free dh “ax)! 


sh 4 


which tends to zero with v. It follows that 


xX x - x 
| f(x) F*(x,u) dx = u | (x) F(x, u) dx — | dt | f(x) F(x.t) dx. 
-~xX x 0 x 


Making X - «, we obtain 
“ “ 


J (f,f*,u) = ud(f, u) ( J(f,t) dt | pd S(f, pw). (4.8) 


0 0 





From this, and (1.4) with g = /{*. it follows that 
[ ff* dx = [ pd J(f.p) (4.9) 


provided that / satisfies the conditions stated in § | for the expansion 
formula. 








the 


not 
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We can now show that (4.6) holds if f satisfies the conditions assumed 
for the expansion formula, if éf/éx and of/éy are L*, and qf? is L. 


2)" (2) x49 ax 


nf emt ta) 


rox roy 


For by integration by parts 
14) ff* dx = (1 a} 
ia R}Jd | R)\ 


rok r<R 


and the second term on the right tends to zero as R-»>o. The result 
therefore follows from (4.9). 


5. In certain cases the inequality 
{ AdJ(f,A) < Dif) (5.1) 


can be proved under wider conditions than those which we have assumed 
for (4.6). Suppose first that the region is finite, with boundary condition 
i = 0, and that f, éf/éx, éf/éy are L* over the region, and f = 0 on the 


boundary. Then the formulae (4.3) and (4.4) hold. Let q > 0. Then 


N 


v0 D( f— 2 ontn| 


N N 
Dif)+ >A, 2-2 ¥ A, ce 
n=0 


n 0 
N 
D(f)— ps A, ¢2. 
n=0 
Making .V — oc, we obtain 
> An c2 < D(f). (5.2) 


This is equivalent to (5.1) in the case considered. The result also holds 
for any bounded q since this reduces to the previous case by a change 
of A-origin. 

Suppose next that the region is infinite, g is bounded below, the 
spectrum is discrete, and that f, ef/éx, af/ey, and |q|*f are L*. Then 
(4.3) and (4.4) again hold [ef. Titchmarsh (2), § 3 and § 14]. Hence 
(5.2) follows again. Now consider the general case. By the Parseval 
theorem for a finite region, 


. : co : LJ, f, t) , Jr f, t) 
Oylx, f(x) dx — > ee [ Male _ _ fl 
| i I(x) . C—! A—An . A—t : (A—t)? 
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The function J,(f,t) is monotonic in ft, and bounded for all R and ¢, by 

the analysis of § 2. It therefore follows from the Helly selection theorem 

(see e.g. Widder, The Laplace Transform, 27) that there is a sequence 

of values of R through which J,,( f, A) tends toa limit, say j(f, A), uniformly 
over any finite A-range. On making R -> 00, we therefore obtain 

” (x. A F(x SO)  dj(f,t) 

| (x, A) f(x) dx | “< pe = —- 

SS : 1 


The inverse formula is 


. 


ct 
| He | 7 ) Cl 
Hf 2) IS; ba) = — lim | im | @(x,A) f(x) dx! du. Pp 
= bat | x fc 
Since this is also the formula for J(/f,t), 
i(f.t} = Jf, t). u 
Now suppose that the spectrum, both for finite and infinite regions, is ; 
bounded below, at Ay. Let f satisfy the above conditions and vanish 
outside a finite region. Then, for all sufficiently large R, u 
| Ad Jp( fA) < Delf) 
Ao ti 
by (5.2) applied to the finite region R. Hence, if A > 0, a 
, 
| Ad J, f.A) < Df). le 
Ao Q 
Making R -> ~ through a suitable sequence, we obtain 
\ ‘ 
| Ad J(f.A) < Df). (5.3) 
Xo ; 
and, since A is arbitrary, (5.1) follows. This case is required for an i 
application elsewhere. No doubt the result can be obtained for more 
general functions f. 
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ON THE COVERING OF LATTICE POINTS 
BY CONVEX REGIONS (II) 


By D. B. SAWYER (Otago) 
[Received 5 February 1955} 


1. In a recent notet in this Journal I proved a result concerning the 
covering of points of the integral lattice in the plane by symmetrical 
convex regions. I have since observed that a modification of the method 
proves a considerably stronger result which may be stated in the following 
form. 

THEOREM. Let K be a plane convex region which is such that, however 
it is displaced (a displacement consists of a translation and a rotation), it 
contains some point of the integral lattice. Then its area A(K) satisfies 

A(K) > }, 
with strict inequality unless K is congruent to the region K* given by 
r| < }, y|< 2—2*. 

This result proves a conjecturet of J. L. Massera and J. J. Schiiffer, 
to which my attention has very recently been drawn by Dr. Schiiffer, 
and forms a partial solution to a problem§ suggested by L. A. Santalo. 

The notation of my previous paper will be used, and also some of the 
lemmas, which will be referred to by their original numbers: the lemmas 
of this note will be distinguished by letters. 


2. Massera and Schiffer{ remark that A contains a unit square. This 
is most easily seen by using a result} due to Emch, which states that 
four points forming the vertices of a square exist on the boundary of any 
bounded convex region. Denote this square by A BCD and suppose that 
its side is less than 1. Displace K so that the centre of A BCD is at the 
point (4,4) and the sides of A BCD are parallel to the coordinate axes. 
Then by convexity A is contained in the crossing pair of strips formed 
by the lines of which A B, BC, CD, DA are segments. Since these strips 
contain no lattice point, we have a contradiction, and so ABCD has 
sides at least equal to 1. Let U be a fixed unit square in A and without 

+ (2) 4 (1953) 284-92. 
Publ. del Inst. de Mat. y Est., Montevideo, IT (1951) 55-74. 


§ Publ. del Inst. de Mat., Rosario, I, 54. 
American J. of Math. 35 (1913) 407-12. 


Quart. J. Math. Oxford (2), 6 (1955), 207-12. 
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loss of generality suppose that its centre is O and its sides are parallel 
to the coordinate axes. 

Let d denote the greatest radial distance from O to the boundary of K. 
Then by a simple modification of Lemma 2 we have 


A(K) > 3?4+-4(d?—})}, 
from which A(K) > ¢ if 


We thus suppose d < 1-27. (a) 


By Lemma 3, for each @ the set AK(0,0,@)+T contains the square S. 
But the four squares U(0, 0,6), U(0,1,6), U(1, 0,6), U(1, 1,6) together 
cover all of S except for a square gap in the centre of S. It is easily seen 
that for any @ this gap lies inside the circle whose centre is (4, 4) and 
whose radius is 1—}.2. Thus the distance from any lattice point other 


than a vertex of S to any point of the gap is at least 
4V10—(1—4v2) = 1-288... 
Hence by (a) the square S is covered by the four regions K(0, 0, @), 


K(0,1, 6), K(1,0,@), K(1, 1,0) alone. 


3. The main lemmas are analogous to Lemmas 4 and 5. We use the 
properties of ; 
-s d(u,v) = u?+v?+ 2a(v—u)—2p?. 

Lemna A. Let k be a positive constant. If f,(w), fo(u) are functions con- 
tinuous in the interval —B—k <u < B+k and such that 


fi(u—k) +fx(v+k) > 0, (b) 
fil(e—k) +fxl(ut+k) > 0, (c) 
whenever d(u,v) = 0, u <8, v| < 8B, (d) 
B 
then | {fi(u—k)+folu+k)} du > 0, 
—p 


with strict inequality unless there is always equality in (b) and (ce). 
Proof. If v is defined as a function of u by (d), then 
fi(u—k) +fx(v+k), Si(v—k) +fo(u+k) 


are continuous functions of uw on the interval —B <u <p. Using 
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(b) and (c) and recalling that « > 8. we have 


2 
| (a—u){f(u—k) +f,(v-+k)} du > 0, (e) 
-'B 
B 
| (a—u)f{f,(v—k) +fo(u+-k)} du > 0, (f) 
—Bp 
which, by (4) and (5), we may rewrite as 
p 2 
(a—u)f,(u—k) du 3 } (atv) f,(v+k) dv > 0, 
“p 'p 
4 
| (a+v)f,(vu—hk) dv + (a—u)fo(u+k) du > 0. 
“3 ‘s 


On addition we have 


> 


2a [ {fy(u—k)+folu+k)} du > 0. 

—B 
There is strict inequality here unless there is equality in both (e) and (f). 
But, since the integrands in (e) and (f) are continuous, there is equality 
in (e) and (f) only when there is always equality in (b) and (c). 


Lemma B. Jf g,(u), go(u) are functions continuous in the interval 
—B—k <u <B+k, and such that, when u, v satisfy (a), 


g,(u—k)4+-g.(v-+k) > v—u+2h, 
g,(v—k)+g(utk) > v—u+2h, 


where h is a constant, then 


B 483 
| {g,(u—k)+g.(u+h)} du > 4Bh+—-- 
“3 P . 3a 


Proof. We write 
Jo( et) h (B? u?)/2a, 


fi(u—k) = g,(u—k)—go(u), fo(ut+kh) = go(utk)—go(u). 
Then 
)Q2_ 2. 32 
flu—k)+felvo +h) > v—u+2h- a capone 0, 


3695,2.6 P 
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so that, by Lemma A, 


B B B 
[ fox(u—k)-+ga(u-+h)} du = 2 f go(u)du+ f {f(u—k)-+fy(u-+h)} da 
—B B B 
é 
> 2] go(u) du 
—Bp 


4Bh+ $8071, 


4. Proof of the theorem 
We follow closely the proof of the earlier theorem. The unit square 
«| <4, ly! < } is contained in K. We write 


infe = —}—h—k, supz = }+A—K, 
K K 
infy = —}—h’—Kk’, supy = 3+A’—K’, 
K K 

where h > |k| > 0, h’ > |k'| > 0. 


By remarking that K contains the convex closure of the unit square 
and the extreme points we have 

A(K) > 1+h+h’. 
There is no loss of generality in supposing that h < h’, k > 0, so that 

A(K) > 1+ 2h, 
and we are concerned only with the range of values 

O0<k<hx}. 

When cos @ +-sin@ > 1+2h, 

the strip 4$+h—k < xcos6+ysin@ < cosé+sin0—}—h—k 
contains no point of K(0,0,6) or A(1,1,@). Hence some point on each 
of the lines xcos 6+-ysin@ = $+h—k, (g) 
(«—1)cos 6+-(y— 1)sin 6 t1—h—k (h) 
belongs to both A(0,1,@) and K(1,0,@). But K is defined by equations 
of the form 


¥ S3+9,(2), -Y S4+4+92(—2), 
where g, and g, are continuous functions, satisfying 
g(x) & 9, Jo(x) > O (i) 
when |x| < }. Hence all points of A(1, 0,6) satisfy 


y cos 0—(x—1)sin#@ < }+-9,{(~— 1)cos 0+-y sin 8}, 
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while all points of K(0, 1, @) satisfy 
(1—y)cos 0-+asin@ < $+ 9,{—-2x cos @—(y— 1)sin 9}. 
Using (g) we obtain on addition 
cos @ + sin@ < 1+-9,(4-+-h—k—cos 0)+-9.(—3—A+-k-+ sin 8). 
and using (h) we obtain on addition 
cos @ +-sin@ < 1+-g,(—}—h—k-+sin @)+-9.($+h+ k—cos 6). 


Writing u = 4+h—cos8, v = }—h-+-sin 6, 


we thus have g,(u—k)+-go(v-+k) > v—u+2h, 


g,(v—k)+g(u+k) > v—u+2h. 
We note that 
Bp? = 4—($+h)? = }—h—h? < (4—h)}* < ($—4)’, 
and so B+k < }. 


We now have, by (i), Lemmas 6, B, 


1 


A(K) > 14+h+ [ {gy(x)4+-gola)} dx 


B 
“ra alr k)+-92(a- k)} dx 
h 4Bh + 483 1 
:. 
The last inequality is strict unless h 0, which gives k = 0. It now 


only remains to show that there is strict inequality in the theorem 
except when g,(u) go(u) go(t), 
ie. except when fiw) = flu) = 0. 
Suppose for some uv, that f,, say, is non-zero, i.e. 
fluo) = p # 9. 
There is strict inequality in the theorem unless (b) and (c) are always 
true with equality. In this case, defining a sequence {u,,} by the recursion 


J P(u,, 1> U,) 0 
we have for all m 


Si(Ury, } P> fe(Mam +1) p- 
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As n> X&, u, > 8 = 3, so that by the continuity of f, and f, we have 
AG@)=p, — fred) = —p. 

Since go(}) = 0, we have 
W(t) =P, 9a) = —P, 


contradicting (i). This completes the proof. 


| Note added in proof, 18 May 1955. The result of this paper has 


been discovered independently by Schaffer, whose work is in course of 


publication in Mathematische Annalen. I am grateful to Dr. Schaffer 
for pointiing out to me that the result attributed in § 2 to Emch has 
only recently been completely proved, by Christensen, Mat. Tidsskrift 
B (1950) 22-6.] 
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INTEGRAL TRANSFORMS AND EIGEN- 
FUNCTION THEORY (II) 
By D. B. SEARS (Cape Town) 
Received 15 February 1955] 
1. Ler d(a,A) be the solution of the differential equation 


d*y 


| ir q(x) ty 0 (x >0) 
dx? : 


satisfying the boundary conditions 
(0, A) sin a, '(0, A) COS x, 
primes denoting differentiation partially with respect to x, and let 
G(x, y,A) denote the Green’s function for A not real. Among the list of 
‘transforms’ f(x), F(t) given in (1) were 
f(x) G(x, y, A). F(t) b(y, t)/ (A—?): 
f(a) CG (ax, y, A) Cy, F(t) b'(y,t) (A—t). 

The second result was stated without proof; it can be obtained by a 
rather tedious limiting process from the corresponding formula for the 
Sturm—Liouville case. The object of this note is to show that it can be 
derived very simply, in either the Sturm—Liouville case or the singular 
case, as a consequence of a general theorem involving functions F(¢) for 
which ¢F(t) is of integrable square in the appropriate sense. This 
theorem, together with the transform [8] of § 6 of (1), gives a result 
analogous to the following theorem for Fourier transforms | (3), § 3.14, 
Theorem 68). 

If both f(x) and f(x) belong to L*, then both f(x) and x f,(x) belong to L?, 
and conversely, where f, f, are Fourier transforms. 

In order to avoid repetition of the preliminaries, | have written this 
paper as an addendum to (1). 

2. | consider first the singular case over (0,<), in which the unitary 
transformation from L?(0,20) to #?(—«, <x) is given by (1.3) and (1.4) 
of (1), i.e. = ‘ 


ww 


( F(t) dk(t) | f(x) dx ( d(x, t) dk(t), (2.1) 
0 0 0 
| f(y) dy ( F(t) dk(t) | (y, t) dy. (2.2) 
0 “gy 0 


for any f¢ L? and its transform Fe #?. 


Quart. J. Math. Oxford (2), 6 (1955), 213-17. 
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THEOREM |, Suppose that F,tF ¢ #?, that their transforms are f,h € L?, 


and write 


x 


g(x) = | F(t)b(a, t) dk(t). (2.3) 
Then g'(x) is absolutely continuous over any interval (0,a) with a > 9, 
g" (x) = 9(x)g(x)—h(e), 
and g(x) f(x) almost everywhere (x > 0). Also 
A(g) = g(a)cosa+g'(a)sina = 0. (2.4) 


Throughout, A = u+iv will be a parameter with v > 0, and K a con- 
stant, not necessarily the same at each appearance, or a function depend- 
ing only on the variables indicated. 

Since d(x, t) (A—t), G(x, y, A) are transforms, we have, by the Parseval 
relation and (1) (6.8) with p = 4, 


¥ 8) x 


a ~ ~ l 
| Fiddle. t) dk(t) - | [ (ANF! ak(t) [ |b(x, HA—2) v dk(a)| 


(2.5) 


— K(A)im{G(x, x, A)}. 
Thus g(x) is defined for all x > 0. By (2.2), for any c > 0, 
t F(t) dk(t )f (x—y)b(y, t) dy 


x c 


( (x—t)h(t) dt 





x 


( F(t) dk(t) ( (x—y){q(y)o(y. t)—$"(y, t)} dy 


ar x 


| (x—y)q(y) dy ' F(t)d(y, t) dk(t)— 


c ~ 9) 





— [ F(t){d(x, t)—(c, t)—(x—e) 4’ (c, t)} dk(t) 
The first inversion is justified as follows if, ms instance, 2 > c¢. 


r x é x 


; ~ , l 
| dé | tf | d(y,t) dy) dk <K j w || (y, t) ay art dé 
2 ‘ 


rtf al! 
K | | dex" dé, 
<a F 
when we remember that the transform of a function which is unity for 
e <x < & and vanishes otherwise is . 
g 
| d(x, t) dx. 


c 








2.4) 
on- 
nd- 


val 
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The integral involved in the second inversion is, by (2.5), dominated by 


K(A) { (x—y) \q(y) im{G(y, y, A)} dy < K(x, A) 
since the Green’s aati is continuous. It follows that 
g(x) = f F(t)d(c, t) dk(t)+(x—ce) f F(t)d'(c, t) dk(t)+- 
| - - 
+ | (@—yNaygy)—h(y)} dy. 


c 


All the results stated in the theorem follow from this integral equation. 


3. THEOREM 2. For given y and X not real, the transform of 
OG (a, y, A) is d'(y, t) 
cy pr 
By (1) (6.6), for any f € L?, 


; F(t)dly, t) dk(t) 


O(y, A, f) | G(x, yA) f(x) dx 7 


0 : 
Then F(t) ¢ Y?, and F(t)/(A—t) satisfies the conditions of Theorem 1. 
Hence 
(3.1) 





[ P(t)d'(y. t) dk(t) 


@'(y, A, f ) \ r 


. 
x 


which implies that F(t)¢’(y, t)/(A—t) € # for every F ¢ #?. Thus 
d'(y, t)/(A—t) € F?. 


C G(x, y,A) fyb(a A)d'(y,A) (y < 2x), 


As in (1) § 6, oan 
ee ey V8 wy.) (y > 2), 





9 


when x(a, A) € L?; hence éG/éy € L? for fixed y. Now 
y x 


M(y,A,f) = db(y, A) ( d(x, A) f(x) da + d(y, A) | ub(a, A) f(x) dx. 


0 y 


Thus, clearly, ®'(y,A,f) | eG(z, yA) f(x) dx. (3.2) 
ey 


x 
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Let I'(x, y) denote the transform of ¢'(y, t)/(A—t). Then by the Parseval 
relation (3.1), (3.2), we have 


—_ tN fe) 0 
J 





T(x, y)— 
J | 
0 
for every f € L*, which proves the result stated. 
It is now clear that the relation (1) (6.8) may be differentiated partially 
with respect to x and €. For example 


Gin, &. ANG, Ly, &, pu) dé * $'(x,t)d"( (x, t)h’( (Y, t) dk(t) 





p (A—t)(u—t) 
0 x 
Cpy(X, § y; A)— ry"; Yy, BM) ( > 3) 
p- = 
but, if y x, the last expression must be replaced by 
l , , , » 
on ath (Hd (x, 2 )—w' (x, A)db'’(a, A). (3.4) 


4, Similar results hold for the Sturm-Liouville system for the interval 
(a, 6), eigenfunctions #, (x), and boundary conditions 
,(a)cos a+-y,,(a)sin x = w,,(b)cos B+, (b)sin B = 0. 


Let (A,,) be the sequence of astm ‘and, for every f € L?(a,b), write 


In ( (ays, (a) dx. 


a 


Corresponding to (2.1), (2.2) we have for any fe L*(a,b) (a < x <b), 


p 2 Sn Ls yb, (x) dx, (4.1) 


| f(t) dt = > f, [ y(t) dt. (4.2) 
ro n=0 . 


a 
The analogue of Theorem 1 is as follows. 


THEOREM 3. Suppose that 


Zz = 2 . ss XD, g(x) s | 2 yb, (x) 
0 0 


a an 


and that f, h are the elements of L*(a,b) so defined with generalized Fourier 

coefficients (f,,), (A, f,). Then g'(x) is absolutely continuous fora <a <b 

q(x) = q(x)g(x)—h(x), g(x) = f(x), almost everywhere in (a,b). Also 
g(a)cos x+-g'(a)sin x = g(b)cos B+-q'(b)sinB = 0. 


> 











in’ 
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val In his development of the theory of the differential equation for the 
interval (a,b) and in the singular case over (0,00) it is assumed by 
Titchmarsh (2) that g(a) is continuous for a < x < b or x > O respec- 
tively. It is quite easy to show that the results of this and the previous 
paper hold if these conditions are relaxed to q € L(a,b) and q € L(0,c) 
for every c > 0. 
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ON SOLUTIONS OF THE NON-HOMOGENEOUS 
FORM OF MILNE’S FIRST INTEGRAL 
EQUATION 
By 1. W. BUSBRIDGE (Ozford) 
[Received 23 March 1955] 


1. Introduction 
THE integral equationt 


0 ; (1.1) 
or J (7) = xA{J(t)}+ Bir) 
where is Hopf’s operator [see (5), or (7) chap. IT], plays an important 
part in problems concerning the transfer of radiation through stellar 
atmospheres with isotropic scattering. It is also of importance, at least 
with B(r) = 0, in neutron-diffusion theory. 

In (1.1), J(7) is the unknown function. However, both in astrophysics 
and in neutron-diffusion theory, it is the ‘emergent intensity’ j(u-") 
(0 < pw < 1) which is required, where 

j(s) = L{J()} = ( J(tle-“dt (res > 0). (1.2) 
0 
When j(s) is known, J(7) can be found by inverting the Laplace trans- 
form, and I shall therefore aim at finding j(s) or j(u~?). 

In (1), Ambartsumian has found j(u~*) for the homogeneous equation 
by a method depending on the solution of an ‘auxiliary equation’, viz. 
(1.1) with B(r) = e-°7 (o > 0).t This method is extended in §§ 4-6 to 
give j(u-') when B(r) is any polynomial and also when B(r) = E£,(r). 
This enables the solution corresponding, for example, to 

B(r) A,+A,71+A, E,(r)+...+A,, #, (7) 
to be written down, a form which is often to be preferred to a polynomial 
as an approximation to B(r) in practical work. [Cf (7), chap. V.] The 

+ E,(7) is the nth exponential integral defined by 

r 
E,(r) = je “re-Ndz (n oe F 
1 
For its properties, see the appendices of (2) and (7). 
+ For an account of Ambartsumian’s method when x 1, see (7), § 28. 


Quart. J. Math. Oxford (2), 6 (1955), 218-31. 
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result for a polynomial has recently been found by 8. 8S. Huang (6) by 
guessing the form for j(u~'); that for Z,,(7) is new. A fundamental role 
is played by the auxiliary equation and this is investigated in § 3. 

In astrophysical problems, the constant y in (1.1) is usually such 
that 0 < y <1 (the so-called ‘non-conservative’ case) and I shall 
develop the analysis rigorously for this case. The results hold in modified 
form when x = 1, but justification of the processes used becomes lengthy 
and difficult. Since the main interest of the paper lies in the method, 
I have simply stated the results for y = 1 in § 6, indicating the way in 
which modifications arise. These results can all be verified by substi- 
tuting j(s) into the equation which is the Laplace transform of (1.1). 

Before developing Ambartsumian’s method, it is necessary to con- 


sider the uniqueness of solutions of (1.1). This is done in § 2. 


2. Uniqueness 
If J,(r), J.(7) are two solutions of (1.1) and if J(z) J,(r) 





J,(r), then 


I(r) = xA{J(b)}. (2.1) 
When 0 < x 1, it is well known [see, for example, (2) § 88, or (4)] 
that (2.1) has a solution J(r) which is O(e*7) for large 7, where k- 
O<k 1) is a zero of 
- +1 
T'() ] —Iypin® (2.2) 
b 
The corresponding function j(u~") is given by 
CH 
ue) = (H) (2.3) 
1—kp 
where H(z) is the solution of : 
, A(x 
H() 1+-dypuH (pu) 7 te (2.4) 
J t+p 
0 


which is regular for rex > 0,¢ and C is an arbitrary constant. The 
solution J(r) is bounded near + = 0. Thus, if solutions of (1.1) are 
considered which are O(e*7) for large + and O(1) for small 7, and if 
j\(u-) is one value of j(u~'), then 
jie )+CH(p)/(1—kp) 

is also a value for any C. 

We can, however, prove that, if J(r) satisfies (2.1) and is not too large 

+ H(y) will always have this meaning. When y 1, there is only one solution 


of (2.4), but, when 0 < y 1, there is a second solution with a pole at pp = k-?. 
See (3) or (2), Chap. V. 
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at infinity, then J(r) = 0. By means of a modified Wiener—Hopf method 
(cf. (7), § 29] I have proved the following theorem, which covers all the 
cases considered here: 


(2.1) for tr > 0 such that 
J(7) = O(Inz7-!) as7r—> +0, (2.5) 
J(r) = o(e%) as tT > XL (2.6) 
for every 0 > 0, then J(r) = 9. 

The proof of this is long and will be omitted, but the following more 
restricted version is easily proved and it is of interest because it is false 
when x = l. 

THEOREM Ip. Jf 0 < xy < 1 and if J(r) is a continuous solution of 
(2.1) for tr > O such that J(r) is O(1) as 7 > +O0and J(r) is O(r) ast > %, 
then J(r) = 0. 


Under these conditions there is a constant A such that. for all 7, 


J(r)) < A(r+1). (2.7) 
Since the kernel of A is positive, it follows that 
AAJt+D. < Af{d(t)}} < AA{t+]}. (2.8) 


By (7), formulae (14.23) and (14.24), 
A {t+1} = 7+1-} 





E,(7)— E;(7)] 
r+. (2.9) 
Hence (2.8) gives 
A(r+1) <A{J(t)} < A(r+1), 
i.e., by (2.1), J(r)| < Ax(r+1). 
Repeating the argument, we have 
J(r)| : Ay"(r + ]) 
for any positive integer n and hence 
J (rt) 0. 
When xy = 1, the uniqueness has been considered by Hopf in (5), 
Theorem V. He has, in effect, proved 
THEOREM II. Every solution of (2.1), with x = 1, which has a finite 
lower bound is of the form CJ*(r), where 
D(H) = Laytd*(O} = A(u). (2.10) 
For large +, J*(r) is O(r) and it is O(1) as tr > +0. 


THEOREM Ia. 1f 0 << x <1 and if J(r) is a continuous solution of 








od 


he 
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3. The auxiliary equation 
This is the equation 
J (7,0) xA{J(t,0)}4+-e-9% (co > 0). (3.1) 
We shall suppose that 0 < y < 1 and we shall use J(r7, oc) to denote the 


bounded solution of (3.1). The following theorem proves that this exists 
and is unique. 


THeoreM III. /f 0 < y < 1, the equation (3.1) has a unique solution 
which is continuous for + 0 and is bounded for 7 >0. This is the 
N-solution (Neumann series), which converges for r > 0. 


The V-solution of (3.1) is 


x 


J (7,0) > xr Ae ot} (3.2) 
n-—0 
if this is convergent. Since 
{1} = 1—}8,(r) <1, (3.3) 
therefore 0< Ate" < AM] <1. 


Hence the series (3.2) converges uniformly for all 7 > 0 and 
0< —JS(7,.0) < (1 —x) 1 


It is easily proved that, if {(7) is continuous for 7 > 0 and bounded for 
7 > 0. then A,,f(é} is also continuous for 7 > 0. Hence each term in 
(3.2) is continuous for 7 > 0 and so J(r,c) is continuous. The unique- 
ness follows from Theorem I. 

We now prove some properties of J(7, 0). 


Lemma lI. Jf 0 <x | and if s > 0, o > 0, then 
| e-$* I(r, 0) dr | e °7TJ (7, 8) dr. (3.4) 
0 0 
Since the terms of (3.2) are positive and their sum is bounded, we 
may multiply by e-*7 and integrate term by term over (0,00). Hence 


£ 


[ et I (7,0) dr > x" ( e-*7AMe-% dr 
n= : 


0 0 


x 
xt f e-tApfe-*} dt 


x 

- 5 
— 
- 0 


0 
because the kernel of the operator A, and therefore also that of the 
operator A”, is symmetrical in ¢ and +. From this (3.4) follows. 
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Lemna II. 1f0 <y <1, 


do 


J (7, a) 
Co 


exists and is continuous for r > 0. It is O(1) as tr > 0 and O(Inz-*) as 


T—> +0. 


Since the terms of (3.2) are positive and since the integrands of all 
the repeated integrals are positive, we have 
= x 
J (7, c) ad = 
Co 


i n=0 1 


n=0 


Pe 1 0 ’ B 
rn] | e-at® o| = > x"A"{E,(t)} (3.5) 
| a} 
if this series is convergent. Let 


A,(7) = A{E,()}. (3.6) 
Then from (7), formulae (14.53) and (37.41)-(37.44), it follows that 
A,(7) is continuous for 7 > 0 and A,(r) > In2 as 7 > +0, A,(r) + 0 as 
7-0. Hence there is a constant L such that 
0<A,(7)<L for7r>0. (3:7) 
It follows from (3.7) and (3.3) that. if n > 1, 
0 << AME(O} = AX-1A\(0} < L 
for r > 0. Thus the series (3.5) converges uniformly for + > 0 and it is 
the sum of £,(7) and a function which is continuous for 7 > 0 and 
bounded for r > 0. Since E,(7) is O(Inz—) as zr > +-0 and 0(1) asz —- », 
the stated properties follow. 
Lemma III. /f 0 < y <1, (€ €7)J (tr, 0) exists and is continuous for 
tT > 0 and it is O(Inr~") as tr + +0 and O(1) as tr > &. 
The proof of this, which is rather longer, will be given only in outline. 


In (5) [see p. 34] Hopf has proved that 


1 * . 
AA f(t)} = AAS (O}+ AE 7) f(0) (3.8) 


dr 
provided that f’(r) exists and is continuous for 7 > 0 and is such that 
f(r) = O(In7r!) as7r> 0, f'(r) = Oe") as7r>om, 


where 6 < 1, and provided that f(0) = lim f(r) exists. Hence 
T—>+0 


=< Afe-%} = —oA{e-} + 4Ey(r) = fulr)+4Ey(r), (3.9) 





at 


as 
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where f,(7) is continuous for 7 > 0 and 


Ifi(r)| <o. (3.10) 

Assuming that = Ante ot} — f (r)-+k, E,(r), (3.11) 
where f,,(7) is continuous for 7 > 0 and? 

f,Alt)| <o+3(n—1)L, 0<k, < }, (3.12) 

and applying (3.8) with f(r) = A®{e-®}, it is easily proved that (3.11) and 


(3.12) are true with n replaced by n+-1. Hence the truth for any n 
follows from (3.9) and (3.10) by induction. 
Let r >8 > 0. Then by (3.11) and (3.12) 
x" he . ANE #1 < lo A(n — 1) L\y"+ SE, (3)x” = (A+ Bn) x", 
| OT 
where A and B are constants. Hence the series 
e P 

S a ao ATK ~<a} 

n—0 
converges uniformly for 7 >6 and term-by-term differentiation is 
justified. Also, by (3.11), 

C x R : Dn 
J (r, a): —ge- p x"f, (7) : E,(r7) > x"ky, 
n=1 n=1 


OT 
and this is O(In7r-) as 7 > +0 and O(1) as 7 > &@. 
We now use Ambartsumian’s method to prove 
THEOREM [V. Jf 0 < y < 1, then, for p > 0, 
H(p)H(o- 
Boe"). (3.13) 


Ip a) : Vite (t,o); j 
1+-puo 


By Lemma III, J/(r.c) satisfies the conditions for Hopf’s differen- 


tiation formula (3.8). Hence, differentiating (3.1), we have 


“ J(r,0) Af oe, 0)| +-SyJ (0, c)E,(r)— oe”, (3.14) 
é 


and therefore, by (3.1), 
ain a)+oJ (rc) xX \_! . J (t,a)+od (t, o)| + $yJ (0, o)E, (7). 
OT "let ao 
(3.15) 
By Lemma II, we can multiply (3.1) by o~! and integrate over (1,0). 


+ L is the constant in (3.7). 
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Replacing o by x, we havet 


x 
. 


J (7,2) a = XA, [ H2) | + E, (7). (3.16) 
av 
i i 
From (3.15) and (3.16) we get 
d. x 
x 


> J (+, 0) -1-od (+, c)—4yJ (0, c) { J (7, 2) 
or 


= ts J(t,a)+od (t,0)—}yJ (0, a) | J (t,x) da) 

let , 7 x \ 
By Theorem III and Lemmas II and ITI, the function on the left-hand 
side is continuous for 7 > 0 and it is O(In7—) as r > +0 and O(1) as 
7» 2. Hence, by Theorem I 4, it is identically zero. Thus 


: J(z,0)+-od (7,0) = }xJ(0, 0) fe J (r i. (3.17) 
OT e 
Let R(s,c) = sv {J (t, o)} = = | e*J(t,a0)dt (s > 0). (3.18) 
0 
Then, by Lemma I, R(s,c) = R(o,s). (3.19) 
1 


If we operate on (3.17) by s~'Y, (s > 0) and integrate the first term by 
parts, we get a 
—J(0,0)+sR(s,0)-+-o7R(s,0) = 3xJ(0, 0) | R(s, o& 

x 
and therefore 


a) R(s,0) = J(0,0 yr +b fm R(s, x) <I. (3.20) 


Now put 7 = 0 in (3.1). Then 


x 


J(0,0) = hy [ E,(t)J(t,0) dt +1 


0 
= hy | J (t,o) dt | € ae 1 
0 1 
x 
i 
= 1+, | Roo, x), (3.21) 


+ This and subsequent inversions of orders of integration are all justified by 
absolute convergence. 
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by (3.19). Hence (3.20) becomes 
(s+o)R(s,c) = J(0,c)J(0, 8). (3.22) 


Substituting for R(c, 2) in (3.21), we have 


J(0,0) = 1+4xI(0, 0) f <e.abé 
1 


a(x-+o) 
and, if we put o = w-!, x = u-, we get 
1 
0,u-1 
J (0, u-!) = 14+-dypJ (0, u-") | ea. (3.23) 
J utp 


0 
Since J(0,u-1) is bounded for » > 0, it must be identical with the 
solution of (2.4) which is bounded for p > 0, i.e. H(u). Hence 


J(0,u-1) = H(z). (3.24) 
From (3.18), (3.22), and (3.24), the theorem as stated follows. 


4, The exact solution when B(r) is a polynomial 

We shall now consider the equations 

AyT” , a7" . 

J (7 Af pm of —+...+a,, 4.1 

n ) xX: he J, (t)} n! T (n—1)! r ( ) 
for n = 0, 1, 2,... and 0 < y <1. We shall look for functions J,(7) 
which tend to finite limits J,,(0) as 7 + +0, which satisfy (2.6), and whose 
derivatives J‘,(r) exist, are continuous for t > 0 and satisfy (2.5) and 
(2.6). Then the conditions for Hopf’s formula (3.8) are satisfied, and we 


have 
—1 


—1)! +. +a n-1° (4.2) 


When n = 0, the polynomial terms are missing. In (4.1) change n into 
n—1 and subtract from (4.2). Then 

Ji,(7) —J,, (7) = xA LTR A(t )— , i(t)} +- dye, (OE, (r), (4.3) 
and this holds for n = 0 if J_,(z) is defined to be identically zero. From 
(4.3) subtract }yJ,(0) times (3.16); then 


ae * 


J*,(7) — xA fo n()}+- xn ( (E(t) + 7 


dx 


Jt) —Jy_4(7)—4xd,(0) | I(r, x) 


eA Tul0- J,-1(t) — kyJ,,(0) [ J (t,x) 4 
3695.2.6 Q : 
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The function on the left-hand side satisfies the conditions of Theorem I 4 
and it is therefore identically zero. Hence 


Ji(7)—J,_-1(7) = 4x, fs (r, x) = (4.4) 


Let jn(s) = 2fJ,(t)} (s > 9). (4.5) 


If we operate on (4.4) by s~!.,, integrate the first term on the left by parts, 
and invert the order of integration on the right, we get 


° . r dx 
—J,,(0)+j,(8)—s-¥j,-4(8) a $xJ,,(0) R(s, x) = ? 


and hence, by (3.21), : 
jn(8)—874j,, (8) = J,(0)J(0, 8). (4.6) 
When n = 0, this is Jo(8) = Jp(0)J(0, 8). | (4.7) 
From (4.6) and (4.7) we have 
jn(s) = J(0, 8){J,(0)+s—J,,_,(0)+...+8-"J,(0)}, (4.8) 
e., by (3.24), 
Inle) = A(p)fJ,(0)+pJ,,_1(0)+...4+p"J,(0)}. (4.9) 


By means of (4.8) we can verify the conditions assumed above for -/, (7). 
It is easily verified that the proofs of Theorem III and Lemma III hold 
for o = 0. Hence J(r, 0) is bounded for + > 0 and (d/dr)J(7, 0) is con- 
tinuous for 7 > 0, is O(Inz-) as 7 > +0 and O(1) as 7 > 0. Comparing 
(3.1) and (4.1) (with n = 0), we see that 


Jj(r) = ay J (7, 9), (4.10) 


and hence by (4.7) the Laplace transform of J(r, 0) is a constant multiple 
of J(0.s). The functions whose Laplace transforms are s~!J(0,3), 
s-*J (0,8), etc., are therefore constant multiples of 


T T t 
| J(t, 0) dt, | dt J(u, 0) du, ete., (4.11) 
0 0 0 


and these functions all satisfy the assumed conditions. Actually /J,,(7) 
is O(r") for large r. 
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It remains to find the constants J,(0), J,(0),.... From (4.1), with r = 0 
J,,(0) , 3X [ J, (t)E,(t) dt a ay, 


0 


1 j ; »—rt dx 
x | J,(t) dt | et “+a 


0 
ere dx 
2X | Jnl) x2 I a, 
. 
; 3X In(e) du + a,. (4.12) 
0 
Let = pe” A(p) du. (4.13) 
0 


On substituting from (4.9) into (4.12) we have 


J,(0) = 4x Sa, J,,_,(0)+ (4.14) 
But, by (2), Chap. V, Theorem 1, 
bya = 1—(1—y)}, (4.15) 
and so n 
(1— )4J,,(0) 4x2 % J,_(0) =a, (n= 0, 1,...). (4.16) 
Solving, we have 
J,(0) (1 x) atin a, —$xa, —}xa ’ " : —ixa, : (4.17) 
@,., (I—x)* —txyay, - - - —dxm-1 
Jay2 0  (I—xR . 6. bya | 
g* 0 0 » 2 « (lx) 


Thus we have proved 

THEOREM V. Jf 0 < y <1, the equation (4.1) has a solution J,(r) 
which is continuous for + > 0, tends to a finite limit as t > +0 and is 
O(r") as r >. If j,(s) = Lf, (O}, then j,(u-)) (wu > 0) is given by 
(4.9), where the constants J,(0) are given by (4.17). 


5. The exact solution when B(r) E,,(r) 
We shall denote the solution of (1.1) with B(r) = E,(r) by ®,(7). 
When n 1, we have 


®, (7) xA{®,()}4+- E, (7). (5.1) 
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Comparing with (3.15), we see that 
Ee en a ee ee (5.2) 
xd (0, o) |er J 
By Lemma III and Theorem III, this is O(Inz-!) as 7 + +0 and O(1) 
as 7+ ©. Operating on this by &, (s > 0) and integrating by parts on 
the right. we have 


2s 


$,(s) = L{®,(d)} ie o)+s8R(s, c)+oR(s, c)}, 
where R(s,c) is given by (3.18). By (3.22) this is 
eo 
$1(8) = —{J(0,s)—lj, (5.3) 
x 
2 
and so $,(u-!) = —{H(pn)—]}. (5.4) 
XH 


Now consider the equation 
®,,(r) = xA{®,,(t)}}+£, (7) (nm > 2), (5.5) 

and suppose that ®, (7) tends to a finite limit ®, (0) as 7 + 0 and satisfies 
(2.6). Suppose also that ®)(7) exists and is continuous for 7 > 0 and 
satisfies (2.5) and (2.6). Then we can differentiate (5.5), giving 

®,,(7) = xA{®;,()}+3x®,(0)E,(7)—E£,, (7). (5.6) 
Adding (5.5) with n replaced by n—1 and subtracting 4y®,(0) times 
(5.1), we have 

D),(7)+®,,_1(7)—3x®,,(0)®, (7) 
= xA{O)(t) +O, 4()— 3x02 (0), (0}. 

The function on the left satisfies the conditions of Theorem I a and so 
is identically zero. Hence 


P(r) +, _1(7) = $x®,,(0)®,(7). (5.7) 
Let $n(8) = L{,(t)} (s > 0). (5.8) 
Operating on (5.7) by s-!2, and integrating by parts, we have 
-®,,(0)+¢,(8) +31, (8) = 4x8-*®,,(0)4,(3), 
and hence, by (5.3), 
$,(8) +819, _,(8) = D,(0)J(0,8) (mn > 2). (5.9) 
By (5.9) and (5.3), 
¢,(8) 
J(0. s)}©,(0)—s 1D, _,(0)+-...+(—1)"-*s?-"@,(0) +-(- ae 


9 
+(—1)"—s?-" (n >2). (5.10) 








ON MILNE’S FIRST INTEGRAL EQUATION 229 
Comparing this with (4.8) and the argument which follows, it is seen 
that ®,(r) (n > 2) satisfies the conditions assumed above. Actually 


®,,(r) is O(r" 2) for large +. From (5.10) we have 
$, (Hu) 
| 


= H(u)}®,(0)—n®, (0) +... (—1)"-2u"-2,(0) + (— 1)" oe i+ 


9 


+(—1)"—p"-? (n > 2). (5.11) 
xX 


In order to find the constants ®,(0), we put t = 0 in (5.5) and proceed 
as in (4.12). Since #,(0) = 1/(n—1), we get 


1 
P l 
®,,(0) as x | $,(u-!) du+ Te (5.12) 
0 


Substituting from (5.11) and ysing (4.15), this gives us 


(1—x)'®,, (0) + yay ©, -4(0)—... +(— 1)" Byar, 2 ®9(0) 


es om ff n 
(—1)"-1!a,, 24+ <r ie > 3). 45.13) 
~ n—1 
Solving, we have 
©,(0) = (1—x)-*”-”| ¢, sya, — bya, - - - (—1)"dya,-2 
Cy, (I—x)* dy - -  - (—1)* bya,-s 
Cio. 0 (1 x) ( 1)! 3 bya, ; 
Co 0 0 - « « (l-y) 
5.14) 
1+(—1) 
where Cc, = a (—1)’-1a,_. (5.15) 
v—l . 
and v 2, 3,.... Thus we have 


THEOREM VI. Jf0 < x < landn > 2, the equation (5.5) has a solution 
®, (+) which is continuous for + > 0, tends to a finite limit as 7 — +-0 and 
is O(r"-?) as r >. If 4,(s) = LA{®,(b}, then d(u-") (u > O) ts given 
by (5.11), where the constants ®,(0) are given by (5.14) and (5.15). When 
n 1 the solution is O(Inz~!) as rt + 4-0 and O(1) as rt > &, and },(u-*) 


(u 0) is give n by (5.4). 


6. The conservative case (y 1) 

When x 1, we are on the circle of convergence of the .V-solution 
(3.2) of the auxiliary equation. It follows, however, from a theorem of 
Hopf’s [see (5), Theorem VII] that the series converges and so J(r,c) 
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still exists. Theorem IV remains true, but it is necessary to use indirect 
methods to establish the properties of J(7,0) which are needed in the 
course of the proof. 

In §§ 4 and 5, an appeal has to be made to Theorem IT instead of 
Theorem I 4, and so, for example, (4.4) has to be replaced by 


J'(r)—J,_4(7) = 4J,,(0) | Ire) 40, J*(r), (6.1) 
where j*(u-!) = H(u) and C, isa constant. In place of (4.9) we get 
jrle) 

= H(p){J,(0)+p,,_1(0)+...+p"J, (0) +p, +20, +... +p" tt,} 
= A(py{J,(0)+C, b+ Cy_1 py? +... + Cop}, (6.2) 
where CF—.=G, C,=C,+410 @=—1, 3...., n). 


Equation (4.12) holds with y = 1, and on substituting from (6.2) we 
have 


=, Se iY Loy ’ 
J,,(0) = Bd, (O)ag + Cn Mtoe + Coan ssf tan. 
But a, = 2 when y = 1, and so 
0 xX 
y v v F . 2 « 
Cn % +C,_1 at... +Coa,,, = —2a, (n > 0). (6.3) 
Hence 
oP _ 2 | a, aw aw . « « Oy]. (6.4) 
: ay a,-1 Xy My a, 
a2 9 a ee 
| 
% 9 0 . «© « & | 


Equations (6.2) and (6.4) together give the required solution. The 
constant J,,(0) is arbitrary. 
Similarly it is found that (5.4) has to be replaced by 
by(u?) = 2p (u) + CH(y), (6.5) 
where C’ is arbitrary. The equation (5.11) is replaced by 
$,(p-*) = H(p®,(0)+A, w—A,_, 2+... +(—1)" Age" H+ 
+2(—1)"u"-7H(u)—1] (n > 2), (6.6) 
where the constants A, are given by the equations 
A, %—A,,_1 %+...+(—1)"-?A,a,_, = —2ce 


(s = 2,3...) (6.7) 


n 





and 
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and ¢, is given by (5.15). Hence 


A,=- as | C, —Qg Ws (—1)’a,_, |. (6.8) 
ME} Cy Oy mg eee (1 ta, | 
iia. © —@ = - + TS 
| 
Poe OO oa os x4 


The constant ®, (0) in (6.6) is arbitrary. 

Acknowledgement. I am indebted to Dr. V. Kourganoff for a transla- 
tion of Ambartsumian’s paper (1) and for some stimulating criticisms 
from the astrophysical point of view. 
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POISSON’S PARTIAL DIFFERENCE 
EQUATION 


By H. DAVIES (Ozford) 
{Received 24 March 1955] 


1. Introduction 
THE equation V?V = —4zp is well known in electrostatics and in prob- 
lems concerning the steady flow of electric currents in conducting media, 
and the solutions are given most easily in terms of the appropriate 
Green’s functions. It is convenient to deal with a unit-source function, 
i.e. we take p = 8(r) where 8(x) denotes the Dirac delta function and 
5(r) = 5(x)8(y)8(z) in three dimensions. Then, for example, a solution 
of Poisson’s equation in three dimensions 

ey BV wv 


~ Fo 


ba* * Oy® © (Gz 





- —478(r) (1) 


is V = r-}, and a similar solution in two dimensions is V = —2logr. 
Instead of considering the problem of current flow in uniform con- 
ducting media due to a certain source distribution of current, it is 
possible to consider the analogous problem of current flow in a two- 
dimensional or three-dimensional grid of conducting wires. Instead of 
a partial differential equation, which is nothing more than an equation 
expressing the conservation of electric current, we get a partial differ- 
ence equation. This note is concerned with the particular solutions of 
this type of difference equation which correspond to the solutions 
mentioned above. In short, the problem is: given an infinite, uniform, 
regular grid of wires with current entering at a grid point, what is the 
distribution of potential and current in the grid? Or, What are the appro- 
priate Green’s functions for this type of partial difference equation ? 


2. The equation and its solutions 
We consider first a two-dimensional, infinite Cartesian grid, each 
element of which has resistance R, with current J entering the grid at 
the grid point (0,0). Then, if the potential of the grid point (/,m) be 

Vm we have immediately the conservation equation 
WV vm si Vim ae Vim+1 rapes R185 


where 6,, is the usual Kronecker delta. 


(2 


m0? 


Quart. J. Math. Oxford (2), 6 (1955), 232-40. 
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The method we adopt for getting a particular solution is the same as 

that used in the corresponding partial differential equation; we use a 
convenient representation for the delta symbol, writing 


7 7 


810 Sno = = | em _ dxdy (3) 


—" —7 


and now we seek a solution of the form 


a3 





7 
i, = [ f(x, yje™ +i dady. (4) 
‘a7 
Then equation (2) becomes 
7T 7 
| | fe, y)etx+imy 4 —eix_¢-ix_etv_e-V) dady 
—7F -—F 
7 7 
- = [ | eilx+imy dxdy, (5) 
An* J 
—-T —-7 
and so the solution we want is 
RI ff he + 
r P pile+imy 
in == a — dudy (6) 
: An” 4—2cosx—2 cosy 





RI ¢ [  coslxcosm 
— inns. Me™ 
2— cos x — cosy 
) 


hor iz 


R ( 





cos 21a cos 2m = 
Y daddy. (7) 
sin? + sin? 2y 





0 0 


Such a solution has the correct symmetry in (/,m) but it is a divergent 
double integral because of the behaviour of the integrand near the 
origin. The integral behaves like 


(8) 





[ [ dady 
9 ees 

J J x+y? yr? 

0 0 0 


} [ r drdé ln [ =. 


This logarithmic singularity is not unexpected because of the similar 
behaviour of the solution in the two-dimensional case. But we are 
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interested only in differences of potential and, if we normalize the 
potential at the grid point (0,0) to be zero, then the solution is 








RIE i 
; r ff 1—ecos 2lx cos 2mz 
I; —— 9 | . : a) y dxdy (9) 
" | sin*x -+- sin*y 
0 


and the awkward behaviour of the integrand at the origin disappears. 

The solution J;,, can be evaluated without recourse to numerical 
methods by the following tedious but straightforward process. The 
numerator of the integrand can be expanded into terms of the type 
sin*’x sin*y. Then 








iw in 
sin“"x sin“%2 
emg indy 
j sin*x + sin*y 
0 0 
tow in 
- 6 sIney 37 2897 ain 289) LL ain 2r+s8). 
sin*’x-+-sin*"y)sin sin 0 
-_ | | ( “ne “y) IT Y dady. (10) 
: sin*x + sin*y 
0 
Now 
in t7 kal 


sin?” sin**—! 
| ... dxdy = \x [ sie dy 
sin*x + sin*y cs 4 (1+-sin*y) 


. 


0 0 0 
ivr — iv 
rs gin?”-1y r 7 
=r | Pa - ael> dy = 4n (1—2sin?0)"-! dé 
“J 4/(2—cos*y) ™ 


0 0 


bar 
hor | cos"~1¢ dd. (11) 
0 


But (sin*’x+sin*y)/(sin?x + sin*y) can be expanded in powers of sin®x 
and sin*y, the upper sign being chosen for odd r and the lower sign for 
even r. The integrations are all elementary. 


3. The equation in three dimensions 
The partial difference equation for a three-dimensional grid is 


BV mn —Vy-a sn 7 Vis 1lmn or = Vim tla _ -1~— Tan +1 


= kl 810 9 mo Ono (12) 
and using 


Sia ela 1 
919 Ompy Ono wale 873 


« . 


[ ellerimy+ine dadydz (13) 


7 
[ 
7 











= 


ae, S&S & ei 


he 


he 
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we get, for the cubic grid with a source at the grid point (0,0,0), a 








solution. 
7 rs 7 
F RI e e r eile +imy+inz 
Finn = a5 | | | sd dadydz 
sire 873 J J J 6—2cosx—2cos y—2cosz 
ba in im 
2RI f ff f cos 2lxrcos 2my cos 2nz 
7 J J J sin®x + sin*y + sin*z 
0 0 0 


The general solution involves additive solutions of the homogeneous 
partial difference equation, but these extra terms do not have the right 
kind of symmetry behaviour for our particular problem. 

The triple integral (14) is convergent since, near the origin, where the 
integrand diverges, the integral behaves like 





| | we = 47 | dr (15) 
0 0 0 0 
In this case I shall show later that Jj,,,,, > 0 as 1, m, n > 0 and so it is 
convenient to consider the grid points at infinity to be earthed, i.e. at 
zero potential. The situation is similar in the continuous case in three 
dimensions where it is usual to make the potential at infinity zero, while 
in two dimensions this is not convenient. 

To show that V,,,,,, > 0 as 1 > oo, we make use of the following lemma 


[(2) 172]. 
Let { &(@) dé exist and, if it is an improper integral, let it be absolutely 
a 
convergent. Then, as A > 0, 
b 


lim { y(8)cos 0 dé = 0. (16) 
Ao 


Now we can write 








tor jn in 
P r cos 2my cos 2nz 
I | ——— y ——_—_— dydz\ cos 2lx dx 
J | J J sim + sin®y + sin*z | 
0 0 0 
$7 
— | b(x)cos 2lx dx. (17) 


0 
in 
We want to show that | (x) dx exists. This integral is improper, 
0 
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~(x) having a singularity at « = 0. But it is absolutely convergent for 


r) bor 47 


5 
| ip(z)| da = | | | cos 2my cos 2nz dydz| dex 
5 





sin*x + sin*y + sin*z 





0 0 0 
5 in ir d 
Ze i dxdydz ; 5 
< 5 . y . <e forsomed (18) 
sin*x -+- sin*y + sin®z 
d 0 0 


47 in |r 





dxdydz 
because — oy ; 
sin*2 + sin*y + sin?z 
0 0 @ 
exists. Hence lim / = 0 and so J;,,,,, > 0 as 1, m, n > ©. 


lo 

The potential difference between the origin and the grid points at 
infinity is 
dadydz 


sin*x + sin*y -+- sin*z° 











(19) 


tn 30 jo 


V 2RI [ [ 
0 = oe 
lai 7 * « 
0 oO 90 


and we can speak of the resistance between a grid point and infinity in 
the same way as we speak of the resistance between a spherical 
electrode embedded in a conducting medium and an electrode at infinity. 
This resistance is 


hor ba 4n 


hs Yo,0.0 * = | | dxdydz (20) 
0 0 0 




















I 7 sin’x + sin?y + sin2z" 
Now 
tn tn in 
| | | dadydz 
J sin®x + sin*y + sin?z 
0 
tn in 
, [ [ dady 
577 a 
= n2r —- gin? / | gin2> acon ®t 
J J y(sin®x2 + sin*y),/(1-+-sin2x + sin*y) 
0 0 
hr 
, ‘ dx ’ du 
= 37 et sr oN 2\ /f Dy] | . 2)” 
, 1+-sin*x J .(1—u*)/{1—wu?(1+sin*x)-?} 
sin y, (1+-sin®x 
where u = — Yi ——. ) 
, (sin? + sin?y) 
br \r 
, | dx [ dd 
a7 md a RSET gegen ore 
“J 1+sin*z ,/{1—sin*4(1-+-sin?x)-*} 
0 D : 
ir : 
, hl 
har —, K ome | OS, (21) 
J l+sin’x \1+sin’r 








foam 


_— 


for 


at 
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where K(k) is the elliptic integral [(1) 73] defined by 





4a 
id 
K k = _—.. 22 
*) | ,(1—k* sin*¢) 2) 
0 
and so 
$7 1 
Rf ; l R K(k) 
R, = a a ee tk, 
g 72 J 14 sin2r (; rants) - 27? | vid —k\(2k—1)} 
} 


which can easily be evaluated numerically. 
The general expression for J,,,, will almost certainly involve elliptic 


integrals. 


4. The resistance between two grid points 
If there is a source of strength J at the grid point (0,0,0) and the 
grid is earthed at infinity, then the potential of the grid point (/, m, n) is 
ba jn tr 
2RI [ cos 2lx cos 2my cos — dadydz. 
3 sin? + sin?y + sin®z 


Vy; 


Lmn 





7 
0 0 0 


If we now place a sink of strength J at the grid point (/,m,n) with the 
grid earthed at infinity, the potential of the grid point (0, 0,0) is 

RI fF fF cos 2lxcos 2 

2. | | cos 2iz cos any cos ons dodiyde. (24) 
sin? +- sin*y + sin*z 





J 0,0,0 = 





3 
7 


ny 
0 60 0 


Superimposing the two solutions, we get a potential difference between 
the two grid points 


; - 7 - __ «6 oV 
Vo0,0 +} 0.0,0 _ —I Loman — 2Vo,0,0— 2Viam.n 





im in aa I 
4RI f¢ ff [ 1—cos 2lx cos 2my cos 2nz 7 
atc | | —s — Y — dxdydz, (25) 
' sin’2 + sin*®y +- sin®z 
0 


7 . . 
0 0 
and so the resistance between the two points is 
jw in in 
4R f¢ f¢ f 1—ecos 2lx cos 2my cos 2nz 
“ | g-- Re ne dadydz (26) 
. sin*x + sin*y -+- sin*z 





R 


Lm,n 


0 0 0 


with a similar result for the two-dimensional grid. 
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It is easy to evaluate the resistance between two neighbours on the 
grid for 





1—cos 2x 
sin*x + sin*y + sin*z 


} 
4R | 
Rio0 = 73 | | dadydz 


r rer oo i 
aad | | es - dxdydz 


sin*2 + sin*y + sin®z 








—— dadydz 


. sin?x + sin?y + sin?z 


_ 8k | 


| | sin? + any 4 + sin2z 
37 


= IR. (27) 


However, one can obtain this result without knowing the form of J,,,, 


by using physical arguments which correspond to the use of symmetry 
in the evaluation of the above integral. In two dimensions R,, = }R. 


5. Asymptotic behaviour of the solutions 


We have seen that in two dimensions the potential distribution due 
to a source at (0,0) is 


l ge imy 


=" — ie { { sin? $x + sin? }y 
7 7 


dady . 


We are now interested in the behaviour of V,, as 1, m +a. Now 


Lm 


dady +- 





7 
3 RI| » cs ——. imy 


im ~ 42 | 





= 24 
-G -—F 
a l ] 7 
a ] —eile+imy Saal _| dxdy'. (28 
| | ( IF sin® $a+-4 sin? hy al 7 (28) 


The integrand in the second term is everywhere finite and so the second 
integral is of order unity. Thus 


. RI ( r FP ] —etlr+imy | 
L.w=— eT EE 
lm 47? | | | 42 1 y? axe Y + ( i 
RI{ 7 
= in| | (1 _pir(P+m)cos 9)p 1 drdé ‘ O(1))> (29) 


00 











he 
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where we have changed to polar coordinates, the domain of integration 
omitted making a contribution of O(1). We get therefore 


=i | {1—J,(r./(?+-m?))}r-! dr +0)| 


Lm ~ 


RI av (1? +m?) - 
_ | ( {1—J,(z)}z-1 dz + o)| 


27 . 
0 


RI 1 av (1? - m*) 
i =| | (1—J(z)jetde+ | {1—A(z)je* dz + oy]. 
0 


i 
(30) 

The first integral is O(1) and so 

’ RI mv(l? + m?) mv (1? + m?) 
Vim ~ Zz 1 dz ~—— | Zz 1J,(z) dz --- o(1)\. 31) 
2r | é E J 
i 1 
The second integral is O(1) and so 

..==— BI og (12-+-m?) + O(1)}, (32) 

: 4n 


which is the kind of behaviour we might expect, knowing the logarithmic 
solution for the two-dimensional continuous case. 
For the three-dimensional grid, the solution is 











7 7 7 
? RI pe pe -” +imy+inz 
i —. we FT = . dxdydz. 
327° . sin? 5X + sin? } 3Y ) + sin? 32 
F 7 7 7T 
We write 
a ae a 
; RI - 7 * pilr+imy+inz oe 
inn = Ff ff Eee dete BL fff etesimei 
~— 8773 J J w+y?+2? , 7 
7 7 7 7” 7 ‘2 
|__| dedydz. (33) 
x |. a one ydz, (3: 


\4sin? $2 + 4sin® }y + 4sin® hz a? + y?+27} 
The second integrand is finite everywhere and so the integral is O(1//mn). 
This can be proved directly by integration by parts three times. So 


RI| i i ciao dedgdn o( I ) 


myn a 
¥ 873} J J J x+y?+2? Imn | 
RI| ie ile od 


~ > . . l | 
r irs(P +m? + n®)cos Os uv] + ( — 9 34 
8773 | | | in 6 drdédd a} (34) 


00 0 




































240 POISSON'S 





PARTIAL DIFFERENCE EQUATION 
where we have changed to polar coordinates, the domain of integration 


omitted making only a contribution of O(1/lmn). So 











‘inn = RI{ l fi eirvP+m*+n*jcos 8 sin 9 drd@ + Lan ) 
his ll € lmn 
= B/ fainedsmtt09 a of 1) 
277} J r,/(/?+-m?+-n?) mn | 
ars (12 + me+n® ) 
= oe | winz 2. of 1 
27? | ,/(/?+-m?+-n?) b Z lmn 
0 
RI{ ] 1 \) 7 
parece: “4 S -Oi__— 3! 
22 |. (2? +m?+n?) inh ialatlal l (ina) (35) 
where [(1) 3] siz) = | em! ae. (36) 
0 
Now Si(z) = 4a0— 8? for z>1, (37) 
x 
: Rij ] l \\ , 
and so J = SS - OS SI: 38 
—_ _— 4x |,/(l?+-m?+-n?) Rata (38) 


which is the sort of asymptotic behaviour we might expect, knowing 
the solution in the three-dimensional continuous case. 


6. Conclusion 

The Green’s functions and their asymptotic behaviour for Poisson’s 
partial difference equation in two and three dimensions have been 
discussed. Non-isotropic grids can be treated in the same way and the 
method can be extended easily to triangular and hexagonal grids in 
two dimensions and probably to more complicated patterns in three 
dimensions. 
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A TRANSFORM TECHNIQUE FOR BOUNDARY- 
VALUE PROBLEMS IN FOURTH-ORDER 
PARTIAL DIFFERENTIAL EQUATIONS 


By A. CEMAL ERINGEN (Purdue University) 


[Received 3 August 1955] 


1. Introduction 


[IN a previous paper (1) I gave a transform technique which was suitable 
in obtaining the solutions to boundary-value problems in partial 
differential equations which contained Sturm—Liouville type of terms. 
Here I should like to develop a similar technique for boundary-value 
problems involving fourth-order partial differential equations. 

In static and dynamic problems involving continuous media and in 
many other fields of engineering sciences partial differential equations 
containing fourth-order terms occur. The boundary-value problems for 
this type of equation become much more complex as compared with the 
ordinary wave equation or Laplace’s equation. Moreover, the number 
of boundary conditions is increased, and these conditions are more 
complicated in nature. 

The basic idea is to find a suitable kernel for an integral transform 
which will satisfy the given type of boundary conditions on one variable 
and reduce the dimension of the partial differential equation by one. 
A general method is given for this problem in which boundary values at 
each boundary are not coupled. This, of course, is the case in almost all 
technical problems. I deal only with the class of problems having 
boundaries in the finite range, and I restrict this study to partial differen- 
tial equations which have no mixed derivatives or which can be reduced 
tothis form. It is my hope to give a study of the other cases in a later 
paper. 


2. The fourth-order self-adjoint system 
A fourth-order, linear, homogeneous differential equation containing 
an arbitrary parameter A has the general form 
4 
Loy +Ag(x)y(x) = 90, Loy = da(xy (x) (@<x< 6b), (1) 
=0 


Quart. J. Math. Oxford (2), 6 (1955), 241-9. 
3695,2,6 R 
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where y and x are the real dependent and independent variables, respec- 
tively, and 


y(x) = d‘y dx', yx) = y(x), a, +~ 0), 


The adjoint of (1) is defined by 


Myy+Aag(a)y(a) = 9, Moy = D3 (—Y(aj;y). (2) 


/quation (1) is said to be self-adjoint if Lyy = Myy. If (1) is self-adjoint, 
we can easily show that 
a, = 4asz, —a3+2a, = 2a. (3) 


Any fourth-order, self-adjoint equation can always be transformed to 


Lu+Ah(x)u = 0, Lu = u)+-(pu')’+qu (a<a<b), (4) 
where 

p(x) = —3(b3+4b3)+5,, 

q(x) = — pbs + 1605? + ghb§ 65 — 289b$ + Hyb2(b3—45)— }bgb,+b9, (5) 


y(x) = u(x)exp|—} [ b,(2) dz, b; = a,/a,4, 
and primes represent differentiations. It is simpler to work with (4). 
For a self-adjoint equation between Lu and Lv we have the Lagrange 
identity, vlu—ulv = dP(u,v)/dx 
P(u,v) = p(w'v—w’')+u'v" — wu" +u"v— we" 


(6) 


A two-point boundary-value problem having uncoupled end conditions 
consists in solving (4) under four independent end conditions specified 
at the end points x = a and x = b of an interval a < x < J, ie. 


U(u) — Zaye uJ-Vi(a) = 0, (7) 


U,(u) : db uJ-%(b)= 0 (i = 1, 2), 
J= 


where a,; and b;; are constants such that U; and U;, are linearly indepen- 
dent among themselves. This is true if, of the six 22 determinants 
contained in the matrix 
(ag) = [oe Sa Se (8) 
Gq, Teg Gg Oe 
at least one is not zero. The same must be true for (4; ). 
Let us select additional uncoupled end conditions U,, U,, U3, U, such 
that U; and U; are linearly independent separately. To this end we 
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extend the range of subscript 7 in (7) to (1, 2, 3, 4), with the conditions 
that a;; and b,; for (¢ = 3, 4) are arbitrary, subject to the conditions that 
J, and U, are linearly independent. It is known (2) that the Lagrange’s 
identity (6) can be integrated to give the Green’s identity 

» . 

(vLu—ulw) dx = ¥ (U;V,_;+-U; V;_;), (9) 
where V; and V; can be determined by comparing (9) with (6) and (7). It 
can be hoon that, if the U,, U; are uncoupled, then the V;, V; are neces- 
sarily uncoupled. 

Let the system adjoint to (4) and (7) be 
Iv+Ah(x)v = 0, Vi(v) = 0, V(v_) = 0 (a<x<b;i=1, 2). 
(10) 


Then the system (4) and (7) will be self-adjoint if and only if 
2 y Ty . 

= 2 66s Ul), Rw) = Sey Ov) (§=1,2), (11) 
where c;; and é,; are constants. Given a,; and 6;; we can determine c;; 
and é;; uniquely. Since the problem has partial symmetry with respect 
to the end conditions at x = a and at x = 3), it is sufficient to determine 

The eae é,, are obtained from c;; by replacing a;; by —6;; 
for (7 , 2), a;; by 6,; for (¢ = 3, 4), and a wy b respectively. 
Let ae six determinant of (8) be called d;,, i.€ 


dy = Ay1 A99—A gy Ayo, dog = Ay2A93—Ag9 M43 

— » 
dy3 = Ay, M3—Ag, Ay3, dng = Ay24o4— Ago Qyq | (12) 
Ay = Ay, Ay4— A) Aya, dg4 = Gy31g4— 93 yq 


The solutions for the c,; are below. 


(i) Case d,, # 0. Select a3; = ay; = 0 except ag, = Ay = —1; 
then ‘ 
C1142 = —P(A)dgg4Aq9, Co, dg = —p(A)do3+ Ay, (13) 
C2442 = P(4)444—Ayp, C9949 = p(4)a43—4y}. 
(ii) Case d,, #4 0. Select az; = ay; = 0 except a3, = Aggy = —1; 
7” C4143 = Ogg, Co 443 = P(A)ao3—4y1, 
C2413 413, Co94,3 = —p(4)ay3+4y). 
(iii) Case d,, ~ 0. Select a3; = a4; = 0, except dg. = a4, = —1; 
then Cin Gas As, Co, dg = P(A)Agg—Ayp, 


Cyody4 43> Cop 44 —P(@)ay4+449- 
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(iv) Cased,, # 0. Select a3; = a4; = 0, except as, = ay, = —1; 
—_ Cy gg = Ayq, C23 = —p(4)a93+4y,, 
Cyodog = —Ayy, C9943 = p(4)ay3—4y). 
(v) Case da, 4 0. Select a3; = a4; = 0, except a3, = a4, = —1; 
—_ C4114 = —Ay, Cy Uoq = —P(A)Ag4 +49, 
Cio dng = Ay, C9944 = P(A)dyy—Ayp. 
(vi) Case dz, ~ 0. Select a3; = ay; = 0 except a3, = ay. = —1; 
then 
C4134 = Aa, Coy Ugq = O23, 
C2434 = —Ayy, Coodgq = —Ayz. 


By using the conditions of self-adjointness (11) we can prove} 
(5) the theorem: 


THEOREM |. A necessary and sufficient condition for the system (4) and 
(7) to be self-adjoint is that at x = a and at x = b we must have 


Pdz4—Ay4+dog = 0. (14) 


3. T-transforms 

Consider the self-adjoint system 

Iu+du = 0, U,(u) = 0, U(u)=0 (§=1,2), (15) 

where Lu, U;, and U; are given by (4) and (7). Let w,,(2) = u(x,A,,) be 
an eigenfunction of (15) corresponding to an eigenvalue A,,. 

It is known (3) that, if the system (15) is self-adjoint, then 
(i) there exist infinitely many eigenvalues and eigenfunctions which mak: 
a complete closed system; (ii) all eigenvalues are real; (iii) eigenfunctions 
are orthogonal; (iv) any function f(x) satisfying usual conditions can be 
developed into a series of eigenfunctions of (15) in a unique way and this 
series converges uniformly and absolutely in the open interval a < x <b, 
i.e. 


b 
fle) = LAnu,(z), A, = Ng? [ flw)u,(x) de (16) 
since we have the orthogonality condition 
b 
l (m= 2), . 
4 == N2 = = 17 
i} Un Um dx m Bun ‘ 0 (m sf n). ( 


+ I am indebted to the referee for pointing out that the proof of this theorem 
was also given by H. T. Davis (4). 
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DEFINITION. Let f(x) be a real and absolutely integrable function of x, 
in the interval (a,b). We define the finite T-transform, T{f}, associated 


with the system (15) by 
b 


frld,) = Tf} = Nz? [ fle)u,(a) de. (18) 


a 


The inversion theorem now follows from the second equation of (16) 
f(x) = > fal n )u,,(x), (19) 


where the summation is taken over the range of all eigenvalues of (15). 


THEOREM 2. Jf f(x) is a continuously differentiable function of a real 
variable x up to and including the fourth order, then 
-T{Lf} = A, folA,)+ BE, uz}, (20) 
Bif, uy} = NaS) Use) +-Vof )Ug(u,) + K(f 0 y(u,,)+- Vo( f \Us(u,,)]. 
Proof. By Green’s identity we have 


b 


. | (f Lu, —u, Lf) dx 3G, (wu, V3-(f)- U;(u,, )V A V;_(f))- (21) 


a 

We add to the integrand on the left A,, fu, —A,,fu, and use the fact 
that w,, is an eigenfunction, i.e. it satisfies (15). Hence 

b b 
_ [ u, Lf dx = x, [ u, f dx +V,(f)U,(u,,)+Ve(f )U3(u,,)+ 
a a rs sale — 
Midi. +V2( f )U3(u,,)- (22) 
In view of (18) this is the same as (20). 

The significance of this theorem is that the 7'-transform can be used 
toexclude Lu from any partial differential equation which contains it. 
Moreover, any set of four boundary conditions V, = V,(f), V; = V;(f), 
(i= 1, 2) can be taken into account automatically. 


4. Solution of a class of boundary-value problems 
Consider the class of boundary-value problems expressed by the 
partial differential equation 
Lv = Mr. 
Ureret PUret Petr t QW, v v(x, y), 


m 


Mv 2 4ly) ev ey’, Pp = plx,y), q = q(x, y), 
(a, <x< b,), (a, < y < b,), (23) 


Lv 
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and the boundary conditions: 
Ulra,y)=4¢y, UTfrlb,»]=Fly) (= 1,2), 
W(v) = (a) (j = 1, 2,..., m), (24) 


where U; and U; are of the form of (7) and W; are any set of m linearly 
independent conditions specified at y = a, and y = b,. Let u,,(2,y), 
where y is treated as a parameter, be the eigenfunctions of the system 
(15). We now apply the 7'-transform to (23) with respect to x. Then 


Ay An )— Br, t,} = 3 adydrnQy, widy', (25) 


Biv, u,,} 
— Ns ' > [ey d; l ‘s( u,) C9; d; l 3(%,,)+&); $; U,( U,)+€s; $; 0;(u,,)]. 
} 


Here Bf{v,u,} is a function of y alone. In arriving at (25) we used 
(11), (24), and the fact that w,, satisfies (15). The problem is now reduced 
to solving an ordinary linear differential equation (25) for the function 
v7(A,,¥), under boundary conditions T{W,;} = %;7(A,) which are the 
transforms of W;(v) = ¥,(x). To this end there is an extensive theory. 
After obtaining v(A,,,y) we take the inverse transform 

v(x, y) = > v7 (A,, y)u,(2,A,)- (26) 


n 


The present technique overcomes the following basic difficulty, 
namely, boundary conditions at both x = a,, x = 6,, and y = a, and 
y = 6, are automatically satisfied. This difficulty generally cannot be 
resolved by the technique of separation of variables or by well-known 
transforms such as those of Laplace, Fourier, ete. Hence boundary-value 
problems requiring two sets of boundary values at the boundaries can 
be conveniently solved. 


5. Application 

As an illustration, I solve a vibrating beam problem with time- 
dependent boundary conditions. This problem has application in ram- 
jet valves. As far as I know, this problem has not previously been solved. 


ProsBLeM. To determine the deflexion v(x,t) of a vibrating cantilever 
beam under given time-dependent bending moment M and shearing force Q 
at the built-in end x = 0, and time-dependent deflexion and slope at the free 
endx = 1. Let the initial conditions require that the deflexion v be prescribed 
att = Oand at a later time t = t,. 
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The differential equations (D.E.), the boundary conditions (B.C.), and 
the initial conditions (I.C.) are given by: 


Ada, D2, 
(DE) [+55 =0, (27) 


dat (Ot? 
v(1.t) = vel(t). Y(1. . 
ase poiep = Ping : — 
(I.C.) w(x, 0) = w(x), v(x,t,) = w(x), (29) 
where v'(1,t) = [@v/é@x],_,, ete. I have used 
t = (D/pL*)'t,, 2 = 2,/L, v= v,/L 
to transfer (27) from actual time f), length L, and displacement vy to 
non-dimensional time ¢, length 1, and displacement v. Here D and p are 
the flexural rigidity and mass density per unit length, respectively. We 
note that M = —DL~-'v” and Q = DL-*v". Comparing (27) and 
(28) with (23) and (24) we find that 
p=q= 2, Mv = —é*0v/ét*, do, = Up, 


$2 = Us; $, = % $y = UY. 
Hence a,; = b;; = 0, except a3 = Aa = —1, by, = by, = 1. We thus 
see from (12) that at « = 0, dj, = 1 and at x = 1, d,. = 1; all other 
d,;; = 0. The condition of self-adjointness (14) is satisfied. From the 
list (13) of c,; for the two cases d3, # 0 and d,, 4 0 we find 


(28) 


—Cy; = Cop = I, Cryo = Cy = 0 at x=), 


¥ 


~ 


and —€,, = Cx = 1, Ee =, = 90 atx=—1. 
Hence Bfv, u,,} given by the second of (25) takes the form 
Biv, u,} 
= F(t) = Nz*{—w,,(O)va(t)+-u,, (O)vs(t)+- un (1)vo(t)—un(1)e,(t)], (30) 
where w,,(2) and yw, are the eigenfunctions and the eigenvalues of the 
system 
y du, 
dx* 
u,(1) = uj,(1) = u)(0) = uZ(0) = 0, 
which are respectively given by 


__ cosh p,,(1—x)—cos p,,(1—2x) Sains a, | 
= (3 


— PA Uy, = 0, Hn : —Agy (31) 





u,(%) 





cosh p,, + cos p,, sinh pw, + sin p,, 
cosh p,, CO8p,z+1 = 0. 

We also find that 

Ni, = 4[un(2)],-0- (33) 
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Hence F(t) is completely determined. We now apply the 7'-transform 
o (27). Hence d2v 
aa ten vr = F, nt). (34) 


The solution of (34) satisfying (29) is 


Up(Hp,»t) = (sin wp t)- c ‘or (Hy )SiN p(t; —t) + Wy p(u,)8in wy t— 
ty 
—(p;* sin Bn nt) [F n(T) sin 7(t;—7) dr + 
0 
t 
+(ir?sinugty) [ Fy(r)sing3(t—r) de, (35) 
0 
provided of course that sin u2t, ~ 0. Here wyp(u,,) and w,7(u,,) are the 
T'-transforms of w(x) and w,(x) respectively. The solution is now com- 
pleted if we use the inversion theorem (19). 


(x,t) = 2 Vp(Hns t)u,, (2x), (36) 


where the summation is extended over all positive roots of the second 
equation of (32). 

It is important to note that this series will converge to v(x, t) every- 
where in the open interval 0 < x < 1. However, at the end point x = 0, 
wu” and wu”, and at « = 1, wand w’ cannot be calculated by direct substi- 
tution of x = 0 and x = 1. In calculating these values we need to sum 
the series obtained and then substitute x = 0+ and « = 1-. This fact 
may also be expressed by limits of the form 


v(1,t) = lim > vp(p,, t)u,(2),  «..; 
zl n 


where limit and summation are not interchangeable. Note that, when v 
satisfies the same conditions as u,, then the convergence to boundary 
values will also be uniform. 

It may be worth while to remark that by use of the Laplace-transform 
technique, which is used commonly in solving the time-dependent 
boundary-value problems, or by the technique of separation of variables, 
the solution of this problem would be extremely cumbersome if not 
impossible. 

The contents of this paper were obtained in the course of research 
sponsored by the U.S. Office of Naval Research. I am indebted to 
Mr. N. Hill, Mr. J. P. Jones, and Dr. W. A. Beck for checking the analysis. 
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FINITE GROUPS HAVING [SOMORPHIC 
IMAGES IN EVERY FINITE GROUP OF WHICH 
THEY ARE HOMOMORPHIC [MAGES 


By GRAHAM HIGMAN (Ozford) 
[Received 7 March 1955] 


1. THE problem of determining these groups was raised by Kertész (1), 
and is solved in this note. The solution is: 

THEOREM |. The finite group G has the property that every finite group H 
of which G is a homomorphic image has a subgroup isomorphic to G if and 
only if it is either cyclic, or the direct product of two cyclic groups of which 
one has square-free order, but not both have twice odd order. 

The proof falls into two parts. We first use general arguments to prove 
that such a group must be abelian. The main stage here is the following: 


THEOREM 2. If Risa normal subgroup of a free group F, then F/| R, R) 
has no elements of finite order except the identity. 


In the second stage of the proof the abelian groups are examined in 
turn. 


2. An abelian extension of a group G is a group X with an abelian 
normal subgroup NV such that X/N ~ G; the extension splits if X hasa 
subgroup Y such that X = YN and YN N = 1. 

Lemma |. Let F be a free group and Ra normal subgroup of F. Then 
the extension F | R, R| of F/R splits if and only if every abelian extension 
of F/R splits. 

Since F'[ R, R| is an abelian extension of F/R, the ‘if’ is trivial. To 
prove the ‘only if’, assume that F*/[ R, R] is a complement of R/| R, | 
in F | R, R), and that X is a group with an abelian normal subgroup 
such that XN ~ FR. Because F is free, there is a homomorphism a 
of F into X which induces this isomorphism between F/R and X/N. 
We put Y = F*a. Every co-set of N in X corresponds to a co-set of R 
in F, and this co-set contains an element of F*. Thus every co-set of N 
in X contains an element of Y, which is to say that X = YN. But, if 
ge YON, g = fa for some f in F* because gc Y, and fe R because 
ge N. But F*| R, R| is a complement of R/| R, KR], so that this implies 
fe[R, R|. But « maps # into the abelian group N, so that [ R, R| is in 
Quart. J. Math. Oxford (2), 6 (1955), 250-4. 





ul 
h 


ew VN 





ON FINITE GROUPS 251 
the kernel of «a: that isg = l,ie. YN N = 1. Thus Y is a complement 
of N, which proves the lemma. 

CorROLLARY |. Jf F, F’ are free groups, with normal subgroups R, R’ 
respectively, such that G ~ F/R = F’/R’, then the extensions F{ R, R| 
and F’|| R’, R'| of G either both split or both do not split. 

Corouiary 2. F/| R, R| has no elements of finite order except the identity. 


Suppose on the contrary that the element f of F, not in [ R, R}, is of 
finite order modulo [R, R]. Since R/[R, R] is a free abelian group, 
{f,[R, R]}/[R, R] is a complement to RR, R] in {f, R}[R, R]. But 
{f, R} is a free group and {f, R}/R is a cyclic group of finite order; and, 
if we choose S in the free cyclic group C such that CS is of the same 
finite order, it is evident that S/[S,S] has no complement in C [S, 8]. 
This contradiction with Corollary 1 establishes Corollary 2. 

LEMMA 2. A group G satisfying the hypothesis of Theorem | is abelian. 

Let F be a finitely-generated free group having a factor group FR 
isomorphic to G. We put X = F/[R, R], N = R[R, R]. Let n be an 
integer such that g” = 1 for all g in G@ (for instance, the order of @) and 
put H = X/N", where N” is the group generated by the nth powers of 
elements in NV. N is abelian by definition, and is finitely generated 
because it is a subgroup of finite index in a finitely-generated group. 
Thus H is finite, and it obviously has G as a homomorphic image. Hence 
H must have a subgroup isomorphic to G. We shall show that any 
element of H of order dividing n lies in VN/N". For, ifg ¢ X and g" < N", 


we have evidently , 
’ : g™ =a" (ae N). (1) 


This clearly implies a-*g-'a"g = 1. 
But a and g~ag are both in N and therefore commute, so that this can 


be written (a—1g-tay)" 7 


By the second corollary to Lemma 1, X has no elements of finite order 
except identity, so that this implies a~'g~'ag 1: that is, that a and g 
commute. Then (1) is equivalent to (ga~')" 1, so that the same 
argument gives g = a. Thus g €.N, so that all elements of H of order 
dividing » are in N/N", as asserted. In particular, the subgroup of H 
isomorphic to G must be in VN", which is abelian, and hence G is abelian. 

3. Let us for brevity call a finite group G@ good if it satisties the hypo 
thesis of Theorem 1, and bad otherwise. The separation of the good 
abelian groups from the bad is facilitated by the following lemma, 
which I owe to Dr. P. M. Cohn. 
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Lemma 3. If the group G is bad, there is a finite group H, with no 
subgroup isomorphic to G, having a minimal normal subgroup N in its 
Frattini subgroup such that H/N = G. 


Since G is bad, there is a group H which exhibits its badness: that is, 
which has no subgroup isomorphic to G, but has a factor group H/N 
isomorphic to G. We suppose H chosen of order as small as possible. 
If M is a maximal subgroup of H not containing NV, then MN = H, and 
soM/MnN ~ MN/H = G. Since M has no subgroup isomorphic to G, 
this contradicts the assumption that H was taken as small as possible. 
Thus JN lies in all maximal subgroups of H, and hence in its Frattini 
subgroup. If N is not a minimal normal subgroup of H, let N, be a 
normal subgroup satisfying VN > N, > 1. If H/N, has no subgroup 
isomorphic to G, it is a smaller group than H and exhibits the badness 
of G; if it has a subgroup H,/N, isomorphic to G, then H, is a group 
smaller than H which exhibits the badness of G. In either case we have 
a contradiction, so that V is a minimal normal subgroup of H. 


CoroLLarRy. If G is abelian, then H is nilpotent and N is a subgroup 
of prime order in its centre. 


For, if G@ is abelian, the derived group | H, H] is in N and hence in the 
Frattini subgroup. By a theorem of Wielandt’s [cf. Zassenhaus (2) 113}, 
H is nilpotent. Then H has no minimal subgroups except central sub- 
groups of prime order. 

We next show that we can confine our attention to primary groups. 


Lemma 4. The abelian group G is good if and only if all its Sylow 
subgroups are. 


Let all the Sylow subgroups of G be good. If H is a nilpotent group 
having G as a homomorphic image, each Sylow subgroup of H has the 
corresponding Sylow subgroup of G as a homomorphic image. Because 
these Sylow subgroups are good, H contains an isomorphic copy of each 
of them, and hence of G, because both G and H are the direct products 
of their Sylow subgroups. Thus no nilpotent group H can exhibit the 
badness of G. By the corollary to Lemma 3, G is not bad. 

Conversely, if G is good and P is a Sylow subgroup of G, G is a direct 
product Px Q. If H has P as a homomorphic image, then H x Q has @ 
as a homomorphic image, and so has a subgroup isomorphic to G. The 
image of P in this isomorphism must lie in H because the elements of P 
and those of Q have co-prime orders. 
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Lemma 5. If the abelian p-group G is good, so is every direct factor of G. 


Suppose, on the contrary, that G = A x B, with A bad and of order p*. 
Its badness is exhibited by a group H of order p**!, which, having A as 
a homomorphic image but not as a subgroup, cannot be abelian. Because 
@ is good, H x B has a subgroup G, isomorphic to G. Now G, is abelian, 
and H is not; so that the projection of G, into H cannot be the whole of H. 
Since G, is of index p, this implies that G, = A, x B, for some A, in H. 
But A,x B ~ Ax B implies Ay ~ A, contrary to the fact that H 
exhibits the badness of A. This contradiction establishes the lemma. 


Lemma 6. An abelian p-group G of type (i,j) (t >j > 1) ts bad. 
The group H generated by a, b, c subject to the relations 
av’ — br’ = cP = 1, [a,b] = ¢, [a,c] = [b,c] = 1 


has G as a homomorphic image. But a subgroup isomorphic to G, being 
of index p, would have to contain the Frattini subgroup, an abelian 
group of type (i—1,j—1, 1). This is impossible, which proves the lemma. 


LeMMA 7. An abelian p-group G of type (i, 1,1) is bad. 


If» = 2, the quaternion group shows that a group of type (1, 1) is bad. 
Thus we may assume that p is odd. Then the group H generated by 
a, b, c, d subject to the relations 


av d, OP =o =—@ = 1, [b,c] = d, [a,b] = [a,c] = 1 


has G as a homomorphic image. A subgroup isomorphic to G can contain 
no element outside the subgroup {a?,b,c,d} since these elements have 
order p‘*!. But neither can it coincide with this subgroup, which is not 
abelian. Thus G is bad. 

Lemmas 4 to 7, together with the fact, mentioned in the proof of 
Lemma 7, that an abelian 2-group of type (1,1) is bad, show that no 
abelian group not in the list in Theorem | can be good. To complete the 
proof of the theorem all that is necessary is the following: 


LemMA 8. Except in the case p = 2, i = 1, an abelian p-group G of 
type (t, 1) is good. 


For i = 1, p odd, this is practically a restatement of the well-known 
theorem of Burnside’s that a non-cyclic p-group contains more than one 
subgroup of order p if p is odd [cf. Zassenhaus (2) 118]. 

By Lemma 3, it is sufficient to show that, if a group H of order p‘+® 
has a homomorphism onto G, then it has a subgroup isomorphic to G. 
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We can take H to be generated by elements a, b, c subject to relations 
of the form 

aP’ — cr, be = cv, [a,b] = c?, cP = 1, [a,c] = [b,c] = 1. 
Even if p = 2, H is not a generalized quaternion group if i > 2, since 


a 


its commutator subgroup has index p'+!. By the theorem quoted above, 
H has an element, b’ say, of order p not in the cyclic group {c}. Then as 
subgroup isomorphic to G we may take {a”,b’} or {a,c} according as 
-x #£O0orzr = 0. 
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AN INTEGRAL OF PERRON’S TYPE DEFINED 
WITH THE HELP OF TRIGONOMETRIC 
SERIES 


By 8S. J. TAYLOR (Birmingham) 
[Received 19 May 1955) 


1. Introduction 
A TRIGONOMETRIC series of the form 


io 8) 
kay+ 2 Anl); A,(x) =a, cosnx+b, sinne (n = 1, 2,...) (1) 
n= 


can converge everywhere to the periodic function f(x) without f(x) being 
integrable in Lebesgue’s sense or even in Denjoy’s sense. If it were 
|integrable, we should like to say that 


— B (x) : 

la x N —, B,,(x) = 6, cosnx—a, sinnx (2) 
a 7 
n 


in some sense represents the primitive function of f(#). Difficulties arise 
in the first place because the series (2) need not converge for all x, so 
that the sum function F(a) (which is defined and finite almost every- 
where) need not be continuous. 

Two distinct methods of attacking this problem have been developed. 
(i) Integrals of Perron’s type have been defined in which the primitive 
| function need exist only at points of a basis B which is of full measure 
inthe interval of integration: the (7')-integral of Marcinkiewiez-Zygmund 
(5), and the (SC P)-integral of Burkill (1) are of this type. (ii) Instead 
of defining a first-order integral, we might define a double-integration 
process to obtain a second primitive. If the series (1) converges on a set 
of positive measure, the coefficients a,, 6, must tend to zero, and the 


n? n 


lax? — > A,(2) (3) 
n=1 


n> 


series 


converges everywhere to a continuous smooth function (2). A second 
primitive for f(x) which differs from ®(x) by only a linear function can 
be defined by such a double integration process. The “Totalisation a 
deux degrés’ of Denjoy [see (2)], and the (P?)-integral of James (4) are 
of this type. Using any of the four integrals SCP, T, D?, P? we can 
show that an everywhere-convergent trigonometric series is the Fourier 
series of its sum. 


Quart. J. Math. Oxford (2), 6 (1955), 255-74. 
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Further difficulties start to arise if we relax the condition that (1) con- 
verges, and replace it by the condition that it is summable in some sense, 
Actually the SC P-integral suffices to integrate the (R, 2) sum of (1) pro- 


vided that the coefficients satisfy 


a, = 0(n”), b, =o(nY) for some y < } (4) 


since this condition makes the Riesz—Fischer theorem applicable to the 
integrated series (2). However, the integrals mentioned do not seem to 
be sufficiently general to integrate f(x) when it is only known to be the 
Abel sum of (1). 

In the present paper we use some of the known properties of trigono- 
metric series to define an integral. This integral will deal with the sum 
of a series (1) by any method of summation which implies Abel sum- 
mability; in particular, it will apply when (1) is summable (C,k) 
(k > —1), or (R, 2), or (R, 1). 

By the classical Riemann theory, a trigonometric series (1) which 
converges to zero everywhere must have all its coefficients zero. How- 
ever it is easy to show that 


lim > ar"sinné = 0 for all @. 
r—+1—0 n=1 


Thus when dealing with series (1) which are Abel-summable we shall 
have to impose conditions on the coefficients which are sufficient to 
imply uniqueness. The simplest condition of this kind is 
a, =o0(n), 6, =o0(n). (5) 
That this condition implies uniqueness for a trigonometric series which 
is everywhere Abel summable was first proved by Verblunsky (9). 
The integral which I define will be called the Abel—Perron or the 
(AP)-integral. It will combine some of the ideas of the (SCP)-integrals 


and (P?)-integrals. For any function f(x) which is (A P)-integrable over 


(a,b) we obtain 
b 


e 


y 
(i) a value for | f(x) dx, but not necessarily for | f(x) dx for any y in 
(a,b); F “ 
(ii) a second primitive ®(x) defined for a < x < b. 
We shall see that the (A P)-integral includes the ordinary Perron integral: 


also it is ‘non-absolute’ in the sense that a positive (A P)-integrable 
function is Lebesgue-integrable to the same value. 


It remains an unsolved problem whether or not the Abel summability 
of (1) everywhere, together with the uniqueness condition (5), implies 
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n-| that the integrated series (2) is Abel-summable in a set of full measure. 


a 


DR 





For this reason we cannot obtain a first-order primitive defined almost 
everywhere; hence a function which is (A P)-integrable over (a, 6) cannot 
be shown to be integrable over (a,,5,) for any values of a,, 6, satisfying 
ad < a, < b, <b, 

The usual properties of an integral which do not depend on integra- 
bility over a sub-interval are shown to have their analogues for the 
(A P)-integral. 


2. Definitions and preliminary results 
For any function F(a) defined in an interval, write 
A? F(x,h) = F(a+h)+ F(xa—h)—2F (2). 

F(x) is said to be smooth at 2, if 

lim h-A?F(ax,h) = 0. 

h—0 
The generalized second derivates are defined by 

D? F(x) lim suph-*A?F(x,h), 
h—O0 


D* F(x) = liminfh-*A?F(2,h). 


h—-0 
When these two derivates are equal at a point 2», F(x) is said to have 
a generalized second derivative there, denoted by 
D2? F (29) = D? F(x) = D? F(x»). 

A function 4(x) which at every point of the interval a < x <b hasa 
unique value (the values +o and —o are allowed) will be said to 
possess the property R* in that interval if, given any perfect set P con- 
tained in (a,b), there is a non-void portion of P on which ¢(2) is upper 
semi-continuous. The property AR, is obtained by replacing ‘upper’ by 
‘lower’ in the last sentence: (2) will be said to have the property R if 
it has both the properties R* and R,. 

We need some results about convex functions. 

LemMMA |. Let F(x) be defined and finite ina < x < b and upper semi- 
continuous in that interval. Then, if D?F(x) > 0 in (a,b), F(x) is 
continuous and convex there. 

This is a special case of Lemma 14 of (9). 

THEOREM 1. Let F(a) be defined and finite ina < x < b, be approxi- 
mately continuous, and possess the property R* in that interval. Then, if 
D? F(x) > 0 in (a,b), F(x) is continuous and convex. 


3695.2.6 Ss 
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Proof. Let E be the set of points € of [a,b] such that F(x) is not upper 
semi-continuous in any open interval containing ¢. By the definition 
of the property R*, EZ is a nowhere-dense closed set. If cis a contiguous 
open interval of (a,b)— #, then F(x) is upper semi-continuous in oc. By 
Lemma 1, F(x) is continuous and convex in o. Suppose, if possible, that 
there is an isolated point € of H. Then 

lim F(x), lim F(x) 
xr—&o—0 x—>£o+0 
both exist. Since F(a) is approximately continuous at &), these limits 
must be equal to F(€), and F(x) is continuous at £). This contradicts 
the definition of #; hence E£ is a perfect set. 

Suppose now that Z is not void. Let F be the set of points € which 
are not contained in any open interval J such that F(z) is upper semi- 
continuous on EN J. Then F is a closed subset of Z which is nowhere 
dense on E by the definition of the property R*. Let s be any closed 
interval contained in (a,b)—F and such that Es is not void. Now 
F(x) is convex and continuous in the contiguous intervals of s— HZ, and 
therefore attains its maximum for such an interval at an end-point: 
that is, ata point of 2 s. It follows that F(x) is upper semi-continuous 
ins. Since EO s was not void, this again contradicts the definition of EZ. 
Thus £ is void, F(x) is upper semi-continuous in (a,b), and the theorem 
follows from Lemma 1. 


THEOREM 2. Let g(x) be continuous and convex in an interval (a,c) and 
leta<a<y<ce. Let E,bethe set of points in (a, y) for which D®g(x) > k. 


oe e)—gy) I-94) < yp p 
: —_ a ae 


c—y x—a@ 





where E,,. denotes the outer Lebesgue measure. 


COROLLARY. Let g(x) be continuous and convex in (a,c). Then 


D*g(x) < «% almost everywhere in (a,c). 


This is Theorem 4 of (3). 
We now consider Lebesgue-integrable functions A(x) of period 2z. 
Let 


27 

iY |—r? 

- | A(z+t) —____—_ 

T 1 -+-r*—2rcost 
0 


A(r, x) dt (6) 


for 0 < r < 1. Now it is well known that we can write 
x 


A(r,x2) = a9+ > (a, cosnx+b, sin nx)r”, (7) 
1 
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where a,,, 6, are the Fourier coefficients of A(x). A periodic function 
A(x) will be said to be Abel-continuous or .-continuous at 2, if it is 
Lebesgue-integrable and 

lim A(r,2%)) = A(2q). 


r—1-—0 
We also need a more general second derivative for A(x). Suppose 
A(x) integrable and periodic of period 27 and A(r,x) defined by (6). 
Then é*A(r, x)/éx? exists and is continuous for 0 < r < 1. Define 


A 


AD* A(x) lim inf oon A(r, x), 


r>1—0 Cx 
=~ . oe 
AD*A(x) = lim sup — A(r, 2). (8) 
r>1—0 Oxr~ 
If AD2A(x) = AD*®A(x), we say that the generalized Abel second deriva- 
five exists, and write AD*A(x) for their common value. 
Suppose now that O(x) = $K2?+ A(z), 
where K is a finite constant and A(z) is integrable and periodic with 
period 27. We then define 
AD?®(x) = K+AD?A(z), AD?O(x) = K+ AD*A(zx), (9) 
and A D?®(x) K+AD?A(zx) 
when the latter exists. Thus we have defined Abel second derivates for 
a somewhat wider class of functions. There are relations between the 
(AD*)-derivates and the ordinary (D?)-derivates which will be important 
for us. These are contained in 
THEOREM 3. Given a periodic integrable A(x) such that x» is a point 
where A(x) is -continuous ; then 


(i) D?A(a,) > AD?A(x>), D2 A(x) < AD? A(x): 
(ii) there exists an absolute constant o (1 < a < }}) such that, if 
D?A(a)| < M, D* A(x»)! < M 
for a finite constant M, then 
AD*A(x,)| < oM, AD? A(aq)| < oM. 


Proof (i) These are simply the Rajchman inequalities translated 
into our notation. For a proof see, for example, (12) [p. 295]. (ii) This 
result follows easily from the calculations of (6) |p. 272]. 


THEOREM 4. Jf A(x) satisfies the conditions of Theorem 3, and x, is 
such that D®A(x,) exists, then AD*®A(xq) exists and has the same value. 
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The result, when A(x) is continuous at x», is due to Fatou. For a proof 
of the result stated see Theorem 3, Corollary 2, of (8). 


THEOREM 5. Suppose A(x) an integrable function of period 27 which is 
everywhere /-continuous, and A(r,x) defined by (6). Then at points € 
where A(x) is smooth, we have 

lim |(1 -r) — A(r, 2) 0. 
r>1—0L ox* 
This is a special case of Lemma 19 of (9) translated into the notation 
of this paper. 


3. Definition of the (4AP)-integral over (0, 27) 
Suppose f(x) defined p.p. in (0, 27): let it be defined p.p. for all real x 
by putting f(~+27) = f(x). 
The finite constant M and the real function (x) will be said to form 
an AP upper approximating pair if 
ae is periodic with period 27, 
4a 


(i) A(x) = O(x)- 


) A(x) is Lebesgue-integrable and /-continuous for all 2, 
(iii) A(x) is approximately continuous and has the property #*, 
) O(—27) = O27) = 0, 
) AD*O(x) > f(x) p.p.; and AD?®(x) > —oo except (possibly) in 
an enumerable set Z, 
(vi) if A(r, a) is defined by (6) at all points of £, we have 


a2 

| Note that condition (vi) is weaker than the requirement that ®() be 
smooth at points of HZ: this follows from Theorem 5.| 

A lower approximating pair {m, (x)} is defined by making the obvious 
symmetric changes in the above definition. Then the function f(z) is 
said to be (A P)-integrable over (0, 27) if and only if 

inf M = supm =I, say, (10) 
where the bounds are taken over the class of all approximating pairs. 
Then we write a“ 
AP- | f(x) dx = I. 
0 

We must now show that this is a proper definition. The first step is to 
show that the points of the exceptional set E allowed by condition (v) 
above are not important. For this we need 
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LeMMA 2. Given e > 0, and x, a point of (0,27), there exists an upper 
approximating pair {Q, F(x)} for the function t(x) = 0 such that 


(i) F(x) is continuous for all x, 
(ii) AD? F(x) >0 for all x, 


(iii) AD? F (2) 1-0, 
a a... 
and lim |(1—r)— ‘V(r, 2)| > 0. 
r—1—0 Ox" 
where Y(2x) F(2x)- dir 12x", 


and ‘V(r, x) is defined by (6), 
(iv) 0< Q < , and |F(x)| < ¢€ for —247 < x < 27. 
Proof. Let f(r, x) doe[3 + ¥ r” cos n(x—- x9)}.- 
n=1 


Then, if |w—a,| + 27m for any integer m 
0 a aS ’ 


lim f(r,2) 0. 
r—l 0 


But lim f(r, 2%) +00, 
r—+1—0 
and lim [(1—r)f(r,x)] = doe > 0. 
r—+1—0 
, “. cos n(x—2 
Put Y (x) ane > assim = i +A, 
: n* 


where A is a positive constant chosen so that 
Y(— 27) V(27) aye. 
The series for (2) is uniformly and absolutely convergent to a continuous 
function, and it is easy to see that 
V(x)| < de for all x. 

Now put Q = Aye, and F(x) = V(x)+}7-1Qz*. The conditions (i)-(iv) 
are all satisfied by the pair {Q, F(x)}. 

Remark. This lemma has some interest in itself. It can be used to 


simplify the methods of (10), for it eliminates at an early stage the 
points where 


lim inf ¥ r”A,,(x) D, lim [(l—r) } r"A,(x)] = 9, 


r—+1—0 r+1—0 


which are the source of much complication in the author’s proof. 
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Lemma 3. Suppose that {M, O(x)} is an upper approximating pair for 
f(x) on (0,27) and e > 0. Then there exists an upper approximating pair 
{M,, ®,(x)} such that 

0< MM <e, O(x)—®,(xz)| << € for —27 <4 < 27 

and AD*®,(x) > —oo for all x. 

Proof. Let E be the set of points where 

AD*QO(x) = —o. 

The set # is at most enumerable, and, by (vi), for x € ZF, 


lim (=n SA0r2)| = 0. 
6a? 


r—1—0 





Suppose that 2x,, x,,... are the points of # in the interval (0,27). Let 
{e,.} be a sequence of positive numbers with 


= 
2, — es 


Let {Q,, F.(x)} be the pair defined by Lemma 2 with e, x, replaced by 

Ves L7 AU) 5 : 0 » 
€,. X;. Put . ” 
7 7 7 « 
F(x) = > F,(2), Q@= > Q. 

K=1 K=1 
Then F(x) is the sum of a uniformly convergent series of continuous 
functions. Hence it is continuous and 
V(x) = F(x)—}071Q2" 


is periodic and Lebesgue-integrable. Further 





gz 
lim Ja—n; i¥0.2)| >0 


r—+1—0 
for x in FE, and AD* F(x) > 0 
for all x. 
Let P,(x) = O(x)+ F(z), M, = M+Q. 
Then AD*®,(z) > AD*®(x)+AD*F(x) > f(x) p.p. 


Also at points of Z, 


lim [ 1—r) Ate, »)| 


C 
Ox* 


= lim 





: oe 
(l—r)— (r.2)| im] (1 —r) — A(r,x)| > 0; 
2 x2 


ox oO 
so that we have AD*®,(x) = +0. 


Thus the pair {.V,, ®,(x)} satisfies the required conditions. 
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The next step is to show that the set of measure zero where 
f(x) > AD?®D(x) > —oao 
is not important. For this we need 


LemMaA 4. Suppose that E is a set of measure zero contained in : ), 277), 
and « > 0: then there exists an upper approximating pair {Q, F(x)} such 
that 


(i) F(x) is continuous and smooth for all x, 
(ii) AD? F(x) >0 for all z, 
(ili) sl F(x) too fors ... E, 
(iv) 0< Q < «and |F(x)| < € for —27 <u < 2a. 


nti Let A be the set of points obtained from £ by periodicity: 
that is, € is in A if €+-2rz is in E for some integer r. Given n, there is 
an open set H,,, containing HZ, of measure less than «/30.4”". Let O, be 
the set of points obtained from H,, by periodicity. 
Define tah {2" for x in O,, 
|0 elsewhere, 
- 
and let u,(w) = | v,,(t) dt. 
- 277 


Then p,,(x) is continuous, increasing and p,,(27) < €«/15.2". Write 


p(2t) onl I(x) = [ 


Then J(#) is a convex smooth function, increasing in (—2z7, 27), with 
J(—2m) = 0, J(2m) <e. 
» 
Write F(x) = — J (27). 
7 





Then F(x) is convex, 
P(—2n) = F(2n) = 0, 


F 


and | F(x)| < in (—27,27). If A(x) = F(x)—}r"Qz*, where 
Q = p(0), it can nde shown that A(a) is periodic in (—2z, 27). Further, 
for x in E, 


D? F(x) +00, AD? F(x) +00 
by Theorem 4. Finally AD*F(x) > 0 for all x since it is differentiable 
and Du(x) > 0 at all points. 

LemMa 5. Suppose that {M, O(x)} is an upper approximating pair for 
f(x) and « > 0. Then there exists an upper approximating pair {M,, P,(x)} 
such that 

0< M,—M <e, P(x)—®,(x)| < 
AD*®,(x) > f(x), AD*®,(x 


<¢e for —24 <2 < 2; 
) 


>—o forall x. 
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Proof. Let {./,, ®,(x)} be a pair satisfying the conditions of Lemma 3 
with « replaced by }«. Now suppose EF the set of measure zero where 
AD*®,(x) < f(x). Apply Lemma 4 to obtain a pair {Q, F(«)} such that 
AD*F(x) >0 for all x, AD*F(x) = +00 in £, 
0<Q<te and F(x)\<}e for —27 <x < Qn. 

Now put P(x) = O,(x)+ F(x), M, = M,+Q. 

It is easy to see that the pair {./,, D,(2x)} satisfies the required conditions. 

LemMA 6. Suppose that {M,(x)}, {m,4(x)} are upper and lower 
AP approximating pairs for a given function f(x). Then M > m, and 
| D(x) —d(x)] is convex for —2a < x < 2z. 

Proof. We may assume that the approximating pairs satisfy con- 
ditions (i)—(iv) of their definition and that, for all x, 

AD?®(x) > f(x) > AD*4(z), AD*O(x) > —o, 
AD*4(x) << +00 
since, by Lemma 5, {M, O(x)}, {m,¢(x)} are the uniform limits of pairs 
with this property. Thus for all x, 


AD*| O(x)—4(x)] > AD?®(x)— AD*4(x) > 0. 


Hence AD*{ A(x)—A(x)| > - * (M—wm); 
-7 


and so, by Theorem 3, 


D> A(x)- A(x)] - > (M—m) 
= 


and D*{O(x)—4(2)] + (M —m)+D*{A(x)—A(x)] > 0. 
=-7 


Similarly we have D*[®(x)—¢(x)] > —oo for all x. Since [®(x)—¢(z)] 
is approximately continuous and has the property R*, we may apply 
Theorem 1. This shows that | ®(x)—¢(x)] is convex. Hence ®(0) < 4(0). 
But (0) = A(0) = A(—27) = —7M: = (0) = —2m. 

Thus we have M > m. 

This lemma shows that the definition of the integral (10) is a proper 
one. We now obtain a second-order primitive for an (A P)-integrable 
function. 

LEMMA 7. Suppose that f(a) is (A P)-integrable over (0,27) and € > 9. 
Then there exist approximating pairs {M,,®,(x)}, {m,,¢,(x)} such that 
0 < $,(x)—,(x) < € for —2n7 <2 < 27. Further there exists a second 
primitive function F(x) such that O(x) < F(x) < d(x) (—2a <a < 2n) 
for any approximating pairs. 
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Proof. By (10), there exist pairs {M,, D,(x)}, {m,, $,(x)} with 
0< M,—m, < ¢/2z. 
Now ,(—27) = ©,(27) = $,(—27) = 4,(27) = 0, 
and therefore $,(0)—®,(0) = 7(M,—m,). 


Since [ ®,(x)—¢,(x)] is convex, we then have 
0 < ¢,(x)—®,(x) < 2n(M,—m,) <e for —27 < 2 < 22. 

For x in (—2z, 27), write F(x) = sup ®(x), where the supremum is 
taken over all upper approximating pairs. For a fixed ¢(x), [®O(x)—¢4(z)| 
is convex for all ®(x); hence O(a) < d(x) for all O(x), and so F(x) < (2). 
Since this is true for all 4(x), we have the inequality 

P(x) < F(x) < g(x) 


in (—2z7,, 27). 


4. Properties of the (4P)-integral 

In the present section I assume throughout that f(x) is defined p.p. 
on (0, 27) and is (A P)-integrable. Let F(x) denote the second primitive 
of f(x), defined by Lemma 6; then F(—27) = 0 F (27). Write 


sg a 
I = AP- | f(x) dz, L(x) = F(x) #. 
i 4a 
a 
By Lemma 6, L(x) is the uniform limit of periodic functions which 
are approximately continuous, Lebesgue-integrable, and .o/-continuous. 
Hence 
(i) L(x) is periodic, and F(0) = —al/; 
(ii) L(x) is Lebesgue integrable and .o/-continuous for all 2; 
(iii) F (2) is approximately continuous. 
LEMMA 8. 
27 
A P- fe, f(z) +cofo(x)} dx 
6 
27 27 


c,| AP- [ fe) de ea P- | fale) de] 
0 . 0 


if the right-hand side exists, 

Lemma 9. If f(x) is (AP)-integrable over (0,27) and g(x) = f(x) p.p. 
then g(x) is (AP)-integrable to the same value, and they have the same 
second primitive function. 


The proofs of these lemmas follow immediately from the definition (10). 
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THEOREM 6. Suppose that f(x) is (AP)-integrable on (0,27) and F(x 
is its second primitive. Then AD*®F (x) exists and equals f(x) p.p. 

Proof. Let 

>s>0, e> 0, k> 0, €, = poke. 
Choose upper and lower approximating pairs i ®,(x)}, fm, $,(2)} 
such that 0< M,—m, <e¢,/7. Then [®,(x)—F(x)] is convex in 
(—2z2,27). By Theorem 2, Conlin, 
D{®,(x)—F(x)] <0 p.p.; 
and therefore, by Theorem 3 (ii), 
AD*®,(x)—F(x)| <0 p.p. 

Now 

AD? F(x) = AD*|{®,(x)—(®,(x)— F(x))] 

> AD?®,(x)—AD{O,(x)— F(x)| > —o pp. 

Let E,, be the set of points of (— 27-+-8, 27—8) for which D*[ ®,(x)— F(z)| 
exists and is at least k. Let , be the set for which A D7 ®,(x)— F(x)] > k. 
Since [®,(x)— F(x)| is convex, D*[ ®,(x)— F(x)] exists p.p. in (—2z, 2z). 
By Theorem 4, /, > E, and |F,.| = |£,.|. Apply Theorem 2 to obtain 

{®,(2n)—F(2n)}{®,(2n—8)— F(247—8)} 

5 


I i a a aa ml > IF, 








F(227—8)—,(2a—8)+ F(—2a+8)—®,(—27+5) > }k8|F,|. 
A fortiori we have 

$,(227—5)— OD, (27—38) +4, (—27+8)— ®,(—27+58) > 4h3/F,|. 
But [®,(x)—¢,(x)| is convex and 


0 > ,(0)—¢4,(0) > —e,. 
Hence 


$,(27—8)—®,(27—5) < 2e,, $,(— 27+58)—®,(—27+8) < 2e,. 





l6e 
Thus Fl< :— 
ee 
Since « is arbitrary and independent of k, we have |/,| = 0. Suppose 


now that x is in (—27+6, 27—8) and not in F,; then 


AD* F(x) > AD*®,(x)— AD ®,(x)— F(x)| > f(x)—k 





fo 
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Now let & take the values n- (n = 1, 2,...) and put 
E =U F, 
r=1 
Then |Z| = 0. If x is not in EZ and is in (—27+5, 27—8), 
AD? F(x) > f(x), AD* F(x) > —oo. 

Let 5 > 0-+-, and these inequalities must hold p.p. in (—2z, 27). Similarly 
we have p.p. in (—2z, 27 

AD*F(x) < f(x) and AD? F(x) < +00. 
This completes the proof of the theorem. 


CoroLuary. If f(x) is (AP)-integrable, it must be almost everywhere 
finite-valued. 
A partial converse of Theorem 6 is also true. 


THEOREM 7. Suppose F(x) a function defined in (—2z, 27) with the 
following properties: 
(a) there exists a constant I such that 


F(x)— a2 = V(x) 


1T 
is periodic, 
) V(x) is Lebesgue-integrable and ./-continuous, 
(c) F(x) is approximately continuous and has the property R, 
) AD® F(x) exists and equals f(x) p.p., 
(e) 10 < AD? F(x) < AD? F(x) < +00 
except in an enumerable set E, 


(f) at points of E (if any), 


lim t —r) aa lt, »)| = 0. 


r—+1—0 é. 


Then f(x) is (AP)-integrable over (0, 27), F(x) is its second primitive and 
27 
I = AP- | f(x) de. 
0 


Proof. The pair {J, F(x)} satisfies all the conditions for either an 
upper or a lower approximating pair. 

Remark. Theorem 7 is a partial generalization of Theorem 4.2 of (3) 
since there it is assumed that F(x) is continuous and smooth, and AD? 
is replaced by D®. The only new condition we have imposed is (a), 
which arises because in our definition of the (A P)-integral we extend 
the interval of definition of f(z) to make it periodic. 
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5. Definition of wp integral over (a, b) 
Suppose that f(x) is defined p.p. in (a, 6). Then 


g(x) = "—*f ee ra (11) 


= 


is defined p.p. in (0,27). We say that f(x) is (A P)-integrable over (a, b) 
if and only if g(x) is (A P)-integrable over (0,27). In this case we write 
b an 
- | f(x) dx = AP- | g(x) dx, 
where g(x) is given by (11). 
If g(x) is (A P)-integrable on (0,27) and G(x) is the second primitive 
defined by Lemma 7 over (—2z, 27). Then 


F(x) = G = (a —a)| (12) 


—¢ 





is defined for x in (2a—b,b). It is called the second primitive of f(x) on 
this range. 

Clearly it would be possible to extend the definition (8) of the general- 
ized Abel second derivates to functions A(x) which are integrable and 
of period 6 > 0. Then, as in (9), the definition can be extended to 
functions such that ®(x)— Kx? is periodic and integrable with period 8. 
If this is done, then Lemmas 8, 9 and Theorems 6, 7 are all true with 
(0, 277) replaced by a general interval (a,b). The details are left to the 
reader. 


6. The generality of the (4P)-integral 

I am going to show that the (A P)-integral includes the special Denjoy 
integral, which is known to be equivalent to the ordinary Perron integral. 
[ shall again state the results for the interval (0, 27): the corresponding 
results for a general interval (a,b) are true and can be obtained by the 
change of scale given by (11). I shall say that f(x) defined p.p. on (0, 27) 
is Perron-integrable there if, given e > 0, there exist continuous functions 
M(x), m(a) satisfying 

M(0) = m(0) = 0, M(27)—m(2z7) < e 
(6) DM (x) > f(x) > Dm(x) 

for all x, where D is the larger of the two upper Dini derivates, and D 
the smaller of the two lower Dini derivates. 

This is not the usual definition of the Perron integral, but it can be 
seen to be equivalent to it [see (7)]. 
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THEOREM 8. If f(x) is defined p.p. on (0,27) and is Perron-integrable 

or Denjoy-special-integrable over that interval, then it is (A P)-integrable 
to the same value. 


Let I = P- | f(x) de. 
0 


Define f(x) by periodicity on (—27,0). Let M(x) be a Perron major 
function defined on (—2z7,0) with 
M(—2z7) 0, DM (x) > f(x) 
where it is defined, DM(x) > —x 
for all x in (—2z7,0), and M(0)—I < }e. For 0 < x < 2z, define 
M(x) M(0)+ M(x—2z7). 


Then M(x) is a Perron major function for f(2) over (—2z7, 27), and 
M(27)—TI < e. Let 


4 ol Dan 
(x) | M(t) dt - —" | M(t) dt. 
T 


7 
. . 


= oor 


Then, if —27 < 2 < 0, 


O(a+27)—O(x) = [| M(t)dt—} [ Mita 


sf fm at et M(t) at} + sf mna— | Mw au| 
0 2 r roan 
(w+-7)M(0) = [(x Lampe at] 0), 
Thus A(a) O(x)—42 1 M2" 
is periodic with M@ — M(0). It is continuous and differentiable for all 
with M(x) = M(x)—K—4o-Mz. 


Now M(x)—}2-!Mx is periodic and continuous. Let its Fourier series 


be : 
T+ ¥ nB, (2). 
n=1 
Then this series is Abel-summable to M(x)—}2-'Mx for all x. Further, 


since DM (x) > f(x) where it is defined, we have 


liminf{ — ¥ n?A,(x)r"| > f(x) 


r—1—0 
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Now a Fourier series can be integrated term by term, so that the series 
for A(x) is 


Tx+ ¥ A,(c). 
n=1 
Since A(x) is periodic, we have 7' = 0. Further 
AD*A(x) + i > f(x), 
a7 
and hence AD*®(x) > f(x) p.p., 
and a. > —o 


for all x. 

Thus the pair {M, ®(x)} is an AP upper approximating pair for f(x) 
Similarly a lower pair {m,¢(x)} can be found. Since 0 << M—m < «, 
which is arbitrary, the theorem is proved. 

It is not at present clear whether or not the (A P)-integral includes 
the (SC P)-integral and the (P?)-integral. However, I shall show in the 
next section that the (A P)-integral is more powerful when applied to 
the ‘sum’ of trigonometric series. I now show that the (A P)-integral is 
a ‘non-absolute’ integral in the same sense as the Perron and Denjoy 
integrals: that is, it is a real generalization of the Lebesgue integral only 
in the case where the absolute value of the integrand is not L-integrable. 

THEOREM 9. If f(x) > 0 almost everywhere, and is (A P)-integrable 
over (0, 27); then f(x) is eto -integrable to the same value. 


Proof. Let {M, ®(x)} be an upper approximating pair such that 
AD*V(x) > f(x) > 0 p.p., AD*O(x) > —x 
for all x. Then, by Theorem 3, we have 
D?O(x) > 0 p.p., D2O(x) > —o for all x. 
By Theorem 1, ®(x) is continuous and convex in (—2z,27). Hence 
D? (zx) exists p.p. and is inane But 
D?O(x) > f(x) > 0 p-p., 
and therefore f() is Lebesgue-integra fe and a fortiori Perron-integrable. 
Now apply Theorem 8 to obtain 


2 


p- | “fla) dx = P- f(x) dx = L- {fi f(x) dx. 
0 ) 0 


0 


oy 


7. Application to the theory of trigonometric series 


For this purpose we need only the (A P)-integral over (0, 27) which 
we have developed in detail. 


and 
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THEOREM 10. Swppose that 
@ 
f(r, 2) = ag+ > A,(x)r” 
n=i 
and a, = 0(n), b, = o(n). 
Let lim sup f(r, 2), lim inf f(r, 2) 


r—1—0 r—>1—0 
be finite except at points of an enumerable set E; and let 


f(x) - lim f(r, 2) 


r—1—0 
exist and be finite p.p. At points of E let 
lim [(l—r)f(r,x)] = 0. 


r—1—0 
Then f(x) is (AP)-integrable over (0, 27) and 
i/ - 
Ao pee | AP- | f(x) de| . 
be 0 « 


Proof. Consider the series 


=. A (x) 
os P <j : 


This is a trigonometric series whose coefficients are o(n-"), and so, by 
the Riesz—Fischer theorem, it is the Lebesgue—Fourier series of a function 
F(x). By Lemma 21 of (9), this trigonometric series is Abel-summable 
for all 2 to a function with the property R. Hence we may assume that 


: . S A,,(x) 
F x = | , “RN 7 pt 
Ss r — 0 | n> 


I 
for all a. Since the coefficients are o (n~'), the series is convergent in the 
ordinary sense to F(x). Hence, by Lemma 9 of (10), F(x) is approxi- 
mately continuous. Now put 
. 1 2 _| ae) _] ’ 

M(x) = ja,2v?+ F(x)+T, 

where 7' is a finite constant chosen so that 
@(— 27) = 0 = @(2z). 

Then the pair {7a ), ®(x)} forms both an upper and a lower approximat- 
ing pair for f(x) on (0,27). Hence f(x) is (A P)-integrable and 


27 


Ty - AP- { f(x) dx. 


0 
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Remark. The conditions imposed in the above theorem are sufficient 
to imply that the coefficients are uniquely defined. The condition 
le ; 
im] > cnet 0, C, = a, +b, 
a 
for all 2 in place of a, = o(n), b,, = 0(n) is also known to imply unique- 
ness [see (10)]. With this less restrictive condition Theorem 10 cannot 
be proved for the (A P)-integral, as we have defined it in this paper, 
because the function F(x) is not known to be Lebesgue-integrable, 
However we might have assumed that the approximating functions 
were (SC P)-integrable and have built up in the same way an (A P*)- 
integral more general than the (AP)-integral. It can be shown that 
Theorem 10 is true with this integral and the more general uniqueness 
condition for hypothesis. For the sake of simplicity I did not develop 
the integral in this way. 
I now wish to prove that an Abel-summable trigonometric series is 
the (A P)-Fourier series of its sum. To do this I shall use the following 
result on formal multiplication of series. 


LEMMA 10. Suppose A,(a), B,(x) are defined by (1), (2), 


f(r,2) = >) A,,(x)r", g(r,x) = s B,(x)r® (O0<r< 1), 
n=1 


n=1 


and lim [(1—r)g(r,x)] = 0 


r—1—0 
for all x. Let k be a positive integer and 


x 


Xo 7 2H n() 


n 


be the series obtained by formal multiplication of ¥ A,(x) by cos kx; 


x 


qr, «) Xo si 2 Fala". 


n 
Then, at points where coskax > 0, we have 
lim supq(r,x) = coskxlimsup/(r, x), 
r—1—0 7—>1—0 
liminfg¢(r,x) = coskx lim inf f(r, x), 
r—1—0 r—1—0 
while, if coskx < 0, then 


lim supq(r, x) = cos kx lim inf f(r, 2), 
r—>1-—0 r>l—@ 


lim inf g(r, x) = cos kx lim sup f(r, x). 
Pog r—1—0 





then 
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This is proved in (12). 
THEOREM 11. If in addition to the hypothesis of Theorem 10 we have 


lim [ 1—r) s B,(x)r"| = 0 forall x; 
n=1 


r—+1—0 
then f(x)sin kx, f(x)coskx (k = 1, 2....) 


are (AP)-integrable over (0, 27), and the given series is the (AP)-Fourier 
series of f(x) 
ay, -| AP- i f(x)cos kx de b, = - ~|4P- | f ia x)sin ka ae|, 
0 


0 


Proof. Multiply the given series formally by cos ka to give the trigono- 
metric series 


Xo- + >, (x). 


n 
Then the constant term a) = 3a,. Further at points where 
f(x) = lim f(r,z) 
r>1—@ 


exists and is finite, we have, by Lemma 10, 
« 
f(x)cos ka Jim [oot ya, (x). 


At points where lim sup, lim inf f(r, x) 

r—1—0 r—1—0 
are finite, the same is true of the limits of ay+ >} .~/,(x)r". Finally, 
it is easy to prove that 


lim [(1—r)(ap+ >} ¥,(x)r")] = 0 


r—1—0 
for alla. Thus we may apply Theorem 10 to the series «+ >. B,(x)r", 


and obtain the required result. 
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SOME REMARKS ON A MAXIMAL THEOREM 
OF HARDY AND LITTLEWOOD 


By T. M. FLETT (Liverpool) 
[Received 10 June 1955] 


1. Let f(x) be non-negative and integrable in the interval a < x < 8, 
and let 


Q(x) = O(a, f) = me (a= | Jit) at. (1.1) 


The following theorem of Hardy and Littlewood (2) is well known: 


THEOREM |. Jf p > 1, then 


b b 

| @”(x) da < A(p) | f(x) dx, (1.2) 
here A(p) = ‘my 
ere cp) = (-2,)" 


This and similar inequalities later are to be interpreted as meaning 
‘if the integral on the right-hand side is finite, then that on the left is 
finite and satisfies the inequality’. The value of A(p) here cannot be 
improved, as is easily seen by taking 


a 0. f — 7 (l—-€)/p_ 

and making « > 0.7 

Alternative proofs of Theorem | have been given by Riesz (6) and 
Rado (5), but these follow the original proof of Hardy and Littlewood 
in so far as (1.2) is deduced by means of Hardy’s inequality from a 
theorem concerning the non-increasing rearrangement of f. Wiener (7) 
has given a more direct proof of (1.2) which does not use either Hardy’s 
inequality or the rearrangement of f, but Wiener’s method does not 
give the best possible value of A(p).t By combining the arguments of 
Riesz and Wiener, however, we can obtain a direct proof of (1.2) which 
does give the best possible value of A(p), and this is given in § 2 of 
this note. 

+ Since f is decreasing, the supremum in (1.1) is here attained when € = 0. 

{t Wiener’s value of A(p) actually tends to infinity with p. 


Quart. J. Math. Oxford (2), 6 (1955), 275-82. 
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The inequality (1.2) is false when p = 1. Hardy and Littlewood (2) 
showed that in this case 
b b 
| O(x) dx < B, I (x)log*+f(x) dx+ By, (1.3) 
la a 
where 6, and B, depend only on a and b. A direct proof of (1.3) is 
again given by Wiener (7), but neither Wiener nor Hardy and Little- 
wood obtain the best possible values of B, and B,. By a refinement of 
Wiener’s argument, I prove here 
THEOREM 2. For any k such that 0 < k < 1, 
b b 
(x) d . lr Jlog*f(x) dx ++ (b—a) 
W(x) dz < — x)log*f(x) dx +—(b—a). 
1—k J ° = k 
a a 
It should be noted that the coefficient B, in (1.3) cannot be less than |, 
for. if if} l ng 
(xz) = 2 4log— , 
j (loz) 


where « > 0, and if a = 0 and 4 is chosen so small that f is decreasing 
when 0 < x < 5, then, as b> 0, 
. 4 
i= flog+fdz~ Odr = aca (!8;) aa 
oS ie d ( 
a a 
In § 3 we consider briefly the relation of these results to Hardy's 
inequality. In § 4 we discuss the analogues of these results in two 
dimensions.t The key result in Wiener’s discussion of these inequalities 
is the following 
LemMa.t Let f(x) be non-negative and integrable in the interval 
a<a2<hb, and let 


ry 


eer 

. t) dt}, 
\f2 g, | Sau 
& 


where the supremum is taken over all intervals (€,,&,) contained in (a,b) 


f*(x) = sup 


and containing the point x. If E, is the set of points x of the interval 
a<Zt< b for which f *(x) > a, then 

' ie 
El < | f(x) dx. 


x 


24a 
+ The case of two dimensions is typical, and I shall restrict the discussion to 
this case. 
t Wiener deduces the lemma from a result of Sierpinski’s. I shall obtain it her 
from F. Riesz’s fundamental lemma. 
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Now let S denote the square 0 <x <1, 0<y<_1 and suppose 
that f(a, ¥) = f(P) is non-negative and integrable in S. For each point 
P, of S let 1c 

f*(P) = sup Ti f(P) dP, (1.4) 
I 
the supremum being taken over all intervals /, with sides parallel to 
the axes, contained in S, and containing P,. Finally, let E, denote the 
set of points P of S for which f*(P) > a. 
The immediate analogue of the result of the above lemma, i.e. that 
E\< B 


: S(P) dP, (1.5) 
* $340 
where B is some constant, is false. The inequality (1.5) is true, however, 
if we alter the definition of f* by requiring that the supremum of the 
expression on the right of (1.4) be taken only over intervals J for which 
I y(diameter of J), 
where y is a positive constant (the same for all /).+ The constant B 
/ 
restricted choice of the intervals 7, Burkill (1) has obtained a result 


in (1.5) then depends on y and tends to infinity as y>0. For un- 


corresponding to (1.5) and has used it to give an alternative proof of 
the theorem of Jessen, Marcinkiewicz, and Zygmund, on the strong 
differentiability of multiple integrals. Burkill’s proof is based on con- 
siderations of density, though he comments that his result can also be 
deduced from the work of Hardy and Littlewood. Wiener’s method, 
however, gives here a simpler proof, and a slightly more complete result. 
We have in fact 

THEOREM 3. Suppose that f(x,y) Jf (P) ts non-negative and measur- 


able in the square S.0<z lo<y<l, and that 


{ f(P)log*f(P) dP < o. 


S 


If, for each i> of S, I (Fe) sup f(P) dP, 
I 


the supremum being taken over all intervals 1, with sides parallel to the 
axes, contained in S, and containing P,. and, if E,, is the set of points P 
of S for which f*(P) v. then 

, 6 FTF. 4f(P)\) 

E | (Py log| IA lap. 


x 
x X 
. 


} 
f ba 


+ This result follows trivially from a covering theorem proved by Wiener in (7) 
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The results for two dimensions analogous to Theorems | and 2 can 
be deduced immediately from Theorem 3. 

2. We consider first the proofs of Theorems | and 2. The kernel of 
the proofs is contained in the following lemma. 


Lemma 1. Let f(x) be non-negative and integrable in the interval 
a<x<b, and let 


O(x) = 2. st J f(t) a 


If G, is the set of points x of the interval a < x < 6 for which O(x) > a, 
then 


G,\< = | fe de. (2.1) 
a 
Ga 
If further k is any number such that 0 << k < 1, then also 
l 
6 < | x) dx. 2.2 
I< q-p [© (2. 


f> ke 
The first inequality of the lemma is the first stage in Riesz’s proof 


of Theorem 1, and is an immediate consequence of Riesz’s fundamental 
zx 
lemma applied to the function | fdt —ax.+ The second inequality 


(2.2) is due to Wiener (7). To obtain it from (2.1), let f,(x) be equal to 
f(x) when f(x) > ka, and to 0 otherwise. Then evidently 


O(z,f) < O(x,f,)+ka, 
so that G, is contained in the set in which 
O(2,f,) > (l—f)a. 
By (2.1), the measure of this latter set does not exceed 


b 


l : | 
imma | = aap, [Ie 
a f>kx 
and this is the required result. 
To complete the proofs of Theorems | and 2, let ©,(x) be equal to 
(x) if O(x) < N, and to N otherwise. Then, if p > 1, we have 
b N 


[ OR de = — [a dlG,|, 
a 0 
where the integral on the right is a Riemann-Stieltjes integral (for ©, is 


+ Riesz (6). t The argument is that of Wiener. 
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bounded, and the approximate Lebesgue sums for the first integral are 
approximate Riemann-Stieltjes sums for the second integral). Inte- 
grating by parts we obtain 
; . F 7 
| OX dx [x”|Ga\]o + | Gai dla”) <p | a-\G,\ da. (2.3) 
a f) n) 
Suppose now that p > 1. Then substituting for |G.) from (2.1) we 
obtain . 
| OR da : »| w* dx | f(x) de. 
a Ga 
By Fubini’s theorem, the last omeniihen is equal to 
b On(z) » 
p } f(x) dx da = —P | f(x) O% (x) dx, 
: ; ee 
and, by Hélder’s apart | this wakes not exceed 
l/p l/p 
[p> dx\ (f l O% dx\ ‘ (2.4) 
- “il } \4 
Since ©, is bounded, the last factor in (2.4) is finite, and we may there- 
fore divide by it to obtain 
b 


b 
{ O®. dx < (” i)’ |r dx. 


a a 
Making NV + 00, we obtain the result of Theorem 1. 
If now p 1, (2.3) gives 


b N oe x 1/k 
| 0, dx : G, dx < | : ( + 
a 0 0 vk 6(O 


[i@, dx +7 (b- a) 


By (2.2), we have 


x 


r tee: 1 [da 
G <= — r -=—= — P 
aiitees a : | f(x) da =F d [ S02) ae 


Wk Wk = f>kx i f>a 
I(x) 
— J fla) de [SF = A; | £e)logste) ae 
> 1 f>1 


b 


. 


= — | f(x) log*f(ax) da, 


and again the result follows by a passage to the limit. 
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3. It seems worth while to remark that Hardy’s inequality,+ 


* 1 Ps \p . ” b 
—— | fit So P(x) dx 3 
| na J 10a da < (25) [ preyae, (3.1 


can easily be deduced from Theorem 1. If f is non-increasing, (3.1) is 
actually identical with (1.2), for in this case 
4 
O(x, f) = -.2 | f(t) dt, 
x—a 
a 

If f is not non-increasing, let f be the non-increasing rearrangement of 
f in the interval a < x < b. Since 

b b 


[fa < [ fdt (a<x<b),t [ f” & = | f dt, 


a a 
the inequality (3.1) for f follows immediately from that for f. 
Similar remarks apply to the case p = 1. We have therefore proved 


THEOREM 4. For any k such that 0 < k < 1, 


b 2 b 
[ _1 | fit) at| dz < - . | feentogfe dx++(—a). 
4 \ar —a | | 1—k k 

4. We come finally to the proof of Theorem 3. We require here a 
lemma, the first part of which has already been stated in § 1. 


LEMMA 2. Let f(x) be non-negative and integrable in the interval 
a<a<b, and let 


£2 
; l i= 
Sz) = ome - | J (t) dt}, 
\f—&, 
£1 

where the supremum is taken over all intervals (€,,&) contained in (a,b) 
and containing the point x. If E, is the set of points x of the interval 
a <x <b for which f*(x) > «x, then 


E,\< : | J (x) dx. 


xX 
Further, | f[*(x)dxr< 4 [ f(x) 1-+log( 2) dx. 
a x 





f2 ta 
f* 2a fia 
The first inequality of the lemma is an immediate consequence of the 


+ See Hardy, Littlewood, and Pélya (3), Theorem 327. 
t Ibid. 277, equation (10.12.2). 
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second inequality of Lemma 1 with k = 3. To prove the second, we 
have, as in § 2 
a an 
| f*dx | Ad|E,| < | |E\| dA +4alF,, 
+s $x box hax 


4 ; | f(x) dx + + | fede 
yx fH $4 


x 


4f( ‘ 
4 [ f(x)log| fo) dx+4 f(x) dx. 
* x * 
fre ka f>ta 
Suppose now that f(x, y) = f(P) satisfies the hypotheses of Theorem 3, 
and that, for each P, of the unit square S, 


ier 
* > s . 2 2 
f*(P,) = sup ji | f(P) dP, 


the supremum being taken over all intervals 7, with sides parallel to 
the axes, contained in S, and containing P,. Let 


ae | 
g(x,y) = sup | f(x, v) del, 
|": 1 : 


where the supremum is taken over all intervals (7, 72) contained in 


(0,1) and containing y, and let 
Es 


. | 
sup — | g(u,y) du), 
Pleo; 
{1 
the supremum being taken over all intervals (€,,€,) contained in (0, 1) 
and containing x. Finally, let H, be the set of points P of S for which 


h(x, y) 


h(P) > «a. 
By Theorem 2, with k = 3, we have 
bs 1 1 1 
g dxdy dx | gdy<2 | dx | flog’ fdy +2 < om. 
Ss 0 0 0 0 


Thus g is integrable over S, and so is integrable over 0 < x < 1 for 
almost all yin 0 < y < 1. It follows now from the first part of Lemma 2 
that A is finite p.p. in S. 

If now (€,,&) and (»,, 7.) are linear intervals containing x and y 


respectively, 


fo 7 &, 
l 
é, Re ae [f f(u,v) dudv <s> = { 900.9) de < A(x, y). 
7 : - i 1 : : & 
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Hence f *(x,y) < h(x,y), so that the set in which f* > a is contained 
in H,.¢ For a fixed y, it follows from Lemma 2 that the set of points x 
for which h(x,y) > « has linear measure not exceeding 


: | glo, y) der, 
a 


g> da 


1 


whence H,| < 4) g dxdy = “| dx | g(x, y) dy. (4.1) 
a a 
g> ta 0 g> $a 


Applying the second inequality of Lemma 2 to the inner integral on the 
right of (4.1), and integrating from 0 to 1, we obtain the result of 
Theorem 3. 


| Added in proof, 26 November 1955.] Since the above was written I 
have been informed by Professor Zygmund that practically the same 
proof of Theorem 1 was given a few months ago by one of his research 
students, Mr. Stein, in an unpublished Ph.D. thesis submitted to the 
University of Chicago. 


+ Down to this point, the argument is that of Jessen, Marcinkiewicz, and 
Zygmund (4). 
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NOTE ON FUNCTIONS OF EXPONENTIAL 
TYPE IN A HALF-PLANE 


By M. M. CRUM (Ozford) 
[Received 9 July 1955] 


Let ¢(z) = log|f(z)|, where f(z) is regular for 2 > 0.+ Various theorems 
(1) state that, if f(z) is of order 1 in the half-plane, then its rate of 
growth is governed by its values at a suitable sequence {Z,,}. The present 
note establishes a new theorem of this type; the conditions imposed on 
f(z) are strict, but those imposed on {Z,,} are much relaxed. The present 
theorem establishes the theorem of ‘bounded moments’ (2), which pro- 
vides an interesting proof of Titchmarsh’s ‘convolution’ theorem. 


THEOREM A. If (a) d(z) < cx (x > 0), (b) {,,} is such that ¥ cos*¢,,/p,, 
diverges, (c) for every z the number of ¢,, such that |\C,—z| <t does not 
exceed 1+ Bt, where B is a constant independent of z, (d) for all n, 

$(fn) Sak, (a<c); 
then $(z) < ax for all x > 0. 

Some condition such as (c) is necessary; for ¢(z) is small near any zero 
of f(z), and the , must not be allowed to cluster round those zeros. 
Condition (b) may not be best-possible, but it is essential to the present 
proof. 

Condition (c) can be restated as follows: let the values of |f,—z’, 
arranged in non-decreasing order, be 5,(z); then for every z, 

8,(z2) > B(j—1), 
where 8 is a positive constant. The proof is based on Nevanlinna’s 
representation theorem (3) which implies the following: 

Lemma 1. [f f(z) is regular for x > 0, and if condition (a) is satisfied, 
men d(z) = ba—I(z)— S(z), 
where b < c, and 

ye) == { ONE | 52) = > og 
T x*-+-(y—t)* i. 


— 


2+2, 
nA 
we o 


v 








where the z, are the zeros of f(z) with x, > 0. 


+ Throughout this note z=2+iy=re, €=& + in=pe'. 
Quart. J. Math. Oxford (2), 6 (1955), 283-7. 
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Since /(z) and S(z) are non-negative, ¢(z) < ba for all x > 0. 
Lemma 2. Let ¢(z) satisfy the conditions of Lemma 1. Let R(z, 0) 4 

denote the relation 








whereO<a<1. Let 


S,(z) = bs log 
R(z, 2y) 


? S(z) _ S,(z)+ Si(z). 








Then Si, = 0(x), as r > 2, uniformly in the half-plane. 





I 
2+Z, 42x, 222, 
Proof. log Ex = slog (1 + a) < —! =) 
aa “y \ ra @y| sa “yy 
k 
, a. ae 
so that S.(2) < K(a > ee 
v=1 
By Carleman’s theorem } x,/(r?--r?) converges uniformly for r > 0; 
hence it is o(1) as r > @. 
Lemma 3. Let 4(z) satisfy the conditions of Lemma |, and let 
e ff (it)| dt ’ 
eo BS es) eal I(z) = L(z)+-I,(2). 
a(2) = = | Sy pe 1A) = h@)+ he) | 
R«@, it) 


Then I,(z) = 0(x), as r > ©, uniformly in the half-plane. 





Proof. T(z) < K(a)a | para 


The integral converges uniformly for r > 1 (as is implied in Lemma 1, 
in the case z = r) and is therefore 0(1) as r > o. 

We now have, by (d), for £ = ¢,, 
bE—I,(f)— In) —Sy(2)— Sul) < a6, 
L(f)+S,() > (b—a)E—Iy(E)—Si(2) 

2d& (d>0) 


provided that 6 > a, for all large enough ¢ 
Consequently, if both the hypotheses 
T(En) > JE ns Sx(Cn) > 9€ , (J > 0) 


imply the convergence of ¥ cos*¢,,/p,,, then hypothesis (6) implies that 
b < a, which is the theorem to be proved. 


by Lemmas 2 and 3. 


n? 
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Lemma 4. If {f,,} satisfies (c)and I,(f,,) > g&,(g > 0), then ¥ cos*¢,,/p,, 
converges. 

LEMMA 5. Tf {%,,} satisfie 8 (c) and SC,,) Pa gt, (g > 0), then > cos*¢,, Pn 


converges. 


Proof of Lemma 4. If g& < I,(f), then 





2 £2 P it lt ae P , 
ng &- < g NS « K(«) (p(it) dt 
ro F 1s OFT e 
R(C, it) RC, it) 
Ria = cos*¢,, = K( x) | p(tt)| 1 dt: 
a sop . 1+ |¢/% 
pa>l n A REn, it) 


by condition (c) the sum is O(t), and the series converges since 


r id(it)| 
[ - ca @< 0. 


e 
- x 


Proof of Lemma 5. Let f, be ‘normal’ if 


z,—C,| < min(z,, 1) 
for some v, say v,; and let ¢, be ‘abnormal’ otherwise. Then, since p,, 


and Tye > OC, 








Pn : pr. he (r,—1)* 


Tvs 


22 e dy . 
Cc Os" ,, “ on - =u va O (=) 


Hence (if the subscript NV denotes the sum over all » for which {,, is 


normal), 








\ 00s", -, ep wcosd, —.. ~~ cos8, 
, <K+K)Y *<K+iK)Y 

— Py — Ts — Tt, 

N N = v=1 


since by (c) the number of » such that |f,,—z,| < 1 is bounded, and so 


on v 
the number of x for which v, = vis bounded. Lastly let f,, be abnormal. 
Then g o¢ 
> - onQ 
g _ = Sx(Cn); 
n Pn 


and (if the subscript A denotes the sum over all » for which ¢,, is ab- 





normal), 
« £2 <i & 4 +2 | e 1 
> 3<K> = > beg ae < K(a) > aT. 
= Pn 7 Pn Ril 2v) » ~ pal 











where tT, = > é,, log 
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Now, for each yr, let 

+4,]. 
cf. 
since both factors of F,(t) are greatest when { = z,++4, 


F(t) = («,+t)log (** +"), 


which is a decreasing function of t for t > 0. By condition (c) and the 
abnormality of the f 


F(t) = Feed € log |>—* 


al|=t 








n? 
K(a)ry 


T, < F(min(z,, 1)) + a F,(B)). 
jt 

Now F(x,) = x, log 3, F,(1) = (a,+ 1)log(2z,+ 1), 
which are both O(z,+2?2) = O(z,r,). 
Also Kry 
Rry 
FB) < | Fan ae 
. 0 

Kry 


= | (x, + t)log (Fr) dt 


K sec 6, 
== | (1+-Bt)log ( +B dt 
0 
= 22 O(sec 6,) = O(2,7,). 
Hence 7, = O(x,7,), and so 


> cos*¢,,/p,, S K(x) p cos 6,/r, < ©. 
A af 


=) 
Thus, > cos*¢,,/p,, < 00, which proves Lemma 5, and the theorem. 
n=1 


The conclusion of Lemma 5 can be strengthened: > cos!+8g, /p,, < « 


for all 8 > 0; but the present argument does not give a corresponding 
result for Lemma 4. 


From Theorem A we can deduce the following theorem: 
cas B. If (i) $(z) = log|f(z)| < kr, where f is regular for x > 0, 
BO! oy 


1+¢ 


and 





00 5 


(ii) {f,,} satisfies the conditions of Theorem A; 
bis $(f,) <aé, forall n; 


then lim sup ‘ $1 re”) <acosé for \0| < 4n. 


ra 








the 
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By Nevanlinna’s theorem (3) 
$(z) = I,(2)—I_(z)—S(z)+-ba 
- $(2)+¢,(2), 


_ — se ee f log* | f(it)| dt 
where 2) = 1@)== | ae ee 


and ¢,(z) < bx, so that ¢, satisfies the conditions of Theorem A. Then 


$2(fn) < $(f,,) < aé,,, 
so that, by Theorem A, (2) < ax 


for all x >0. Now (for example by Lemma4 with «a < $7—{6)) 
¢,(z) = o(r) for |@| < 4x, so that 


$(z) <ax+o(r), — |0| < 4n, 


which is Theorem B. 
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ON THE STURM-LIOUVILLE EXPANSION 
By M. M. CRUM (Oxford) 
[Received 25 July 1955] 
1. THE classical theorem, ‘Haar’s equiconvergence theorem’ (2), on 
regular Sturm—Liouville systems is as follows: 
Let q(x) be of bounded variation in (0,7). Let y,(x) (n = 9, 1, 2,...) be 
the normalized eigenfunctions of the system 
W+PA—qa=0, (0) = AHO), o'@) =H). (1) 
N 
Let Jy (x, y) > pb, (x), (y). (2) 
0 
Let f®(x), J&(a,y), be the corresponding functions for the system with 
q(x) = 0, h=0, H = 0, i.e. let 
W0(x) 1/\7, PP(x) = y(2/m)cosnx (n > 0). 
Then 
(i) Jy(x, y)—J%(x, y) > 0 (3) 
boundedly for 0 <x < 27,0 Sy <7; 


(ii) for every f(x) of L(0, 7), 


| {Jy(x, y)—JS K(x, y)} f(y) dy > 0 (4) 
0 


uniformly for 0 <x#% <a. 


The present note establishes the same results without the hypothesis 
that g(x) is of bounded variation; it is enough to suppose that q(x) is 
of L(0,7) (this is the minimal hypothesis if we are to use Lebesgue 
integrals); we replace the differential equation for % by either of 


(x) = W'(0)+ | {a(y)—AWy) dy, (: 


0 


qt 
~— 


(x) = 9(0)+ay'(0)4 { {q(y)—Ajb(y)(x@—y) dy. (6) 


0 
To establish the theorem under these conditions no new ideas are 
required; we use the method of contour integration, and the notation, 
mainly, of E. C. Titchmarsh (4). 


Quart. J. Math. Oxford (2), 6 (1955), 288-92. 
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2. First we must show that for all A, a, A, B, there is a solution y(x) 
of (5) and (6) such that y(a) = A, y’(a) = B; and that, for each z, 
y(x) is an integral function of A. There is no loss of generality in taking 


©-Ghz>0. ta 
, ad Let Yo(x) = A+ Ba, 


and, for n > l, 


zr 


Y,,(%) = Yo(x)+ ( {q(t)—Aly,, _,(t)(~—t) dt. 
Then ’ ms 
v,(%) = max|y,(t)—y,,-,(t)| < | \q(t)—Alv,,_,(t)(a—t) dt; 


0<t<zx 


and, if |A|+ |Bx| < M, then 


0 


r 


v(x) < [ \g(t)—A|M(a—t) dt 


0 
< Mz Q(z, Ad), 
where Q(x, A) ( q(t)—A\ dt. 
0 
Now by induction v, (x) << M(Qax)"/n!; 
for 
- Qr -lyn-l UQr MQ" x" 
| = , 22 ° P Po SS ay fen »__ #1 ee Toll 
[ia ao “oa oe 
0 


Hence y,(x) converges to a limit y(x), uniformly for x Q(x,A) < K, 
ie. uniformly, for each x, in any bounded region of A. It follows that, for 
each x, y(x) is an integral function of A; also, by the bounded convergence 
of y,,-3(¢), = 
y(x) = A+Ba+ | {q(t)—Ajy(t)a—t) dt 
0 
A+ Bx+ [du [ {q(t)—Ajy(t) at 
0 0 
(by Fubini’s theorem), so that (6), (5), and the boundary conditions 
y(a) = A, y'(a) B are all satisfied. 
Now let 4(x,A) be the solution of (6) with (0) 1, 6'(0) = h; let 
y(z,A) be that with y(7) = 1, x’(7) = H; and let 
w(A) (x) x’ (x) — x(x)’ (x). 
Then, as in Titchmarsh (4), § 1.9, 


he 


sds 


l 
Ivey) = 5 | x(x, bly, 82) oT 


Qn 
3695.2.6 U 
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where N’ is an integer depending on N, and Q, is the square with } un 
vertices at (N+ 4)(+1+7). 

3. We now require asymptotic formulae for ¢, x, w, when s is large, 
Titchmarsh’s Lemma 1.7 (4), and its proof, still hold without alteration; He 
i.e. 





zx 
d(x) = (x, 8") = cossx+h <n | sin s(~x—y)d(y)q(y) dy, (8) 
0 











8 8 
wh 
d(x) = Ofe%"} (s = o+ it), 
uniformly in args and uniformly for 0 < x < 7z. Si 
From (8), mi 
r ! 
smer. t £... ’ - 
d(x) = cos oi +— | {sin sx-+-sin s(~— 2y)}q(y) dy+ O(s~*e') 
8 28 J 
Ti 
sin sx { * | ( 
= 608 8% -++-—— ira | qy) dyjre (set), (9) |® 
8 aa . 
0 
provided that | sin s(~—2y)q(y) dy = ofe"}. (10) j 
0 YN 
All the o-terms are uniform in x and in args. To prove (10), let « > 0 
and let q,() be absolutely continuous and such that 
4 
| |a(y)—aly)| dy < e. 
0 
ii 
Then | sin s(x—2y){q(y)—q,(y)} dy| < ee", Ww 
0 
and, by integration by parts, 
4 
| sin s(a—2y)q,(y) dy = O(s—te'), 
0 
all uniformly in w and args. By this and similar arguments, 
sin sx 
$(x) = cos sx+h(x) —— +0 (se), 
ae e COS 8x a 
—¢'(x) = —sin sx+h(2) +o (s—e"), 
8 8 
sin 8(a—z7 | B 
x(x) = cos s(a—a)+ A(x) nee 7) 4 oe 1eMz—m)!) lb 
F ( 


. x’ (x) = —sin 6(v—7) + H(z) SE —) 4 9 (grou es (11) 
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vith | uniformly, where 











Xr x 
h(x) = h+4 | qy) dy, H(x) = H+4 q(y) dy. 
rge, 0 7 
‘on; | Hence also, uniformly in args, 
w(s?) = ssinaws+G cos 7s-+-0 (e7™"), 
(8 ‘ 
| where G = H(x)\—h(x) = H—h—-} | qy) dy. 
0 
Since the system is unaltered by the addition of a constant to q(x), we 
may take G = 0, and then 
; ] . : 
ri) w(s?) = sin ws+e (ei), (12) 
| Ss 
That V’ = N follows by applying Rouché’s theorem to the functions 
(9) | w(s*) and ssinzs and the contour Qy. 
| 4. Now from (7), (11), and (12), since |sinzs| > A e7" on Qy, 
10) ] c y COS 8(x—a7 
a ed ani | COS $Y COS y COS 8(L—T) 9 
7 sin sz 
> 0 dy 
Ll f sinsycoss(x—7 l cos sy sin 8(a2—7) ds 
h(y) — psn 20 os ds + H(x)— — ta Te. 
2m . $ SIN 87 271 8 SIN 87 
On Qn 
+o(1), 





| uniformly for 0 <y<a<7. 
By Cauchy’s theorem the three integrals are respectively equal to 


lf 


N 
1+2 Ss COS NX COS “ = J%(2, y), 
— | 
7] 
ly-+2 *e COs «sin ny} = [ J%(x, t) dt, 
' d 


N 
a 
-7+2 > sin 2x COS ny) == - [. W(t, y) dt. 
— 
1 


By direct evaluation the second and third integrals are both O(1), and 
both 


| 
wt 


«L 


: a om oe 
|. v| \N(a—y)J 
0 
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uniformly in0 < y < x < zw. Since h(y) and H(x) are bounded, we have 


l \ 
Jy (x, y)—JS%(a, y) = o(1 ' ; 
n(®, Y)—FN(*, Y) (1)+ lip Ne—yi| 
uniformly for 0 < y < x < a, and, by the symmetry of J, uniformly 
for 0 <2 < 7,0 <y < 7m: this proves (3). 
For any f(z) of L(0,7), uniformly for 0 < # < 7a, 





7 rs lf , 
| {Jx(a, y)— I(x, y)}fly) dy = 0(1)+ of | if Wie | 
0 


0 


) 
fy), ay) 


min(7,c+N~! 
~ o(1) +0) 
max(0,x —N-~4) 
4 
which is 0 (1) uniformly in (0, 7), by the uniform continuity of | | f(y); dy. 
0 


5. Similar results, of course, hold with boundary conditions 4(0) = 0, 
or &(7) = 0, or both. 
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ON APPROXIMATE FACTORS OF 
POLYNOMIALS 


By W. BARRETT (Leeds) 
[Received 14 July 1955) 


Let A(z) = ay+a,2z+...+a,, 2" be a polynomial in a complex variable z, 
with real coefficients. Then, if certain conditions on the coefficients are 
satisfied, the polynomial 

Din tag ZH oe FO y 2” (0.1) 
is approximately a factor of A(z), in the sense that there exists an exact 
factor of A(z), of degree v, whose coefficients differ little from those 
of (0.1). 

This paper is concerned with obtaining limits for the errors in such 
approximate factors, expressed solely in terms of the moduli of the 
coefficients in A(z). The results obtained are similar in form to certain 
results obtained by Ostrowski,t but the method used is essentially 
different and leads to a substantial improvement in the limits and in 
the conditions for their validity. The novelty of the method lies in the 
application of a Brouwer fixed-point theorem to demonstrate the exis- 
tence of a factor whose coefficients lie between certain specified limits. 

Defining quantities called deviations, 

D,, = min {\@;,/4;—;|"", |a,/a,4;\"} or unity, 
i,j >0 
whichever is the larger, I shall show that, if 


} ~s @ 1 @& 5 ou -R 

(i) D,,, Dnry & 6+2V6 = 10°8..., 

or (ii) mtv=n and D,>9, 
are is a factor —_ 2+ + 2” 

there is a factot Cnt Conga 2H ++ tC g-y 2 

of A(z) such that Cm—Am| < 4/Ay|; 

. . ' , 1 | 1 — 

and (1) (Cm+v—@m+v! < 3!Fm+y! OF (11) Cn+v = 4m+v- 


Bounds are obtained for all the coefficients in the factor, which suffice 
to determine it uniquely. 

This result is evidently closely connected with the theoreni on the 
separation of the zeros of a polynomial, proved in R.M.G., that, if 

+ A. Ostrowski, ‘Recherches sur la méthode de Graeffe’, Acta Math. 72 (1940), 
99, denoted below by the initials R.M.G. 


Quart. J. Math. Oxford (2), 6 (1955), 293-300, 
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Dns Dns, = 9, it is possible to determine two numbers, 7,, 72 (7 < 1.) 
such that m zeros of the polynomial have modulus less than 7,, v have 
modulus between 7, and 7,, and the remaining n—m—v have modulus 
greater than r,. Indeed, the zeros of the factor in question are precisely 
those zeros of the polynomial which lie in the annulus 7, < |2| < 7. 
One would not expect to obtain an approximation to a factor with D, 
or D,,., less than 9, for, the condition for separation of the zeros not 
being satisfied, it would not be possible+ to associate a particular set of 
zeros of A(z) with the polynomial (0-1). The limiting values for D,, and 
| 
the approximate factor, achieve this figure of 9 in one case, and do 
not greatly exceed it in the more general case.{ 


, above which bounds are obtained in this paper for the error in 


1. Notation and preliminaries 


It is convenient from the point of view of notation to write the given 
polynomial in the form 
n 
A(z) =z" > a,z', (1.1) 
i=-—m 
where we wish to determine the accuracy with which the coefficients of 
Ap +Q,2+...ta,2” (v <n) 
approximate to those of a factor of A(z). 
The Newtonian majorant of A(z) is defined, following R.M.G., Ch. I, 
as the uniquely defined polynomial 
LZ . 
A(z) = 2" > a,z', 
i=-—m 
where a; are positive numbers having the properties: 
(i) a, > |a,| (—m<i<n), 
(ii) a? >a;_,a;,, (—m<i<n), 
(iii) there are no smaller numbers having these two properties. 
The slope R; and deviation D, are defined as 
R; = a;_,/a; (—m <i <n), 
_ = 
D, = R,,4/R;, = aj/(aj.a,.,) >1 (—m <i<n). 

t The condition for separation is necessary, in the sense that there exists a 
polynomial (0.1) with any prescribed value of D,, < 9 such that the mth and 
(m-+1)th roots, when arranged in ascending order of moduli, have in fact equal 
moduli. 


t The limits 9 and 10-8... may be compared with the limits given in R.M.G., 
XXXVI, namely 13-4 and 18-7 respectively. 
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An index 7 is said to be principal if D, > 1, or if i = —m or n, when it 
follows that a; = |a;|.> It will be assumed throughout that the indices 


0, v are principal. 
Defining zon &,. B= 1/R,,, 


we have 


a;| < ala, (« < 0), (1.2) 
a;| < pi-\a,| (j > v). (1.3) 
If m = 0 or v= n, it will be convenient to define « = 0 or B = 0 


respectively. 
The main results of the paper can now be stated. 
THEOREM |. [f there exist values of 5p, 5, satisfying equations (3.1) and 
such that 0 < (&9,5,) < 4, there is a wnique factor 
Cot, 2+... +¢, 2” 
of A(z) such that \c;—a;| << 6;a; (0 <i <v), where 6; < 5,+6, are 
defined when 0 <t < v by equations (3.3, 3.4). 
THEOREM 2. There exists a unique factor 
CoC, 2+... +6, 2” 
of A(z) such that |\c;—a;| < 6;a; (0 <i <v) 
(i) if M = min(D,, D,) > 6+2v6, and 5, = 6, = 4, is the smaller root 
of the equation 62(M+-1)+-0(4—M)+1 = 0, 
while 8; = 20, (0<i <p); 
(ii) if v =n, D, > 9, and 8; (0 <i < v) = 6g, the smaller root of the 
equation 62D, —0( D,—3)+ fo 0, 
and 6, = 0. 


2. The trial-divisor process 
The method of proof is to divide A(z) by a trial divisor 
CotC, 2+... +6, 2", (2.1) 
obtaining a penultimate remaindert 
| * | * ov 
c¥+c¥2+...+c82". 


+ Various elementary properties of the slope and deviation, including the 
definition of D; given in the introduction to this paper, are proved in R.M.G. 
Such properties as are required I shall, therefore, not prove here; they are, 
moreover, sufficiently self-evident. 

t The concept of a penultimate remainder has been used by C. R. Aitken as 
a basis for a method of successive approximation to a factor of a polynomial. 
See Proc. Roy. Soc. Edinburgh, A 63 (1949), 174-91. 
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The division is carried out from both ends, to give quotient 


2™{(b_,,2-™ +... +b_, 27") /eg+(6,,1 2+... +5, 2"-)/e,}, (2.2) 
so that we have the identities 
a; = b;+(b;_1¢,+0;-.¢.+...)/¢g (t < 9), (2.3) 
A; = CFA (b_ 1 Cj44 4b_2C;404+..-)/Cg+ 
+ (by43C;yt+O,42C;-2+-..)/e, (Ot <y), (2.4) 


a; = 6;+-(6;.,¢,-1+-5;,0¢,-.+...)/e, (ti > v). (2.5) 
It will be shown that, subject to certain conditions, numbers 34, 


(0 <% < v) can be found such that, if 


c;—a;| < 6;a; (2.6) 
for each value of 7 in the range 0 <i < », then 
c¥—a;| < 8,a;. (2.7) 


Now c* are continuous functions of the set of quantities c;, provided 
that cy, and c, do not vanish. There is therefore defined a continuous 
mapping into itself, c; > c¥, of the region (2.6) of the (v-+ 1)-dimensional 
euclidean space with c; as cartesian coordinates. By a fixed-point 
theorem due to Brouwer,+ it follows that there is a set of values of c; 
satisfying the inequalities 

c;—a;| < 6;a; (2.8) 
and such that c*¥ = c; (0 <i <v). The trial divisor (2.1) will then be 
a factor of A(z), with quotient 

ams 


{(b_,,2-" +... +b_, 271) /eg +1+-(0,,,2+... +6, 2"-)/e,}. 


3. The definition of the quantities 5; 


It can be proved, in fact, that, if 5, and 5, are defined by the equations 

















(1+8)2 1+5, 
(Dy—1)(1—8 89 (18, (My, D,—1) on) 
a +3, ™ 
(D,—1)(1—8,)6, : (1 —3)(M, D,- 1) 
and satisfy the inequalities 
0 < (8 ,5,) < 4, (3.2) 
where M, = R,/R, > 1, 
while e; (0 << i < v) and 8; (0 < i < v) are defined by 
; 1+6,))R (1+6,)R; | " 
bedi — — ree __ — =] (3.3) 
OT OU TBR — Re) 1—8,)Ra— Boh 


+ See, for example, S. Lefschetz, Algebraic Topology (A.M.S.), 321. 
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4 
EL..—k, * i—4, (3.4) 





and $, = 


then (2.7) is a consequence of (2.6). It can also be deduced from these 


equations that 8, <8,+8, (0<i<»). (3.5) 


To prove these results, we commence by supposing that 6; (0 <i <v) 
are arbitrarily chosen positive quantities, except that 59, 5, are required 
to satisfy (3.2), and that the coefficients of the trial divisor (2.1) satisfy 
(2.6). 

Let c; = (1+6,)a; (0 <i < pv). (3.6) 
Then it is not hard to prove by means of the inequalities (1.2, 3) and 


the identities (2.3—5) that, 


~ 


— , 1+ 
(i) if A! So ~" (aC, +02c,+...+a"C,), (3.7) 
1—dy a 
then a;—b;| <8,a-'\ag} (—m <i < 0); (3.8) 
— . 1+, ‘ 
(ii) if a,|8, > (Bc, _,+f%e,-o+...+P’Cp), (3.9) 
then a;—b;| <6, B'"\a,| (vi <n); (3.10) 


(iii) if (3.8) and (3.10) are satisfied and if 


? 


a,|d, (aC;,,+0°C;,0+...+a"~'c,)4 


14% 

i 7 | om dp 
145, : 

pt (BC: 1+ BPC. +B), (3.11) 


then the inequalities (2.7) are satisfied. 

We next simplify the three sets of inequalities (3.7, 3.9, 3.11) by 
replacing the series in their right-hand members by suitably chosen 
geometric series. Suppose that «; (0 <i <v) are positive numbers 
such that 

(l+e,,,)a(R,,)'% (O<i<j <p»), 
C, ; i+1/*i — é (3.12) 
(l+e,a(R,)i-i (0<j<i<y). 
Thent 
xC;.,t0°C,,o+...+a0"-fe, < (1+e,,;)a(aRG+o7 R34...) 
(1+e,,,)a; Ry/(R;.,— Ro), since a = Ry, 
and, similarly, 


Be, .-+BPC;-9+..+Bicy < (1+e,)a; Ril(By1—R)). 


+ Note that R;,,/a R;,,/Re > R,/Ro > 1. 
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If, then, it is possible to define 5; (0 <i < v) and e; (0 << i <v) s0 


that (3.2), (3.4), and (3.12) are satisfied, and so that also 





" 1+, Ry 
— 1+ 
0 1-3, | ' RR, 
143 R ; (3.13) 
and §, = — (I+, v 
¢ = oe ee 


the inequalities (3.7, 3.9, 3.11) will follow from (2.6), so that (2.7) will 
also follow from (2.6) and there will exist a factor (2.1) of the given 
polynomial whose coefficients satisfy (2.8). 

It turns out that the definition of 6;, €; is completed by adjoining 
equation (3.3) to (3.4) and (3.13), when (3.12), (3.5) are consequences 
of (3.2), but the details of the proof seem to have no particular interest. 
The form of (3.3) is, however, suggested by considering the case where 
all the R; (0 <i <v) are equal, when the required conditions are 
satisfied with 6; all equal and e; = 6;; (3.4) then leads immediately 
to (3.3). 

Finally, the equations (3.1) may replace (3.12), being the result of 
eliminating €,, «, between the latter and (3.3). Theorem 1, apart from 
the uniqueness of the factor, follows immediately from these results. 


4. Proof of Theorem 2 


We now require a lemma, whose proof I omit. 


Lemma. If the equations (3.1) have, for given values of the parameters 
D,, D,, M,,, a solution satisfying (3.2), and if one or more of these parameters 
is replaced by a larger value, then they still have such a solution, and one 


for which both 5, and 6, are smaller in value. 
From this lemma, it follows that, if the equations 


(1+3,)? , 148 (1+8,)? 
oe of a ee Me] = 
(I—8,)5, * 1-8 (1—6,)5, 


v 


1—8,’ 

obtained from (3.1) by replacing D,, D, by M = min(D,, D,) and J, by 
its least possible value of unity, have a solution satisfying (3.2), then 
there is a solution of (3.1), satisfying (3.2), with equal or smaller values 
for both 5, and 6,. The symmetry of these new equations now suggests 
that we seek solutions for which 6, = 6, = 0, leading to 

1+-6)2 I+ 
(1—0)6 " 1-6 


62(M+1)+0(4—M)+1 = 0. 
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This equation has a positive real root 0, not greater than } if and only 
if M > 6+2V6. Together with the inequality (3.5) this establishes 
Theorem 2 (i), apart from uniqueness. 

The proof of Theorem 2 (ii) is similar. Since v = n, the identity 
(2.5) does not occur, while certain terms disappear from (2.4). It is found 
that 5, = 0, and that the equation defining 5, is obtained from the 
general equation (3.1) by omitting terms containing 4, : thus 


__(1+8)?__ 
(1 J -1)( 1—8y)dy 


0 


This equation can be written in the form 
Q9 ‘ ' 
Dy 3p—(Dy—3)89+1 = 9, 
which has a real positive root @, not greater than } if and only if D, > 9. 
Also, from (3.5), which remains valid in this special case, 5; < 59. This 
establishes Theorem 2 (ii), again apart from uniqueness. 


5. The uniqueness of the factor 
Since D,, D, > 9, it follows immediately from R.M.G. XXI, that A(z) 
has at most v zeros in the region r, < |z| < ry, where r, is the smaller 


root of 2r2—(3Ry+R,)r+2R, R, (5.1) 
and r, is the larger root of 

—(3R,+R,,,)r+2hR, KR, = 0. 
It can be shown, by means of the inequalities (2.8) satisfied by the 
coefficients in the factor, that all the zeros of the factor lie in this region. 
This identifies its zeros, and thereby establishes its uniqueness. 

[I give the proof in the case of Theorem 1; the proof for the other 
theorems is similar. Under the conditions of this theorem, it follows 
from (2.8) and (3.12) that 
Cotey2+...+¢,2”| > |ag|{(1—3,)—(14 «) > > Rz*|z|*} 

Ay|{(1 —89)—(1+-€,) || a z|)}. 
Now, from (3.2, 3.13), 
(1-+-e€,)/(1—9p) 59(Dy 1)/(1 +-8p) : }(D,—1). 
Hence, if z is a zero of the factor, 
z|/(R,—|\z|) > 4/(D,—1)), 
whence Z 4R,/(D)+3). 
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But the sum of the reciprocals of the roots of (5.1) is (D,+3)/2R,, so 
that z| > 4R,/(D)+3) > 1. 


Similarly, |z| < fg. 


It may be remarked, finally, that the division process, as well as the 
definition of the Newtonian majorant and its properties, may be 
extended to the case where the polynomial A(z) is replaced by a Laurent 
series, possibly terminating in one direction, and that both theorems 
remain true, the proof requiring only minor modification. 
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CONNEXIONS FOR PARALLEL 
DISTRIBUTIONS IN THE LARGE 


By A. G. WALKER (Liverpool) 
[Received 10 August 1955] 


1. Iv is well known that on a manifold with a symmetric affine con- 
nexion every parallel distribution (field of parallel planes) is integrable.t+ 
In the present note I discuss the converse problem and show that for 
any system of distributions there exists an affine connexion in the large 
with respect to which the distributions are parallel and which is sym- 
metric if the system is integrable. It is a simple matter to establish the 
existence of an asymmetric affine connexion, whether the given distri- 
butions are integrable or not; there are many such connexions and the 
main problem is to show that there is among them one that is symmetric 
when the system of distributions satisfies certain integrability con- 
ditions. 

We shall be concerned only with manifolds and distributions of class C” 
since we need certain existence theorems which are known to be true for 
all such manifolds but have not yet been established for analytic mani- 
folds. 


2. From properties of distributions discussed in previous papers we 
know that, if D and D’ are any two disjoint distributions on a manifold 
M, their sum D+ D’ is also a distribution and is parallel with respect to 
a given connexion if D and D’ are parallel. We shall now say that 
distributions D,,..., D,, form a complete system if they are disjoint and 


m 


if their sum is the distribution of tangent planes of M. 
If D, D form a complete system, i.e. are disjoint and complementary, 


i 


there are associated with them two second-order mixed tensors a = (@}), 
4 — (a) at every point of M with the properties, in matrix notation, 


9 =9 


a? — a, a a, aa = fa — 0, at+a=I1. (1) 


+ For an account of parallel distributions see A. G. Walker, Quart. J. of Math. 
(Oxford) 20 (1949), 135-45, where results are given for a Riemannian manifold 
but can be applied also to a manifold with affine connexion. See also Schouten 
Ricci-Calculus (2nd ed., Berlin 1954). The term involutory is used by some writers 
in place of my integrable ; see for example Chevalley, Theory of Lie Groups (Prince- 
ton, 1946). 

{ The problem for a single distribution has been solved independently by T. J. 
Willmore using a different method from ours. (Proc. London Math. Soc. in press.) 


Quart. J. Math. Oxford (2), 6 (1955), 301-8. 
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Also, if dim D = r and dim D 7, so that r+7 n = dim M, then 
ranka r, ranka = 7. (2) 


At any point of VM the r-plane belonging to D is the set of vectors 4 
which satisfy the matrix equation 4A = 0, equivalent to (a—I)A = 0. 
The 7-plane of D is similarly given by aA = 0, so that D and D are both 
determined by the tensor field a. 

To see how a and 4 are determined at every point of M by the pair 
(D, D), let yk Ee iia = r-+i...., n) 
be base vectors for the planes of D and D respectively at any point x. 
If A is the nn matrix (A‘), A-! exists since D and D are disjoint, and 
we can write \-! = (u}). The tensors a, 4 at x are now given by 

r 5 n 
aj= > AVB, a’ Y Ay, 
a'=] x=r+1 
and it can easily be verified that they are independent of the particular 
bases chosen for the two planes at x. Properties (1) and (2) now follow 
at once. 

The representation of distributions by tensor fields can be extended 
to any complete system {D,} (o = 1...., m), and there is associated with 
each member Da tensor a = (45) at every point of M with the properties 

m 
(i) a? =a, aa=0 (p+o), 2 a= i; (3) 
od ’ p=1?P 


po “ip 
(ii) ranka = dim D,; 
(iii) the vectors A in the plane of D are given by {a—I)a = 0. 
The tensor a is defined exactly as before, being the first tensor associated 
with the disjoint complementary pair (D,, D,), where D, Pe We 


write 4 for I —a, i.e. for the second tensor associated with the pair (D,, D,). 
Cc Co 


3. Suppose now that an r-dimensional distribution D is given, and 
let D be any (n—r)-dimensional distribution such that D, D are disjoint 
and complementary. That such a distribution (of class C”) exists over 
the whole manifold is certainly true: it could, for example, be the 
orthogonal complement of D with respect to a positive definite metric 
tensor of class C* since such tensors are known to exist. Writing a, 4 
for the tensors associated with (),D), we wish to find the conditions 
to be satisfied by a for D to be integrable, and also the conditions for 
D) to be parallel with respect to a given connexion. 
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With the notation of § 2, let A‘, Ai. be differentiable basis vectors for 
D and D defined over a coordinate neighbourhood of M. Then it is well 
known that JD is integrable if 

NEY 9 MEM, » = By ME 

for some ¢’s, where a dot denotes partial differentiation. Multiplying 
by Gi? px and summing for q = 1.,..., n and f’, y’ = 1.,,..., 7, it can be 
verified that the conditions are equivalent to 

(a), q—ai, »)ap af = 0. (4) 
These, then, are the conditions that a must satisfy for D to be integrable. 
It should be noted that they do not imply the corresponding conditions 
for A; the integrability of D does not imply the integrability of D. 

Suppose now that PD is parallel with respect to a given connexion 
L = (L',.). Then, if covariant differentiation with respect to L is denoted 
by a vertical line, we havet 


NB. = AB, A. 


for some A's. Multiplying by di, pe, and summing for p = l...., n and 

y = l...., r, it can be verified that these conditions are equivalent to 
-j I : a 
a), a}, = 0. (5) 


These are the conditions that the associated tensors must satisfy for D 
to be parallel. Since a and 4 cannot in general be interchanged in these 
equations, we see that, if D is parallel, it does not necessarily follow that 
D is also parallel. 

From the identities Aa = 0, a+ = I, equations (5) are seen to be 


equivalent to , sae 
2 a,,a? = 0. (5) 


4. Suppose that D is a given distribution and that we wish to find a 
connexion L with respect to which D is parallel and which is symmetric 
if Dis integrable. We first choose any symmetric connexion [. = (I’},) 
defined over M. Such a connexion always exists in a manifold of class 
C*; it could, for example, be the set of Christoffel symbols given by a 
metric tensor. Since the difference between two connexions is a tensor, 


L will be of the form L r+. (6) 


where 7' (7';,.) is a tensor which remains to be determined, 

Let D be such that D, D are disjoint and complementary, and let a, 4 
be the tensors associated with (D, D). Then, if a comma and a vertical 
line denote covariant differentiation with respect to and L respectively, 
we have the identity 

at, = aP,+at TY,—ab T%,. (6') 


t A. G. Walker, loc. cit. 
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Substituting in (5), we see that D is parallel with respect to L if 7 
satisfies the equations 
=—7 =-j _ ; - 
d,,aj T?,. = —d, af, = —a,,a?. (7) 


Here we have used the identities 


aa = 0, a+a =I, Wk = 0. 
Another consequence of these identities is 
a,aja?,, = 0, (8) 
and because of this we see that one solution of equations (7) for 7’ is 
i at ZL 
Tix. —G),a?,.. 
The general solution of (7) is now seen to be 


where V is any tensor satisfying 
| ai,af V2, = 0. (10) 
Substituting in (6) we therefore have the most general connexion with 
respect to which D is parallel. 
If D is integrable, then (4) is satisfied, and, since [' is symmetric and 


9 


a* = a, these conditions can be expressed in the form 

Q),q A af = aah af. (11) 
We want to choose 7’ so that, when these conditions are satisfied, L is 
symmetric: T will then be symmetric, and hence, from (9), V will satisfy 

Vin —Vij = &,(aP,—af ;) (12) 
in addition to (10). Because of (8) and (11) a solution of equations 
(10) and (12) is at once seen to be 

%. Gd}, af ;+a),,akay. 
Substituting in (9) and using the identities 4a = 0, a+4 = I, we can 
write 


T',(a, T) —a\, a —ai,,a?+a', ,afay. (13) 
The connexion L(a,T) C+ T(a,T) 


thus satisfies our requirements; it is of class C”, it makes D parallel, 
and it is symmetric when D is integrable. 

It should be noted that the connexion L(a, I’) is defined over the whole 
manifold. The tensor field a associated with (D, D) exists in the large 
since it is independent of the particular choice of basis vectors used to 
define it locally, and the expression for L in terms of a and I holds in 
every allowable coordinate system at every point of M. Thus L depends 
only upon M, D and whatever distribution D and symmetric connexion 
l are chosen over M. 
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The connexion L(a, I) derived above is not the only solution of our 

problem, the most general being Z(a,[)+ W, where W satisfies 

Wi, = Wi, ai,aj W?,, = 0. 

Another form for the general solution is obtained by noting that every 
solution is given by L(a,T) for some symmetric connexion [. For 
suppose D integrable and L any symmetric connexion making D parallel. 
Then taking Z in place of the previous I’, as of course we may do, we 
see from (13) and (5’) that 7(a, ZL) = 0, so that L(a, L) = L, ie. L is 
given by L(a, I) with a suitable I. 

If now we regard our chosen I as fixed, and let C = (Cj) be an 
arbitrary symmetric tensor field over M, the general symmetric con- 
nexion making D parallel is obtained by putting [+ C in place of [ in 
L(a,T), i.e. is P+C+T(a,T+C). 

5. The above results can be generalized to any number of distributions. 
Suppose that disjoint distributions D,,..., D, (m > 1) are given over M 
and that we wish to find a connexion LZ which makes them parallel. 
Suppose also that L is required to be symmetric when certain integra- 
bility conditions are satisfied. To see what these conditions must be, 
we observe that, if Z is symmetric, then not only are D,,..., D,, integrable 
but so also is the sum of any distributions of the system. On the 
other hand, the integrability of D,,..., D,, does not imply that a sum 
of distributions of the system is integrable, for, if D, D’ are integrable, 
D+-D’ is not necessarily integrable. We shall say that a system {D,} 
(c = l,..., m) is integrable if every sum of distributions of the system 
is integrable. To express the conditions of integrability of a system as 
simply as possible we write D, D? (o = 1,..., m) for the sums 

D= > 2, De = > D.. 
p=1 po 
Then every sum of distributions of the system {D,} appears as an inter- 
section of distributions of the system {D, D°}, and, since the intersection 
of integrable distributions is integrable, we see that the system {D,} is 
integrable if and only if D, D',..., D™ are integrable. Our problem now 
is to find a connexion L which makes D,,..., D,, parallel and is symmetric 
when D, D'.,..., D™ are integrable. 

As before we choose a distribution D so that D and D are disjoint and 

complementary. Write 
D, = D+D*, De — D+D,,. 


Then D,, D, are disjoint and complementary, and so also are D’, Dy’. 


3695.2.6 x 
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The system {D,, D\ is complete and therefore determines tensors a, 4 
o 
m 
(o = 1,...,m) over M. We write a = ) a, so that a, 4 are the tensors 
=1P 
associated with the pair (D,D). We also write 


b= > a= a~-a, b = a+a, (14) 


o praP a 
so that b, b are the tensors associated with the pair (D°, D?). 
We again choose a symmetric connexion I’ over M and write L* for 
the connexion L* = L(a,P) 


as defined in § 4, so that L* is symmetric if D is integrable. A semicolon 
will denote covariant differentiation with respect to L*. 
Consider the connexion 


m 5 
L = L* +} 7(b, L*), (15) 
p=1 P ? 
where 7'(b, L*) is given by (13) with b in place of a and a semicolon 
p p 
in place of every comma. If D is integrable, L* is symmetric, and, if 
also D',..., D” are integrable, then 7'(b, L*) (p = 1,..., m) and hence L 
p 
are symmetric. Thus LZ is symmetric if the given system {D,} is inte- 
grable. I shall now show that the distributions D!,..., D™ are parallel 
with respect to L; and, since each DP, is an intersection of distributions 
of the system {D°}, it will follow that D,,..., D,, are parallel with respect 
to L, ie. L is a connexion satisfying all our requirements. 
From (5), D? is parallel with respect to L if 
bi, bP. = 0, 
Coc @ 
and on substituting from (15) this becomes, as in the derivation of (7), 
=e m sie 
L Be 7 a —_ 
bi, b¢ > T%,.(b, L*) = —bi, bp... 
o a p=1 P og 
When p is restricted to the value o, this equation is satisfied because, 
from the result of § 4, D? is parallel with respect to L*-+ T(b, L*). It 
o 
therefore remains for us to prove that 
bi bt > T2.(b, L*) = 0. (16) 
o oO p#Feo P 
When we substitute for 7' from (13), every term in the resulting 
expression contains a product of the form 


Bi, = Bi by. (p £0): 
Gc Pp p 
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I shall show that every such product vanishes. As a consequence of the 
identities b? = b, b+-b = I for each b and also bb = 4 (p ¥ a) which 
op 


follows from (14), we have 


p pr BP pr 
bP. bj b} bi. 


pp p Pp 
and therefore BS, = OF oP ., = HY. = af, f 
op p p p 


since 4b = 0 and a+A4 = I. Now Dis parallel with respect to L*, and 
p 


therefore a‘..a’, = 0 from (5’). Multiplying by 6? and noting that 


rsp 
p 
ab = b, we have Bi, = 0. Thus every term on the left of (16) vanishes, 
p 


which concludes the proof that D? (o = 1...., m) is parallel with respect 
to L. 

In proving this result we have not used any integrability conditions, 
so that L makes D,,..., D,, parallel whether or not they are integrable. 
If the system of distributions is integrable, then ZL is symmetric, but 
not otherwise. 

The connexion given by (15) for fixed T is not the only one having 
the required properties, but as in §4 the most general is given by 
(15) with T as an arbitrary symmetric connexion over M. 


6. In the construction of the connexion L in the last section, the most 
natural ‘background’ connexion to refer to was L*. It is, however, a 
simple matter to express L directly in terms of the symmetric connexion 
. chosen arbitrarily in the first place. We have L* = [+7 (a,T), and 
it can easily be verified from an identity of the form (6’) that 


i ipr 
bi, = a, OF. 
p 


p 
Hence Tix b, L*) = a Tix(b, tr), 
and (15) becomes 
: : ; _m 
Li. | jk Tr Z iQ, I )+-a} > Tix(d, r). ( l 7) 
p 
It is again seen at once that L is symmetric when D, DP (p = 1...., m) 


are integrable because then 7(a,T) and 7(b, ™) are symmetric by the 
p 


result of § 4. It can also be verified directly from (17) that D,,..., D,, 
are parallel with respect to L. 
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7. If the system of distributions {D,} of § 5 is complete, then a = I, 
a = 0, and b = 4. In this case L* = I, and from (15) the connexion 


r +> 7(a, r) 


has the property that it makes every D, parallel and is symmetric if 
the system {D,} is integrable. 

In particular, if m = 2, so that we have a disjoint complementary 
pair D, D as in § 4, with associated tensors a, 4, the connexion 


P+ 7 (a, T)+7(a, P) 


makes both D and D parallel and is symmetric if D and D are both 
integrable. 
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By K. A. H. GRAVETT (Ozford) 
[Received 16 August 1955] 


| 1. Introduction 
| THE main result of this paper is an embedding theorem (Theorem 3) for 
valued linear spaces (defined below). Hahn’s embedding and complete- 
ness theorems for ordered abelian groups are consequences of this 
theorem, and I hope to publish details of their derivations at a later 
date. My method of proof of Theorem 3 is a by-product of a study of 
generalizations of the structure-theory of valuations.+ The aspect of the 
structure-theory of valuations here involved is that due to Kaplansky (2) 
and most of the results of this paper are analogues to results of Kap- 
lansky’s. Theorem 3—with W for M (see below)—is a special case of 
the main theorem of Conrad (1) although my method of proof is radically 
different from Conrad’s. I believe that Conrad’s results can be derived 
from a generalization of the methods of this paper. 

For an account, together with full references, of the classical theory 
of valuations the reader is referred to the book by Schilling (5). 








2. Preliminaries 

If X and Y are sets, then X \._Y denotes the set of all elements of X 
that do not belong to Y. 

Let A be a set. A binary relation ‘<’ of the set A is said to be an 
order of A (and A, more precisely {A, <}, is said to be an ordered set) if, 
for each x, y, z € A, 

(i) x<yory <2 (and hence z < 2); 
— < «imply x = y; 
(iii) x < yandy <z imply xz <z. 


(ii) «<yandy< 


A subset = of an ordered set A is said to be dually-wellordered if each 
non-empty subset &’ of = has a maximum element. 

All linear spaces considered are over one and the same field K. The 
zero element of an arbitrary linear space is denoted by 0. 

+ K. A. H. Gravett (Ph.D. thesis 1954, University of London) unpublished. 


I wish to express my gratitude to Professor R. Rado, who supervised my research 
for this thesis, for his advice and encouragement. 


Quart. J. Math. Oxford (2), 6 (1955), 309-15. 
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3. Definitions 


Our definition of a valuation of a linear space is based on Krull’s 
concept of a valuation of a field (3). However, a valued field, considered 
as a linear space over a subfield, is not in general a valued linear space. 

Let L be a linear space and let A be an ordered set with minimum 
element ». A mapping d of L onto A is said to be a valuation of L (and 
L, more precisely {L,A,d}, is said to be a valued linear space) if, for 
each x, ye L, 


(i) d(x) = pw if and only if x = 0; 
(ii) d(x) = d(kx) for each non-zero element k of K: 
(iti) d(x+y) < max(d(x),d(y)). 


It follows that, if d(x) < d(y), then d(a+y) = d(y). 

Let {L,, A,,d,}and {L,, A,, d,} be valued linear spaces. An isomorphism 
f of the linear space L, into the linear space L, is said to be a valwation- 
isomorphism of the valued linear space L, into the valued linear space L, 
if A, is an ordered subset of A, and, for each x € L,, d,(x) = d,(f(x)). 

Let {L, A, d} be a valued linear space. For each 5 ¢ A\{u}, denote by 
A(8) the set of all elements x of L for which d(x) < 5 and by B(8) the 
set of all elements x of L for which d(x) < 8. Further, put 


A(p) = Bip) = {0}. 


For each 6 € A, A(d) and B(8) are linear subspaces of L, and B(8) is a 
linear subspace of A(d). Denote A(d)/ B(8), the difference linear space 
of A(é) modulo B(d), by C(8). 


4. Extensions 

The important concept of this section, that of immediacy of extensions, 
is again based on a concept of Krull’s (3). 

Let {L,, 4,,d,} and {L,, A,,d,} be valued linear spaces. L, is said to 
be an extension of L, if L, is a linear subspace of L,, A, is an ordered 
subset of A, and, for each x € L,, d,(x) = d,(x).t In this case there is, 
for each 6 € A,, a natural identification of the linear space C,(5) with a 
linear subspace of the linear space C,(5) since B,(5) A,(d) = B,(8).2 
The extension L, of L, is said to be an immediate extension of L, if 
A, = A, and, for each 6 € A, = Ay, C\(5) = C,(8). 


+ L, is said to be a proper extension of L, if, further, L, properly contains L,. 
t A,(8), B (8), etc., for L; are defined analogously to A(d), B(d), etc., respec- 
tively for L. 
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It is easy to show that 
(i) if L, is an immediate extension of L, and L, is an immediate 
extension of L,, then L, is an immediate extension of L,; 
(ii) if L, is an extension of L,, L, is an extension of L,, and L, is an 
immediate extension of L, then L, is animmediate extension of L,; 
(iii) if L, isa proper extension of L,, then L, is an immediate extension 
of L, ifand only if to each x € L, andy € L,\L, there corresponds 
z € L, for which d(x—y) > d(z—y). 


I shall not employ the following result and therefore omit its proof: 
to each valued linear space L there corresponds one and, within valuation- 
isomorphism over L, only one valued linear space which is a maximal 


immediate extension of L. 


5. Pseudo-convergence 

The concepts of ‘pseudo-convergence’ for valued fields were first 
formulated by Ostrowski (4) and then extended and used to great effect 
by Kaplansky (2). Theorem | of this section is one of our main tools in 
the study of valued linear spaces. 

Let {L, A,d} be a valued linear space. A subset S = f{x,: re R} of L, 
indexed by an arbitrary dually-wellordered set R without a minimum 
element, is said to be pseudo-convergent if, for each r, s, te R with 
r>s>t,d(x,—x,) > d(x,—ax,). It follows that 


d(x,—2x,) d(x,—2), 5, say. 


An element x of L is said to be a pseudo-limit of S if, for each re R, 
d(x,—x) = 3,. Lis said to be pseudo-complete if each pseudo-convergent 
set of L has at least one pseudo-limit in L. 

The proofs of Lemmas | and 2 closely follow the proofs of the analogous 
results of the classical theory [see (2)] and are therefore omitted. 

LemMa |. Let L be a valued linear space and let S = {x,: re R} be a 
pseudo-convergent set of L. If 0 is a pseudo-limit of S, then, for each r, 
se Rwithr > s,d(x,) > d(x,). If 0 is not a pseudo-limit of S, then there 
exists ro € R such that, for eachre R with rg > r, d(x,) = d(x,,) = ult 8 
say, and, if x is a pseudo-limit of S, then d(x) = ult S. 


Lemma 2. Let L, and L, be valued linear spaces and let L, be an imme- 


diate proper extension of L,. Then to each y € L.\L, there corresponds a 


pseudo-convergent set S = {x,: re R} of L, without a pseudo-limit in L, 


r 


but with pseudo-limit y in Ly. 
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From Lemma 2 it follows that, if a valued linear space L is pseudo- 
complete, then J has no proper immediate extension. The converse is 


true, but we shall not require it. 


THEOREM |. Suppose that 


(i) L,and Li; are valued linear spaces and L’;is an immediate extension 
of L; fori = 1, 2; 
(ii) f 1s a valuation-isomor phism of L, onto L,; 
(iii) Ly is pseudo-complete. 


, 


Then there is a valuation-isomorphism f’ of L, into Ly continuing the 
valuation-isomorphism f of L, onto L,. Such a valuation-isomorphism f' 
is a valuation-isomorphism of L, onto Ly if and only if Li, is pseudo- 
complete. 


Proof. Zorn’s lemma together with the following observations yield 
a proof of Theorem 1. 
Suppose that 


(i) ; is a linear subspace of L; containing L; for i = 1, 2; 
(ii) LZ, is a proper extension of J, ; 
(iii) g is a valuation-isomorphism of M, onto M, continuing f. 


Let y, be an arbitrary, but fixed, element of Z{\..M,. 4 is an imme- 
diate extension of J/, and hence, by Lemma 2, there exists a pseudo- 
convergent set S = {x,:re R} of M, without a pseudo-limit in M, 
but with pseudo-limit y, in Lj. Since g is a valuation-isomorphism, 
g(S) = {g(z,): r € R} is a pseudo-convergent set of M/, without a pseudo- 
limit in VM, but with a pseudo-limit, y, say, in Ly (for Ly is pseudo- 
complete). Denote“by Mj the linear subspace of L; generated by WM, 
and y; for 1 = 1, 2 and denote by g’ the (unique) isomorphism of the 
linear space M{ onto the linear space M} continuing g and such that 
g'(Y¥;) = Ya. I show that g’ is a valuation-isomorphism of Mj onto Mj. 
Let y = x+-ky,, where x € M, and k € K \ {0}, be an (arbitrary) element 
of M{\M,. S(y) = {x+ka,: re R} is a pseudo-convergent set of M, 
and 0 is not a pseudo-limit of S(y) (for otherwise —k-!xz € M, would be 
a pseudo-limit of 8). It follows that d(y) = ult S(y) and, similarly, 
d(g'(y)) = ult S(g’(y)), where S(g’(y)) is the pseudo-convergent set 
{g'(a)+kg'(x,): r € R} of M,. However, since g’ is a valuation-isomorph- 
ism of M, onto M,, ult S(y) = ult S(g’(y)) and hence d(y) = d(g’(y)). 
Thus g’ is a valuation-isomorphism of M onto Mj. This completes the 
observations. 
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6. Direct sums of ordered systems of linear spaces 

In this section I give some examples of valued linear spaces that are 
important for the following section. 

Let # = {Ls5: 5 € A} be a set of linear spaces indexed by an ordered 
set A with minimum element yu for which Lu = {0}. I refer to #7 as an 
ordered system of linear spaces. 

Denote by D, more precisely D(#), the set of all mappings x of A 
into U Ls; for which 2x(5) € Ls for allSe¢ A. For each x, ye D, ke K, 

eA 


and 5c A, put (x+y)(5) = 2(8)+y(5) and (kx)(8) = ka(d). Evidently 
D is a linear space. 

For each x € D, denote by Nx the set of all elements 6 of A for which 
x(5) # 0. If Nx has a maximum element, put d(x) = max Nz. If Nz 
is empty (i.e. x = 0), put d(x) = uw. A subset F of D is said to be a 
‘b-subset’ (of D) if d(a—y) exists for all x, y ¢ E. By an obvious extension 
of the definitions the concepts of pseudo-convergence may be applied 
to b-subsets. A linear subspace L of D is said to be a ‘b-linear subspace’ 
(of D) if Lis a b-subset. Clearly d is a valuation of each b-linear subspace 
into A. By Zorn’s lemma, each b-subset is contained in at least one 
maximal b-subset and each b-linear subspace is contained in at least one 
maximal b-linear subspace. 

Denote by W, more precisely W(/), the set of all elements x of D for 
which Nw is a dually-wellordered subset of A. Denote by F, more 
precisely F(/), the set of all elements x of D for which Nz is a finite 
subset of A. W and F are b-linear subspaces and F is a linear subspace 
of W. W and F are said to be the wellordered-sum and the finite-sum 
respectively of the ordered system of linear spaces #. It is not difficult 
to show that (i) if Z is a b-linear subspace containing F, then Z is an 
immediate extension of F, (ii) W is a maximal 4-subset and, a fortiori, 
a maximal b-linear subspace. 


Lemma 3. Jf M is a maximal b-linear subspace, then M is a maximal 
b-subset. 





| Proof. Let y be an element of D\.M. There correspond x, x’ « M 
land ke K {0} such that d((x-+-ky)—x’), and hence d(y—k-\(a’—z2)), 

do not exist. It follows that M U {y} is not a b-subset and hence that 
| Lis a maximal b-subset. 


LEMMA 4. A maximal b-subset E is pseudo-complete. 


| CoROLLARY. A maximal b-linear subspace is pseudo-complete. 
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Proof. Let S = {x,: re R} be a pseudo-convergent set of £. Let 4 
be an element of A. If there exist r, sc R, with r > s, such that 
5 > d(x,—x,) then, for allte R with r >t, 


o~ 


x,(5) = x5) = 2(8), say. 
Otherwise put 2(5) = 0. Ifxe H#, then visa pseudo-limit of S. Ifa ¢ EZ, 
then there corresponds y € FE such that d(a—y) does not exist, and then 
y is a pseudo-limit of S. 


THEOREM 2. Let M, and M, be maximal b-linear subspaces containing 
F. Then there is a valuation-isomorphism of M, onto M, over F. 


Proof. M; is an immediate extension of F and is pseudo-complete for 
i = 1, 2. Hence by Theorem | there is a valuation-isomorphism of J/, 
onto M, over F. 


7. An embedding-theorem for valued linear spaces 

I prove in Theorem 3 that a valued linear space L is valuation- 
isomorphic to a b-linear subspace of the direct sum of the ordered system 
of linear spaces {C(5): 5 ¢ A}. Lemma 5 is preliminary to Theorem 3. 


Lemma 5. Let {L,A,d} be a valued linear space. Then there is a 
valuation-isomorphism 4 of the finite-sum F of the ordered system of 
linear spaces {C(8): 5 © A} into the valued linear space L for which L is 
an immediate extension of the linear subspace $(F) of L. 


Proof. For each 6¢ A, there is a natural isomorphism f; of C(8) 
onto the linear subspace of F consisting of all elements x of F for which 
either Vz isempty or Nx = {8}; fs is defined by putting, for each c € C(8), 
fs(c) = x (€ F) where x(8) = ¢ and 2(8’) = 0 for all 5’ ec A\ {8}. Corre- 
sponding to each element 6 € A, select a linear subspace C°(8) of L such 
that C%(8) < A(d) and each coset X of A(d) modulo B(d5) contains one 
and only one element, g3(X) say, of C°(5). Evidently gs is an isomorphism 
of C(é) onto C%(5). We now define a mapping ¢ of F into L. Put (0) = 0. 
Let x be an element of F\ {0}. Then, uniquely, 

n 
x > fade; 
where a 
5,, 5g,...,5, EA, 8, > 8, >... > 5,, c; € C(S,) \ {0} (¢ = 1, 2,..., n). 


Put ¢(x) = > g5,(c;). It is not difficult to verify that the mapping ¢ has 
i=1 


the required properties. 
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THEOREM 3. Let {L,A,d} be a valued linear space and denote by ¢ the 
valuation-isomor phism of Lemma 5 of F({C(d): 8 € Aj) into L. Let M be 
a maximal b-linear subspace of D({C(d):8€ A}) containing F. Then 
there exists a valuation-isomor phism & of Linto M continuing the valuation- 
isomorphism }- | of d(F) onto F. 


Proof. L is an immediate extension of ¢(F) and M is an immediate 
extension of F and is pseudo-complete. An application of Theorem | 
completes the proof. 

The following ‘construction’ yields an alternative proof of Theorem 3 
by ‘exhibiting’ a valuation-isomorphism h of L into a 6-lincar subspace 
of D containing F. The theorem then follows from previous results. 

Let 5 be an element of A. Since C(8) = A(8)/ B(d) is a linear subspace 
of L, B(é) and by virtue of the construction of C°(8’) (see Lemma 5) for 
each 8’ € A, there is a homomorphism ps; of L/ B(S) onto C(d) which is the 
identity homomorphism on C(8) and is such that p;(x) = 0 for each 
coset x of L modulo B(8) which contains an element of C°(8’) for every 
5’ A with 5’ > 8. Denote by gs; the homomorphism of L onto C(8) 
which is the natural homomorphism of L onto L/B(d) followed by the 
homomorphism ps; of L/B(8) onto C(s). We now define the valuation- 
isomorphism h. Let x be an element of L. There exists, uniquely, an 
element h(x) of D such that, for each 8 € A, (A(x))(5) = qs(x). It is not 
difficult to verify that (ZL) is a b-linear subspace of D containing F and 
that 4 is a valuation-isomorphism of L onto h(L). 


| Added 16 January 1956.] With regard to Theorem 2 it is not difficult 
to prove that every maximal b-linear subspace M of W is an immediate 
extension of a valuation-isomorph of F. It follows that any two maximal 


b-linear subspaces are valuation-isomorphic. 
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INTEGRABILITY THEOREMS FOR 
POWER SERIES 





By P. B. KENNEDY (Cork) 
[Received 23 August 1955] 
1. Suppose that c,, is real for all n and that the series 
fle) = Sey2" (0<2#< 1) (1.1) 


is convergent in the range indicated. Heywood |(2), Theorem 3 (i)] has 
proved that, if c,, > 0 for all sufficiently large n, and if 


Sc, 0, (1.2) 
0 
then (1—a)-1f(x) € L(0, 1) (1.3) 
if and only if Yc, logn converges. (1.4) 


The main object of this note is to obtain sufficient conditions for the 
equivalence of (1.3) and (1.4) when c,, is not assumed to be ultimately 
non-negative. 

We first observe that (1.2) and (1.4), taken together, imply 


&, logn>0 (no), (1.5) 
where & = > ¢,. (1.6) 


For, as soon as JN is so large that 


| 2 


> ¢, log n| <e 
NT1 


for all integers p > 1, we have by Abel’s lemma [Titchmarsh (3), 6] 
Nip i N+p 
| > C,| = | > ¢, log n(log n)-*| < e(log N)-!. 
N+1 N+1 


Letting p — 00 we find, by (1.2), that 


2) 


8y| = | > c,| < ¢(log N)-}, 
NF1 


which gives (1.5). 
This remark suggests that we should investigate the relation between 
(1.3) and (1.4) under the overall assumption (1.5). Actually I replace 


(1.6) by 8, logn > x, (1.7) 


Quart. J. Math. Oxford (2), 6 (1955), 316-20. 
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where « is some finite limit; and moreover [ find it more convenient 
at first to replace (1.3) by 
M4 
I= | (1—x)-f(x) da > I (1.8) 
0 
as p> 1 from the left, where / denotes some finite limit. I then prove 
the following theorem. 

THEOREM I. Of the three statements (1.4), (1.7), and (1.8), any two, taken 
together, imply the remaining one. 

We seek a theorem which, under suitable conditions, asserts the 
equivalence of (1.3) and (1.4). To this end I impose on the c,, a further 
restriction which secures that (1.3) and (1.8) are equivalent. Using a 
standard notation I express this restriction in terms of the sums S‘?), 
defined for all non-negative integers n and p by the identity 

(l—2x)-? f(a) = F SPa (|x| < 1) (1.9) 
n=0 
(so that, in particular, S = s,). Then we have 

THEOREM II. Suppose that there is an integer p > 0 such that, for all 
sufficiently large n, S? > 0. Then, of the three statements (1.3), (1.4), and 
(1.7), any two, taken together, imply the remaining one. 

I state also the following Tauberian theorem, which is easily deduced 
from Theorem I. 


THEOREM IIT. Suppose that 


Yea 2) 2 (1.10) 
1 


1 
as p> 1 from the left, where | is finite and the series 1s convergent for 
0 < p < 1, and suppose also that 


( ¥ c,)logn +p (1.11) 
n+1 


as n — 00, where B is finite. Then 


Z “1 
>.>) =x §. (1.12) 


It should perhaps be observed that the series in (1.12) cannot con- 
verge at all unless (1.11) is true with 8 = 0. This is easily proved by 
an argument involving Abel’s lemma, similar to that which we have 
already used, coupled with (2.1) below. 
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2. In this section I prove three simple lemmas. 


LemMa 1. The series 
n 


¥ c, log n, S col > 5 


I 
are either both convergent or both divergent. 


We have 


n l 

>: = logn+y+u.,, (2.1) 
—v 

I 

where y is Euler’s constant and wu, decreases steadily to 0 as n > x 
|Copson (1), 214]. By Abel’s test for convergence, the convergence of 
l . - 

either of the series in Lemma | implies the convergence of dc, and 
> c,,u,. Lemma | now follows at once from (2.1). 


Lemma 2. /f (1.7) holds, then the series 


¢ n l 
Tar TofS 
n+] — r 
I 
are either both convergent or both divergent. If the series are both convergent, 


then (1.7) holds. 


We have 
N V—1 A 
s 8 : l N 
y — = as >= 8y— 
Zn+1  N-+1 Sti y—_2,%) 
0 0 
N | vV. n I 
8 —- — € mh) 
aay p. . 23 
0 1 1 


and Lemma 2 follows at once from this and (2.1). 


LemMA 3. The statements (1.2) and (1.8) imply 


If 0 < p < 1, we have 


4 


Pp 
er. 8 , 
_ “ + . . 
I, ( > $1, x da > p" (2.2) 
7 n+] 
0 0 


— 


since the series > s, x2” converges uniformly for 0 <a < p. I now 
apply Tauber’s theorem [Titchmarsh (3), 10] to the third member of 
2.2). By (1.8) and (2.2), the sum of this series approaches / as p — | 
from the left, and by (1.2), s,/(n+-1) = o(n~). Therefore Lemma 3 
follows immediately from Tauber’s theorem. 





1) 


if 

















INTEGRABILITY THEOREMS FOR POWER SERIES 319 


3. To prove Theorem I, first suppose that (1.4) and (1.7) hold. By 
(1.4) and Lemma |, the second of the two series in Lemma | is con- 
vergent, and so, by (1.7) and Lemma 2, } s,/(n+1) is convergent. 
Hence by Abel’s theorem on power series [Titchmarsh (3), 9], applied 
to the third member of the identity (2.2), we obtain (1.8). 

Next, suppose that (1.7) and (1.8) hold. Then by Lemma 3, since 
(1.7) contains (1.2), it follows that >} s,/(m+-1) is convergent, and so 
the second of the two series in Lemma 2 is convergent. This implies 
(1.4), by Lemma I. 

Finally, suppose that (1.4) and (1.8) hold. Then by (1.4) (as in the 
proof of Lemma 1), > c,, is convergent, and so by Abel’s theorem 


f(x) - s Cy 
0 


as x > | from the left. From this combined with (1.8), (1.2) follows 
easily. But it has been shown in § | that (1.2) and (1.4) imply (1.5), 
which is (1.7) with a = 0. This completes the proof of Theorem I. 

To prove Theorem II, suppose that, for a certain integer p > 0, 
S®” > 0 for all n N. Then, by (1.9), 

N x 
(l—a)-f(z) = (l—ayP ¥ SPar+(l—azy YS SwWe, 
n=0 n=N+1 

On the right-hand side of this identity, the first term is a polynomial 
and the second is non-negative for 0 < x < 1. Hence (1.3) and (1.8) are 
equivalent. Theorem II follows from this remark and Theorem I.+ 

To prove Theorem III, suppose that (1.10) and (1.11) hold. Choose 
¢) so that (1.2) is true, and define f(x) and s,, by (1.1) and (1.6) respec- 
tively. Then (1.7) (with a — 8) follows from (1.2) and (1.11). Further, 
following Heywood (2), we observe that by (1.2), 


p 


» ~ ] a" 
I, | 2 — dx (O< p< l). 
— a 
0 . 

The series converges uniformly for 0 < x < p, and so we may integrate 
term by term to obtain 

— -* r 

.~~ Sales 
co — I 
I “T 


+ The idea used in this proof also yields a theorem of a different type, as an 
immediate corollary of Theorem 1 of Heywood (2): If there is an integer p 0 
such that, for all sufficiently large n, SP’ 0, then (1.3) holds if and only if 
= n-?-LS'P is convergent. 


n 
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Therefore, by (1.10), (1.8) is true. Now (1.7), (1.8), and Theorem I give 


(1.4), and so by Lemma | the series in (1.12) is convergent. 
To see that the sum of this series is 1, we write 


where 


Then (i) 5 a, is convergent, and (ii), for 0 < p < 1, v,(p) does not 
increase when » increases, and 0 < v,(p) <1. It is known [Copson 
(1), 99] that (i) and (ii) imply the uniform convergence of > a, v,(p) 
for 0 << p<. 1. Since, for each n, v,(p) is continuous for 0 < p < 1, 
the sum of the series (3.1) is continuous in the same range, and (1.12) 
follows from this. This proves Theorem ITI. 


My thanks are due to the referee for some improvements in the 


presentation of this note. 
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